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ABSTRACT. This review seeks to classify the different developments of the Reliability-Based Topology Optimization 

(RBTO) according to their formulations and methods. According to the RBTO formulations, two standpoints (topology 

and reliability standpoints) are generally treated, while according to methods, they are divided into loop and mixed 

methods. The different trends and gaps are discussed later. The selected publications over the last two decades (from 

December 2001 to December 2021) contain the term RBTO in their title and restricted to English language. There are 

several other publications, which have been written in other languages and some others containing the integration of 

the reliability analysis into topology optimization, but the RBTO was not included in their titles. These two types of 

publications are unfortunately not included in this review since it is the objective to provide the readers (especially the 

new researchers) a good guide (map) to the different RBTO developments and applications. Some additional 

publications considering other objective and constraint functions and dealing the RBTO with microstructural levels are 

also included since they were realized under the same period and containing the term of RBTO in their title. The first 

publication of the Reliability-Based Topology Optimization model was a technical report at Aalborg University in 

Denmark, published in December 2001. It was a new model where many critical discussions appeared between the 

topology optimization community and the reliability one during 2002 and 2003 (in several meetings and conferences). 

That led to delay the appearance of the first journal articles until 2004. According to the author’s knowledge, more than 

70 journal papers and more than 25 other publications (conference papers, chapters, reports... etc.) have been found 

during the last two decades. Almost 50% of journal papers have been published during the last four years which 

means that there is a strong interest to implement this model.  

KEYWORDS. Reliability Analysis, Topology Optimization, Reliability-Based Topology Optimization, Uncertainty, 

Optimization Methods. 

1. Summary of work 

In the most real engineering design applications, uncertainty can be considered on load (direction 

and magnitude), material properties (elastic modulus), and geometric parameters and also on 

manufacturing and operating processes. The measurement classification is based here on four 

criteria: applicability, efficiency, robustness, and capacity. Regarding the first measurement 

classification (according to developed RBTO formulations), it can be noted that the most 

developments of Reliability-Based Topology Optimization (RBTO) in literature can be divided into 

two groups. The first group called developments from a topology optimization standpoint, which 

leads to various layouts with decreasing rigidity (increasing compliance) levels which is considered 

as a disadvantage of these methods. Moreover, some researchers consider that there is no physical 

meaning when representing the limit state function by the prescribed volume constraint. 

Nevertheless, the second group being called developments from a reliability analysis standpoint, 

often provides us with the same layouts with increasing rigidity (or decreasing compliance) levels. 

The single disadvantage of these methods is to lead to the same layouts with different thickness. 

Some researchers consider that this result does not represent any value since a detailed design stage 
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is required to control the structural rigidity. However, when integrating additive manufacturing, the 

drawback of this standpoint can be reduced since there is no need to perform shape and/or sizing 

optimization procedures. 

On the other hand, when considering the other measurement classifications (according to the 

developed RBTO methods), the efficiency and the robustness are the main criteria to consider when 

selecting a method to use. So, the first method category concerns the looped methods when the 

whole RBTO process is treated with loops. Here, we have single loop methods, decouple loop 

methods and nested loop methods. In addition, to increase the efficiency and/or robustness, some 

techniques such as simulation (ex. Monte Carlo simulation, approximation (Response Surface 

Method) ... are integrated to increase the robustness levels.  

Figure 1 shows a distribution diagram of 72 journal papers (blue color) and 28 other publications 

(orange color) have been published during the last two decades. So, there is a strong increase during 

the last four years. 

 

Figure 1. Distribution diagram of RBTO publications over two decades 

Some of these papers contain new methods and techniques, while the other only contain 

applications. So, in the next section, we present a classification according to the used RBTO 

formulations, while the classification according to the developed methods or techniques will be 

discussed later where several flowcharts can be found in order to establish a detailed comparison of 

the advantages and disadvantages regarding four criteria such as robustness, generality, efficiency 

and capability. 

2. Comparative study based on the reviewed work 

2.1. Classification according to RBTO formulations 

The topology optimization is an important topic in the optimum design field where it is the 

objective to provide the best material distribution in the studied structures. Several concepts can be 

integrated into the topology optimization with the object of improving its role during the design 

process. One of these concepts is the structural reliability. This integration leads to a new model, so-

called Reliability-Based Topology Optimization (RBTO) model where several solutions with special 

advantages can be produced (Kharmanda and Olhoff 2001; Kharmanda and Olhoff 2002; 

Kharmanda et al. 2004; Kharmanda et al. 2007a and b). 

