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ABSTRACT. We consider a compact Riemannian manifold (M, g) of dimension N ≥ 3 and Σ a closed totally geodesic
submanifold of dimension 1 ≤ k ≤ N − 2, and h : M → R is a continuous function such that the linear operator −Δg + h
is coercive. We study existence of positive solutions u ∈ H1 (M) to the following nonlinear PDE with two Hardy-Sobolev
critical exponents:

−Δgu+ hu = λρ−s1
Σ u2∗s1−1 + ρ−s2

Σ u2∗s2−1 in (M, g)

where λ is a positive parameter, 0 < s2 < s1 < 2, the 2∗si := 2(N−si)
N−2 (i = 1, 2) are two critical Hardy-Sobolev exponents

and ρΣ : M → R is the distance function to Σ. In this paper, we give sufficient condition depending on the local geometries
of the submanifold Σ and the manifold M , for the existence of mountain pass solution to (0 1).
AMS Mathematics Subject Classification: 35B40, 35J60, 35A15, 35B33, 35J20, 35R01, 35A01, 53C21.
KEYWORDS. Mountain Pass Solution, Two Hardy-Sobolev critical exponents, Scalar Curvature, Riemannian curvature
tensor, Submanifold.

1. Introduction

Weighted interpolation inequalities of Caffarelli–Kohn–Nirenberg type and their critical limits, the
Hardy and Sobolev inequalities, are central tools in the variational study of semilinear elliptic problems
with singular weights. In Euclidean space the family of Hardy–Sobolev inequalities gives, for s ∈ [0, 2],
the critical integrability exponent

2∗(s) =
2(N − s)

N − 2
,

and a typical Hardy–Sobolev inequality reads (up to constants)⎛
⎝∫
RN

|x|−s|u|2∗(s)
⎞
⎠

2/2∗(s)

≤ CN,s

∫
RN

|∇u|2, u ∈ D1,2(RN),

with the extreme cases recovering the classical Hardy and Sobolev inequalities. The foundational
analytic framework for these weighted inequalities was established in the work of Caffarelli, Kohn and
Nirenberg [2].

Problems involving one or several Hardy–Sobolev critical terms exhibit two classical and intertwined
difficulties: the loss of compactness of the Sobolev embedding at the critical exponent and the presence
of a singular weight, which interacts with the local geometry near the singularity. The modern technical
toolkit for handling the first difficulty is the concentration–compactness principle of P.-L. Lions [4, 5]
and related profile decomposition techniques.
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(0 1),



In this paper, we consider a compact Riemannian manifold (M, g) of dimension N ≥ 3 and Σ ⊂ M be
a closed totally geodesic submanifold of dimension 1 ≤ k ≤ N −2. We study positive H1(M)-solutions
of

−Δgu+ hu = λ ρ−s1
Σ u 2∗s1−1 + ρ−s2

Σ u 2∗s2−1 in (M, g), (1.1)

where ρΣ : M → R+ denotes the distance to Σ, 0 < s2 < s1 < 2, λ > 0, h ∈ C0(M) is such that
−Δg + h is coercive and

Δg := gij
(

∂2

∂xi∂xj
− Γk

ij

∂

∂xk

)
,

is the Laplace Beltrami operator with
(
Γk
ij

)
1≤i,j,k≤N

are the Christoffel symbols. The natural energy
functional associated to (1.1) is

J(u) =
1

2

∫
M

(|∇gu|2 + hu2
)
dvg − λ

2∗s1

∫
M

ρ−s1
Σ |u|2∗s1 dvg − 1

2∗s2

∫
M

ρ−s2
Σ |u|2∗s2 dvg,

defined on H1(M). The functional typically has the standard mountain-pass geometry: J(0) = 0, there
exists u0 with J(u0) < 0 and a small radius r > 0 such that J |∂Br(0) > 0, see for instance Lemma 3.6
below. By the mountain-pass construction [6] one sets the minimax level

c∗ = inf
γ∈Γ

max
t∈[0,1]

J(γ(t)), Γ = {γ ∈ C([0, 1];H1(M)) : γ(0) = 0, γ(1) = u0}.