The majority of RBTO developments can be grouped in two main standpoints: 

From a topology optimization standpoint, Kharmanda and Olhoff (2001) have developed an 

RBTO model with object of supplying the designer with several reliability-based structures, while 

the classical topology optimization (Deterministic Topology Optimization: DTO) gives only a single 

deterministic topology. Their simple model utilized the reliability index approach of the 

probabilistic model in order to handle aleatory uncertainties. During first five/six years of 

developments (Kharmanda and Olhoff 2001; Kharmanda and Olhoff 2002; Kharmanda et al. 2004; 
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Kharmanda et al. 2007a; Kharmanda et al. 2007b), continuum topology optimization was performed 

under uncertainties of material properties and external loads using the First-Order Reliability 

Method (FORM). It has been demonstrated that the importance of the RBTO model generates more 

reliable structures than those generated by DTO for same weights. In this RBTO strategy, reliability 

constraints have been added into initial DTO problems in a simple way to obtain different layouts 

(Kharmanda and Olhoff 2001). The initial step is the sensitivity analysis which is utilized to show 

the impact of random variables on the compliance. The goal in this step is to pick the random 

variables that have a big impact on the objective function. A special Gradient-Based Method (GBM) 

was developed here where the limit state function is supposed to be a linear combination of the 

random variables. Using this approach, two separate sequential steps are considered. The first step is 

represented by a sensitivity study to pick the most effective random parameters, whereas the second 

step is to execute the optimization procedure which itself utilizes a sensitivity study with respect the 

optimization parameters represented by the material densities. Next, Kogiso et al. (2006) applied the 

RBTO to frame structures considering multiple modes. After that, Zhang et al. (2008) developed a 

level set method for the RBTO model and applied it to compliant mechanisms. Thereafter, Kogiso et 

al. (2009) utilized Single-Loop-Single-Vector (SLSV) method for the RBTO model and applied it to 

frame structures considering multiple performance criteria with the object of improving the 

convergence properties. In the work of Patel (2010), several RBTO applications were presented in 

order to design meso-structures. In the same period, Silva et al. (2010) performed the RBTO model 

in a single-loop approach using KKT condition and used both component and system failure 

probabilities. And Kogiso et al. (2010) used SLSV method for the RBTO model and applied it to 

frame structures considering multiple criteria. After that, Olyaie et al. (2011) used the cell-based 

smoothed finite element method for the RBTO model and applied it to a linear piezoelectric 

micromotor. In the work of Patel and Choi (2012), a classification approach for the RBTO model 

was developed using probabilistic neural networks. Next, Olyaie et al. (2013) used an optimum 

finite element method for the RBTO model considering a linear piezoelectric micromotor. In the 

work of El Hami and Radi (2013), the integration of the reliability analysis to topology optimization 

was compared to the classical shape and sizing optimization procedures. After that, Kanakasabai 

and Dhingra (2014) proposed a methodology which was built upon the bidirectional evolutionary 

structural optimization (BESO) method for solving the deterministic optimization problem. Their 

proposed method is suitable for linear elastic problems with independent and normally distributed 

loads, subjected to deflection and reliability constraints. Next, Liu et al. (2016a) decoupled the two-

layer nesting involved in RBTO using a particular optimization procedure. Thereafter, Zhao et al. 

(2016) used three methods (one nested loop approach and two decoupled loop approach) to solve 

the RBTO examples. In the same period, Liu et al. (2016b) developed a new RBTO method based 

on sensitivity approximation and applied it to ground structures. In the work of Papadimitriou and 

Mourelatos (2018), a mean-value second-order saddle point approximation was elaborated to 

perform the RBTO model. In a conference paper of Li et al. (2018), there are similar examples and 

results which can be found in the works of Kharmanda and Olhoff (2001) and Kharmanda et al. 

(2004). Next, Chun et al. (2019a) developed a RBTO model by ground structure method employing 

a discrete filtering technique. In the same period, Chun et al. (2019b) developed TOPO-Joint using 

the RBTO model for 3D-printed building joints. In the works of Kharmanda et al. (2019a), the effect 

of reliability index changes is studied on the resulting layouts. A validation was simply carried out 

using shape optimization procedures. And in Kharmanda et al. (2019c), the RBTO developments 

considering two points of view and a fatigue damage example is used to show the advantages of the 

topology optimization standpoint. Next, Meng et al. (2020) introduced a hybrid RBTO method to 

deal with epistemic and aleatory uncertainties. It was a cost-effective single optimization loop 

method established on KKT optimality condition. Recently, Pérez-Rúa et al. (2021) performed a 

simultaneous multi-objective framework for the RBTO model applied to an offshore wind arm 

collection system. In addition, Ma and Wang (2021) elaborated an RBTO framework for two-

dimensional phononic crystal band-gap structures based on interval series expansion and mapping 
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conversion method. Furthermore, Madruga et al. (2021) utilized evolutionary methods to apply the 

RBTO model to three-dimensional structures analysis. 

From a reliability analysis standpoint, the classical topology optimization procedure is 

formulated as getting the stiffest structural layout considering a volume restriction. It was believed 

in this case that the feasibility of volume restriction is not fundamental in structural design 

challenges. It is then more significant to consider the stiffness variations under uncertainties. Bae 

and Wang (2002) were the first who initiated the developments from a reliability analysis standpoint 

by expressing the topology optimization as structural volume minimization with a displacement 

limitation and applied the Reliability-Based Design Optimization (RBDO) procedure to keep the 

stiffness robustness in the topology design. After that, Jung and Cho (2004) extended the work of 

Bae and Wang to geometrically nonlinear structures under loading and material uncertainties. In the 

same period, Kang et al. (2004) applied the RBTO model from a reliability analysis standpoint to 

electromagnetic systems and Moon et al. (2004) applied it to thermal systems considering 

convection heat transfer. Next, Patel et al. (2005a) and (2005b) utilized the gradient free Hybrid 

Cellular Automata (HCA) method to perform the RBTO model. Their formulation incorporates the 

uncertainty in material properties. Thereafter, Mozumder and Renaud (2006a and b) established an 

Investigation of different RBTO developments presenting some critical points of the topology 

standpoint. In the same period, Kim et al. 2006a applied the RBTO model considering reverse 

engineering (laser scanned model) which was applied to design of the upper part of a cellular phone. 

And in Kim et al. 2006b, the RIA (Reliability Index Approach) and PMA (Performance Measure 

Approach) were adopted to the RBTO model for static and eigenvalue problems. In works of Wang 

et al. (2006) and Kim et al. (2007a), the RBTO model was applied to microelectromechanical 

systems. Later, Kim et al. (2007b) carried out the RBTO problems using evolutionary structural 

optimization strategy. After that, Kang and Luo (2009) utilized convex models for non-probabilistic 

RBTO geometrically nonlinear structures (NRBTO). Concerning the NRBTO issues, Kang and Luo 

(2009) developed a new strategy considering uncertainties of loading conditions and material 

properties in a multi-ellipsoid convex model framework. To address epistemic uncertainties, they 

introduced an ellipsoid convex model to assess the uncertain-but-bounded parameters. Thereafter, 

Mashayekhi et al. (2011) used a two-stage optimization method for the RBTO model and applied it 

to double layer grids. In the same period, Yoo et al. (2011) used successive standard response 

surface method for the RBTO model. In addition, Nguyen et al. (2011) developed a single-loop 

system for the RBTO model considering statistical dependence between limit-states. They utilized 

matrix-based system reliability analysis with multiple finite element mesh resolutions. The matrix-

based system reliability method can consider statistical dependence and evaluate parametric 

sensitivity in an efficient way. Furthermore, Li et al. (2011) combined evolutionary structural 

optimization (ESO) and the reliability analysis strategy based on the stochastic finite element 

method (perturbation). The stochastic perturbation method is utilized to solve the reliability to 

transform the implicitly bound constraints into explicit. Moreover, Cho et al. (2011) used a 

bidirectional evolutionary structural optimization to the RBTO model to the inner reinforcement of a 

vehicle’s hood. And Eom et al. (2011) employed bi-directional evolutionary structural optimization 

technique and the standard response surface approach to achieve the RBTO model. Thereafter, Xu 

(2013) established a dynamic non-probabilistic RBTO model and applied it to truss with uncertain-

but-bounded parameters. In the same period, Jalalpour et al. (2013) applied the RBTO model to 

trusses with stochastic stiffness. In addition, Torii and Novotny (2013) used topological derivatives, 

sequential optimization, and reliability assessment to perform the RBTO model. And Zhao et al. 

(2013) applied the RBTO model to a control arm of suspension for lightweight design. Next, Luo et 

al. (2014) considered local failure constraints when applying the RBTO model to continuum 

structures. Later, Zhao et al. (2015) used stochastic response surface method with sparse grid design 

to perform the RBTO model. After that, Kanakasabai and Dhingra (2016) developed an efficient 

RBTO approach considering the bidirectional evolutionary structural optimization (BESO) method 

used for solving deterministic optimization problems. In the same period, López et al. (2016) 
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compared the deterministic versus reliability-based topology optimization and performed their 

different applications to aeronautical structures. Here, they combined the Sequential Optimization 

and Reliability Assessment (SORA) with external optimization software in order to perform 

Reliability-Based Topology Optimization (RBTO). Thereafter, Lee and Lee (2017) employed the 

RBTO model for obtaining an acoustically optimal partition layout inside a muffler. In the same 

period, Clark (2017) presented an analytic sensitivity approach to perform the RBTO model without 

considering the nested problem cases. And Bobby et al. (2017) applied the RBTO model to 

uncertain building systems under stochastic excitation where the structural performance is measured 

to control the uncertainty influence in every iteration. A simulation based RBTO method (based on 

Monte Carlo simulation) for uncertain structures subject to stochastic excitation based on the first 

excursion probabilities was considered. Furthermore, Wang et al. (2017) embedded the non-

probabilistic reliability index explicitly throughout the topology optimization procedure. Interval 

sets were employed to limit the range of structural uncertainty, and the distance between the target 

plane and the failure plane was utilized as a measure of non-probabilistic reliability. Next, Kang and 

Liu (2018) studied the RBTO model against geometric imperfections with random threshold model. 