Under the classical Palais–Smale (PS) compactness condition the Ambrosetti–Rabinowitz theorem
guarantees the existence of a critical point at level c∗. We therefore use the mountain-pass variational
principle as the primary existence mechanism. Since the embeddings

H1(M) ↪→ L2∗si
(
M,ρ−si

Σ dvg
)

are noncompact at the critical exponents, the functional J does not satisfy the Palais-Smale condition.
Therefore, in general c∗ might not be a critical value for J . To recover compactness, we consider⎧⎪⎨

⎪⎩
−Δu(x) = λ

u2
∗
s1
−1(x)

|z|s1 +
u2

∗
s2
−1(x)

|z|s2 in R
N

u(x) > 0 in R
N

(1.2)

with x = (y, z) ∈ R
k×R

N−k. To obtain solutions of (1.2), we consider the functional Π : D1,2(RN) → R

defined by

Π(u) :=
1

2

∫
RN

|∇u|2dx− λ

2∗s1

∫
RN

|z|−s1 |u|2∗s1dx− 1

2∗s2

∫
RN

|z|−s2 |u|2∗s2dx.

Next, we set
β∗ := inf

u∈D1,2(RN ),u≥0,u �=0
max
t≥0

Π(tu).

Then we get compactness provided c∗ < β∗, see Lemma 3.5 below. Consequently, we have the following
which is our main result.

Theorem 1.1. Let (M, g) be a compact Riemannian manifold of dimension N ≥ 3, Σ ⊂ M be a closed
totally geodesic submanifold of dimension 1 ≤ k ≤ N −2 and h : M → R is a continuous function such
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that the linear operator −Δg + h is coercive. We assume that there exists x0 ∈ Σ, constants AN,s1,s2,
BN,s1,s2, and CN,s1,s2 only depending on N , s1 and s2 such that

h(x0) < AN,s1,s2Rg(x0) +BN,s1,s2Sg(x0) + CN,s1,s2Wg(x0), (1.3)

where Rg and Sg are respectively the scalar curvatures of M and Σ,

Wg(x0) =
N∑

i=k+1

k∑
a=1

Riaia

measures the interaction between tangent and normal directions of the submanifold Σ inside the ambient
manifold M and the Riaia are components of the Riemannian curvature tensor. Then there exists u ∈
H1(M) positive solution of the following Euler-Lagrange equation

−Δgu+ hu = λρ−s1
Σ u2

∗
s1
−1 + ρ−s2

Σ u2
∗
s2
−1 in (M, g).

Remark 1.2. Several comments on the geometric condition (1.3) and the role of the constants are in
order.

(i) Geometric meaning of the curvature quantities. The scalar curvature Rg(x0) measures the
average sectional curvature of (M, g) at x0; Sg(x0) is the intrinsic scalar curvature of Σ at x0;
and

Wg(x0) =
N∑

i=k+1

k∑
a=1

Riaia

is a mixed curvature term that captures the interaction between the tangent bundle Tx0Σ and the
normal bundle Nx0Σ inside Tx0M . These three quantities appear naturally through the second-
order metric expansion in Fermi coordinates (see Lemma 2.1).

(ii) Nature of the constants AN,s1,s2, BN,s1,s2, CN,s1,s2. These constants depend only on N , s1, and s2;
they are independent of the geometry of (M, g) and of Σ. They are determined by the Euclidean
ground state w of the limit problem (1.2) through the explicit integrals

AN,s1,s2 =
Ψ1(w)∫

RN

w2 dx

, BN,s1,s2 =
Ψ2(w)∫

RN

w2 dx

, CN,s1,s2 =
Ψ3(w)∫

RN

w2 dx

,

where Ψ1,Ψ2,Ψ3 are the functionals defined in Section 5. Their sign reflects the geometric
contributions of each curvature invariant to the energy expansion.

(iii) Interpretation of condition (1.3). The condition requires that the weighted combination of
curvature invariants at x0 dominates h(x0). Geometrically, this ensures that concentrating a
solution bubble near x0 ∈ Σ lowers the energy functional J below the critical threshold β∗.
This is the intrinsic-manifold analogue of the role played by the mean curvature at a boundary
singularity in the Euclidean results of Ghoussoub–Kang [7] and Ghoussoub–Robert [8]: in those
works, negative mean curvature is the key geometric condition; here, the collective curvature data
(Rg, Sg,Wg) plays an analogous role, reflecting the higher-codimensional nature of the singularity
Σ.
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(iv) Explicit verification. In concrete examples — e.g., when (M, g) is a space-form of positive
curvature and Σ is a totally geodesic submanifold — condition (1.3) can be verified directly from
the formulas for Rg, Sg, Wg, and the known decay of w, by using standard integration in spherical
coordinates on R

N .