In the same period, da Silva and Beck (2018) studied the RBTO model of continuum structures 

under local stress constraints. It is widely recognized that these uncertainty effects should be 

integrated into the optimization problems to obtain robust and reliable solutions. And Yin et al. 

(2018) considered the fuzzy method for the epistemic uncertain behavior based on membership 

level. In the work of Wang et al. (2018a), a multiscale RBTO methodology was elaborated for truss-

like microstructures with unknown-but-bounded uncertainties. In addition, Wang et al. (2018b) 

elaborated a non-probabilistic RBTO method and applied it to continuum structures with convex 

uncertainties. Furthermore, Zheng et al. (2018) utilized the non-probabilistic RBTO considering a 

multidimensional parallelepiped convex model. They developed an efficient decoupling scheme to 

change the double-loop NRBTO into a sequential optimization process, using the sequential 

optimization & reliability assessment (SORA) method associated with the performance 

measurement approach (PMA). And Dos Santos and Torii (2018) decoupled the nested reliability 

optimization problem under stress constraints into a deterministic optimization step and a reliability 

analysis step by sequential optimization and reliability assessment. Unfortunately, the time point 

where the maximum dynamic response occurs, may vary considerably during the optimization 

process. And López et al. (2018) also performed the RBTO model through the RBDO algorithm 

Sequential Optimization and Reliability Assessment (SORA) based on its robustness, accuracy, and 

decoupled nature. This allows to use an external optimization software when dealing with the 

topology optimization problem. The validation of their approach was carried out through aircraft 

structures. After that, Wang et al. (2019a) developed a new RBTO framework for the concurrent 

design of solid and truss-like material structures with unknown but bounded uncertainties. In the 

same period, Wang et al. (2019b) developed an RBTO approach for continuum structures under 

interval uncertainties. And Wang et al. (2019c) developed a non-probabilistic RBTO approach for 

multi-material layout design via interval and convex mixed uncertainties. In addition, Wang et al. 

(2019c) proposed a reliability index for seeking the optimal layout of multi-material structures with 

mixed uncertainties of interval and convexity. It is generally recognized that the uncertainty 

influence should be integrated into the optimization problems in order to obtain robust and reliable 

solutions (see Wang et al. 2019c; da Silva and Beck 2018). Furthermore, Wang et al. (2019d) 

elaborated non-probabilistic RBTO model of continuum structures considering local stiffness and 

strength failure. Moreover, Wang et al. (2019e) dealt with a truss layout design under non-

probabilistic RBTO framework with interval uncertainties. Additionally, Wang et al. (2019f) 

elaborated a non-probabilistic RBTO method of compliant mechanisms with interval uncertainties. 

Furthermore, Vishwanathan and Vio (2019) developed an efficient quantification of material 

uncertainties in the RBTO model using random matrices. And Sato et al. (2019) studied the RBTO 

model under shape uncertainty modeled in Eulerian description. Recently, Gao and Liu (2021) 

applied the RBTO considering stochastic heterogeneous microstructure properties. They developed 

a novel framework of reliability-based topology optimization called RBTO-AIS to deal with 
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microscale uncertainties. In addition, Wang et al. (2021a) developed a non-probabilistic RBTO 

scheme for continuum structures based on the parameterized level-set method and interval 

mathematics. Furthermore, Wang et al. 2021b presented a novel dynamic RBTO (DRBTO) 

approach with NTR constraints of dynamic response is elucidated for time-variant mechanical 

systems considering interval uncertainties. And Wang et al. (2021b) developed a novel dynamic 

RBTO framework for continuum structures via interval-process collocation and the first-passage 

theories. In addition, Wang et al. (2021c) studied the RBTO for heterogeneous composite structures 

under interval and convex mixed uncertainties. Also, Yin et al. (2021) proposed an efficient RBTO 

approach for the structural lightweight design of planar continuum structures. Moreover, Xia et al. 

(2021) applied the RBTO to freely vibrating continuum structures considering unknown-but-

bounded uncertainties. And finally, Pham and Hoyle (2021) proposed an algorithm to find robust 

reliability-based topology optimized designs under a random-field material model in order to avoid 

the nested loop methods. 

Few works have been carried out to combine between the two standpoints. In Kharmanda et al. 

(2019a), inverse optimum safety factor methods were developed to combine between both points of 

view. In the context of these approaches, Kharmanda and Antypas (2020a and b) studied the 

influence of geometry uncertainty on resulting RBTO layouts and showed its importance when 

integrating into additive manufacturing. Kharmanda et al. (2020a) integrated the RBTO into 

biomechanics considering the hollow stems used in cementless total hip arthroplasty. Kharmanda et 

al. (2020b) developed inverse optimum safety factor approaches and next applied it to bridge 

structures (Kharmanda et al. 2020c). In the same period, Sleesongsom and Bureerat (2020) 

presented a multi-objective RBTO using a fuzzy set model where an equivalent possibilistic safety 

index was defined along with mass, and compliance. Next, Kharmanda et al. (2021a) applied the 

linear and nonlinear RBTO to bridge structures and Kharmanda et al. (2021b) performed a 

nonlinearity RBTO investigation and applied it to total hip replacement. In addition, De et al. (2021) 

applied the RBTO using stochastic gradients. They minimized a weighted sum of compliance and 

mass subjected to a reliability constraint. 

2.2. Classification according to RBTO methods 

The different developed RBTO methods can be classified into two categories: loop and mixed 

methods. The loop methods are totally based on optimization loops, while the mixed methods are 

composite of iterative optimization loops and other techniques (simulation, approximation ...). Even 

the mixed methods can be composed of double loops (one optimization and the other for simulation, 

approximation ...). In this section, we model the different types of methods by generalized 

flowcharts.  

2.2.1. Loop methods: 

2.2.1.1. Single loop methods 

Single-loop approaches modify the reliability analysis problem so that it is coupled with the 

design optimization problem in a single loop. The optimum point and the MPP then converge 

simultaneously. Figure 2 shows a generalized flowchart of the single loop method where all 

parameters (deterministic and random vectors) are updated at each iteration. In certain methods, the 

sensitivity analysis is required when updating the optimization variables. 



© 2022 ISTE OpenScience – Published by ISTE Ltd. London, UK – openscience.fr                                                                    Page | 7 

 

Figure 2. Generalized flowchart for single loop methods 

For example, Single Loop Single Vector (SLSV) algorithm is utilized by Kogiso et al. (2009) and 

(2010). They presented their method in a simple iterative (line search) process, however, Wang et al. 

(2017) utilized non-probabilistic reliability index explicitly throughout the topology optimization 

process. In their optimization loop, the process is separated into several levels such as reliability 

assessment level, sensitivity analysis level and the used topology optimization method level.            

2.2.1.2. Decoupled loop methods 

Decoupling approaches extend this idea further by completely dividing the reliability analysis and 

the deterministic design. These approaches have two successive loops: The first one is to carry out 

the reliability analysis and the second one is needed to perform the topology optimization problem. 

This method was first utilized by Kharmanda and Olhoff (2001) to implement the idea of the RBTO 

in a simple and rapid way. At this period, according to the authors’ knowledge, the common 

methods for RBDO (Reliability-Based Design Optimization) were the single and nested loop 

methods, while this kind of methods was not known to many multi-objective optimization 

communities. Figure 3 shows a generalized flowchart of the decoupled loop methods where two 

successive loops can be found: Loop 1 is used to perform the reliability analysis, while Loop 2 is 

used to perform the topology optimization problem. The module of sensitivity analysis may be 

utilized in one or both loops according to the used optimization method. 
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Figure 3. Generalized flowchart for decouple loop methods 

Kharmanda and Olhoff (2001) proposed the GBM to compute first the normalized vector 

satisfying a required reliability index and next a topology optimization is performed considering the 

resulting normalized vector. The developed GBM-based RBTO contains two successive loops. The 

first one is to calculate the optimum value of the normalized vector. The resulting random vector is 

considered as the input data of the second loop represented a topology optimization method called 

SIMP (Solid Isotropic Material with Penalization). In a very simple way, the designer can generate 

several layouts.  Next, Zhang et al. (2008) utilized level-set method to perform the RBTO in 

successive loops. The reliability analysis is first performed using FORM and next the topology 

optimization is performed using level set method. Thereafter, Mashayekhi et al. (2011b) considered 

a two-stage optimization method (SIMP-ACO method) to carry out the RBTO procedure. In the 

same period, Olyaie et al. (2011) utilized a cell-based smoothed finite element method for RBTO. 

Next, the Sequential Optimization and Reliability Assessment (SORA) method is combined with 

external optimization (bidirectional evolutionary structural optimization) (see Kanakasabai and 

Dhingra (2016)). 

2.2.1.3. Nested loop methods 

This strategy is usually utilized when considering several objectives (multi-objective 

optimization). When considering finite element simulation, it leads to a high computation time 

consumption. The processes are performed in two (or more) separate spaces. At each iteration, a 

new space is established and then several sub-iterations are required. The problem becomes more 

complicated when dealing with several multi-objective optimization cases. In addition, there can be 

some problems of convergence stability. In certain cases, the algorithm may not converge. This kind 

of methods was the first to utilize when dealing with the RBDO problem over two or three decades. 

For real applications, these drawbacks (computing time consumption and week convergence 

stability) made the designers to hesitate to integrate the RBDO model in their design studies. Figure 

4 shows a generalized flowchart for the nested loop methods where at each iteration, a call to 

another loop is required to evaluate the reliability level of the current iteration. When the sensitivity 

analysis module is utilized in each loop, the computing time consumption makes a real obstacle to 

perform the optimization process.  
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Figure 4. Generalized flowchart for nested loop methods 

Several researchers developed their RBTO model considering this strategy. Kang and Luo 

(2009), Wang et al. (2018a) and Wang et al. (2018b) established a NRBTO model considering these 

nested loops. Recently, Pham and Hoyle (2021) dealt with robust reliability-based topology 

optimized designs considering this double loops.  

2.2.2. Mixed methods: 

Other methods have been developed to meet improve the robustness and/or efficiency. In general, 

the basic idea of these methods is to solve the probabilistic problem in a separate way. So, the 

probabilistic problem solution is carried out considering several ways which are presented in this 

section. 

2.2.2.1. Simulation-based methods 

In certain RBTO methods, the reliability analysis process is performed by an iterative simulation 

method such as Monte-Carlo simulation. Figure 5 shows a generalized flowchart of the simulation-

based methods where an additional bock is added in red colour to show that the simulation is 

performed before the topology optimization process. This simulation is an iterative procedure until 

the number of iterations is met. There is no optimization process at this first stage which leads to 

evaluate the reliability index. However, the topology optimization is performed using regular 

optimization method where the sensitivity analysis module can be needed. 
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Figure 5. Generalized flowchart for simulation-based methods 

In Bobby et al. (2017), Monte Carlo simulation was integrated into the RBTO process. It was 

called a simulation based RBTO method. The probabilistic analysis is decoupled from the 

optimization loop and use Monte Carlo simulations to deal with the probabilistic part. The proposed 

RBTO algorithm was applied to two structures undergoing to non-stationary stochastic earthquake 

excitation. Here, it is very important for this kind of applications to carry out the accuracy during the 

design process. Despite Monte Carlo simulation can be considered as an expensive technique, the 

obtained results can be considered accurate. 

2.2.2.2. Approximation-based methods 

In certain RBTO methods, the reliability analysis is performed by an approximation method such 

as Response Surface Method. Figure 6 shows a generalized flowchart of the approximation-based 

methods where an additional block is added in red colour to show that the approximation process is 

carried out before the topology optimization process. In this approximation, the studied domain is 

divided into set of experiment points and the different functions are calculated at these points. There 

is a special optimization procedure at this stage that leads to evaluate the different responses. Next, 

the topology optimization is carried out using regular optimization method where the sensitivity 

analysis module can be utilized. 
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Figure 6. Generalized flowchart for approximation-based methods 

In this context, Yoo et al. (2011) elaborated a successive standard response surface method and 

Zhao et al. (2015) next developed a stochastic response surface method. 

2.2.2.3. Optimality condition-based methods 

Figure 7 shows a generalized flowchart for optimality condition-based method where two 

separate topology optimization loops are used. A block in red colour can be seen for the use of the 

analytical formulations. This kind of methods doesn’t lead only to a high reduction of computational 

time consumption, but also to obtain at least a local optimum when satisfying the optimality 

conditions. Therefore, this kind of methods cannot be considered as general or robust methods since 

they can be used for specific applications and there is no guarantee to get a global optimum. They 

can only meet a couple of criteria: efficiency and the capacity. 

 

Figure 7. Generalized flowchart for optimality condition-based methods 
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In this context, Kharmanda and Antypas (2019a) started to use the OSF method which is based on 

optimality condition developments to elaborate IOSF one. Recently, Meng et al. (2020) developed a 

hybrid RBTO method which was also established on Karush–Kuhn–Tucker optimality condition. 

2.2.2.4. Decision making methods 

Decision making methods can be differentiated in their general flowchart according to the used 

decision-making techniques such as neural network, fuzzy logic ... The objective of this external 

technique is to evaluate the probabilistic constraints. To implement the neural networks in the 

RBTO model, several flowcharts can be found in literature (see Patel and Choi (2012)). 

Furthermore, the fuzzy logic strategy can be modelled in several ways (see Yin et al. (2018)). Figure 

8 shows a generalized flowchart for decision making methods using neural networks, while Figure 9 

shows a generalized flowchart for decision making methods using fuzzy logic strategy. 

 

Figure 8. Generalized flowchart for decision-making methods (neural networks) 

 

Figure 9. Generalized flowchart for decision-making methods (fuzzy logic) 
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In this context, Patel and Choi (2012) developed a classification approach for RBTO model using 

probabilistic neural networks and Yin et al. (2018) next used a fuzzy method to solve RBTO 

problems. 

3. Discussion and research gaps 

During the last two decades, several critical comments led to a significant change in the trends of 

the RBTO model. This can be noted when extending the RBTO developments to several areas. 

According to the RBTO formulation classification, the majority of the different RBTO 

developments in literature can be divided into two main groups. The first group called developments 

from a topology optimization standpoint, which leads to various layouts with decreasing rigidity 

(increasing compliance) levels. Despite, the reliability constraints were integrated into the DTO 

process in a simple way (Kharmanda and Olhoff (2001)), several problems appeared later. Some 

researchers consider that there is no physical meaning when representing the limit state function by 

a prescribed volume constraint. Furthermore, when considering the uncertainties of the geometry, 

this may lead to manufacturing errors (Liu et al. (2015)). Nevertheless, the second group being 

called developments from a reliability analysis standpoint, often provides the same layouts with 

increasing rigidity (or decreasing compliance) levels. The single disadvantage of these methods is to 

provide the same layouts with dissimilar thickness. Some researchers consider that this conclusion 

does not represent any value since a detailed design stage is required to control the structural 

rigidity. In this review paper, four criteria are considered for comparison: generality, robustness, 

capacity, and efficiency. Some methods can be general to many problems, while others such as 

optimality conditions-based method, can be used for specific applications. The robustness of the 

used method is necessary in certain industry such as aviation industry. Here, the accuracy of results 

plays an important role to select the most suitable method. Despite, the simulation-based methods 

such as Monte Carlo method, are highly time consuming, they are needed to obtain reliable results. 

Next, the capacity of the method in solving problem with a big number of variables and constraints 

can be considered as an important criterion for certain applications. For large-scale problems, nested 

loop methods may suffer from a weak convergence stability and a high computing time 

consumption. In general, the First-Order Reliability Method (FORM) is often used to efficiently 

obtain an estimate of the reliability of a system here. This approach treats the reliability analysis as a 

nested optimization problem, where the objective is to find the most probable point (MPP) by 

minimizing the distance between the failure surface and the origin of a normalized random space. 

Numerical gradient calculation of the solution of this nested problem necessitates an additional 

solution of the FORM problem for each design variable. In addition, there are two common FORM-

based approaches are RIA and its inverse, the more efficient PMA. Kim et al. (2006) formulated the 

RBTO problems based on the FORM, where both approaches were compared with each other. Their 

results clearly indicated that the PMA had a better convergence and efficiency than the RIA (Zhao et 

al. (2016)). Therefore, this approach quickly becomes computationally intractable for large scale 

problems including the RBTO model. So, it is difficult to use these kinds of methods for large-scale 

applications. However, in order to improve the computational efficiency and accuracy in future 

research, the reliability analysis could be combined with sequential approximation and linear 

approximation strategies to cope with the nested optimization problems (Yin et al. 2021). Finally, 

for the efficiency criterion, several RBTO methods suffer from the computational times, there is a 

need to reduce the computational time consumption. For example, an alternative analytic approach 

to the analysis and sensitivity of nested optima derived from the Lagrange Multiplier Theorem is 

explored in Clark (2017). This approach leads to a system of nonlinear equations for the MPP 

analysis for any given set of design variables. Taking the derivative of these equations with respect 

to a design variable gives a linear system of equations in terms of the implicit sensitivities of the 

MPP to the design variable where the coefficients of the linear equations depend only on the current 

MPP. By solving this system, these sensitivities can be obtained without requiring addition solutions 

of the FORM problem. The proposed approach is demonstrated through several RBDO and RBTO 
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problems. In addition, to replace a calculation part by other technique can be very helpful to increase 

the robustness and/or the efficiency. In addition, the decoupled loop and optimality conditions-based 

methods seem to be the most efficient methods. They do not necessitate a high time consumption. 

Regarding the different criteria, the decoupled loop methods may meet three criteria such as 

efficiency, generality, capacity.  

4. Future research directions 

The topology of the optimum solution is usually different for an RBTO problem, where the 

randomness in loads and geometry are incorporated in the problem definition, compared to a 

deterministic topology optimization (DTO) problem, where the uncertainties are not considered in 

the problem solution. This is the basic idea behind incorporating reliability constraints early in the 

design process, i.e. even before design optimization, since the resulting topology of a structure from 

an RBTO exhibits a better volume/reliability ratio compared to a DTO solution. In other words, 

because the resulting topologies obtained from RBTO and DTO can be different, RBTO is able to 

accomplish the same reliability levels with smaller structural volume compared with a two-step 

process in which DTO is performed first and a reliability-based design optimization (RBDO) is 

performed in the second step on the optimum topology obtained from DTO. This fact is presented in 

Kharmanda et al. (2004), where the incorporation of reliability constraints early on is shown to be 

advantageous in terms of finding a lighter and reliable structure as a final design compared to 

including the reliability constraints at the design optimization stage. This has led to several research 

efforts focused on developing efficient methods to perform RBTO (Kanakasabai and Dhingra 

(2014)). In addition, when dealing with recent developments from reliability analysis standpoints, 

the use of NRBTO strategies shows that the results may lead to topological layouts that are 

significantly different from the traditional deterministic optimization results (Ma and Wang 2021). 

Many efforts are needed to avoid the use of nested loop methods, especially when considering the 

reliability analysis standpoint without sacrificing solution accuracy. For example, Pham and Hoyle 

(2021) found that only the robust reliability-based design approach can identify the optimal 

topology considering the influence of material property uncertainty in both the objective and the 

constraint functions. There is a need to integrate multi-source uncertainties in practical applications 

(for example, dynamic responses) which have become a research hotspot for future development of 

intelligent design technologies as well as multi-functional and multi-scale design conditions (Wang 

et al. 2021b). One of the most important applications is the composite material domain. Composite 

materials process several advantages such as high strength, high rigidity, light weight, design 

flexibility, etc. The use of the RBTO model in composite materials is still in the initial stage. Several 

issues can be found in this area and need to be solved such as the optimization policies under 

stiffness and strength integrated failure modes, the hybrid reliability judgments under aleatory and 

epistemic uncertainties, the difficulties in global optimization and fast convergence for complex 

laminated structures, etc (Wang et al. 2021c). Furthermore, the RBTO developments extended 

recently to microstructure applications where the components become smaller and smaller. So, the 

computational time plays and important role to select the best method. Here, the microscale 

uncertainties of material properties and microstructures can affect the overall structure 

performances. So, classical deterministic topology optimization in which material properties and 

loadings are assumed to be deterministic would be insufficient (Gao and Liu 2021). When dealing 

with several disciplines, the RBTO model leads to several layouts taking several objectives into 

account. In the work of Pérez-Rúa et al. (2021), different objectives (economy, operation, energy 

…) were treated simultaneously and several strategies were incorporated in their algorithm in order 

to solve large real-world problems. Thus, there is a need to develop efficient tools to integrate the 

RBTO model into multidisciplinary optimization strategies.  

After two decades of developments, the different efforts for both of standpoints start to converge 

to improve the resulting reliability-based topology layouts. So, there is a need to develop new 
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strategies to combine between the two standpoints to produce several layouts with increasing 

rigidity levels in a reasonable computing time consumption. Considering that the RBTO leads to 

several topologies, it can be integrated to additive manufacturing to solve some issues such as 

support structures, optimum material distribution with the object of industrialize this technology. In 

the context of additive manufacturing, it will be significant considering material property 

uncertainty. Here, the additive process can lead to significant material property uncertainty due to 

temperature gradients or other sources of variation. Furthermore, when considering topology 

optimization as a helpful tool for additive manufacturing, another important characteristic of the 

material property is non-linearity (Pham and Hoyle (2021)). The recent RBTO developments at 

microstructural levels can be very helpful to solve several issues in micro additive manufacturing. 

Figure 10 shows a small pen cup with a small thickness where there is no need to use support 

structures. When the dimensions become smaller and smaller, micro/nanoscale wires or yarns may 

appear in the case where overhanging features exist in the additive manufactured structures (such as 

the diamond-shaped holes in Figure 10). In fact, these micro/nanoscale wires or yarns prevent the 

filament to go down and the additive manufacturing process continues in a safe way. So, this 

microstructural additive manufacturing level in certain cases allows to reduce probability of using 

support structures when performing the resulting topologies which can be very useful in 

microfabrication fields such as biomedicine, electromechanics ... 

 

Figure 10. Micro additive manufactured structure without support structures  

(Picture belongs to 3D printing 4U (UG), see https://3d-printing-4u.com/) 

Finally, the selection of the suitable method depends on the requirements (ex. time consumption) 

and the application itself. For example, the dynamic reliability-based topology optimization 

approach is more complicated to be applied to static problems (Wang et al. 2021b). The mixed 

methods can be considered as derivatives from loop methods since one loop is replaced by another 

technique (simulation, approximation ...) which can be itself as an iterative loop. The available tools 

are considered as restrictions (some limitations to apply the different methods). So, there a need to 

develop new strategies and techniques to balance between the different criteria.  
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