This kind of problem is intensively studied in the Euclidean case. In particular, we let Ω be a domain
of RN such that 0 ∈ ∂Ω and consider the equation⎧⎪⎨

⎪⎩
−Δu(x) = λ

u2
∗
s1
−1(x)

|x|s1 +
u2

∗
s2
−1(x)

|x|s2 in Ω

u(x) > 0 in Ω,

(1.4)

where 0 ≤ s2 < s1 < 2, λ ∈ R and for i = 1, 2, the 2∗si := 2(N−si)
N−2 are two critical Hardy-Sobolev

exponents. When s2 = 0 and λ < 0, then equation (1.4) has no nontrivial solution. For λ > 0, 0 < s1 < 2

and s2 = 0, then using variational methods, Hsia Lin and Wadade [11] proved existence of solutions
provided N ≥ 4 and the mean curvature at the origin is negative. For the case N = 3, λ ∈ R and
0 < s2 < s1 < 2, the equation (1.4) has a least-energy solution provided the mean curvature at the origin
is negative, see [12].

Concerning the existence and non-existence of solution related to equation (1.4) in the half-space
Ω = R

N
+ , we refer to Bartsch-Peng and Zhang [1] for the case 0 < s2 < s1 = 2 and λ <

(
N−2
2

)2
;

to Musina [13] when N ≥ 4, s2 = 0, s1 = 2 and 0 < λ <
(
N−2
2

)2
and to Hsia, Lin and Wadade [11]

when s2 = 0, 0 < s1 < 2 and λ > 0. For the case N ≥ 3, 0 < s2 < s1 < 2 and λ ∈ R then equation
(1.2) has a least-energy solution u ∈ H1

0(R
N
+ ), see for instance [12].

For generalizations and extensions, we refer to Diatta-Thiam [15], Thiam [16], Zhong-Zou [17],
Ghoussoub-Kang [7] and references therein.

There are two main novelties in this work : the simultaneous treatment of two distinct Hardy–Sobolev
critical exponents supported on the same singular set Σ and the analysis on a compact Riemannian
manifold where the local geometry of M and Σ (scalar curvature of M , scalar curvature of Σ, and
certain mixed curvature terms) enters explicitly in the comparison c∗ < β∗. Earlier works in Euclidean
or boundary-singularity settings have shown that curvature or boundary mean curvature can determine
attainability of best constants and existence of minimizers [7–9].

The proof of Theorem 1.1 combines:

1. Limit problem and profile analysis : we study the Euclidean limit problem with cylindrical singular
weight, establishing existence, symmetry, and sharp decay estimates for its ground state. These
estimates are used to quantify the leading asymptotics of energy when one concentrates a bubble
near Σ.

2. Local parametrization and metric expansion : around a point x0 ∈ Σ we introduce Fermi
coordinates and expand the metric to second order; the expansion identifies how curvature terms
enter into the energy expansion of localized test functions.

3. Test-function computation and energy comparison : using the scaled Euclidean ground state
inserted into the Fermi chart (cut off at a suitable radius we compute the expansion of J to second
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order in the concentration parameter ε, extract the geometric coefficients, and derive a curvature
condition implying c∗ < β∗).

Once c∗ < β∗ is established, concentration–compactness yields compactness of PS sequences at level c∗,
and the mountain-pass theorem provides a nontrivial positive solution. Our approach synthesizes ideas
from the Hardy–Sobolev literature (sharp constants, curvature effects); the concentration–compactness
methods, and the variational minimax methods. We refer to Caffarelli–Kohn–Nirenberg inequalities ,
the concentration–compactness framework [4, 5], and the works of Ghoussoub–Kang [7], Ghoussoub–
Robert [8], and Chern–Lin [9].

The paper is organized as follows. In Section 2, we introduce Fermi coordinates and derive the metric
expansion up to second order. In Section 3, we establish the compactness result and analyze the limit
Euclidean ground state, recording its key decay and symmetry properties. In Section 4, we derive the
integral estimates involving the ground state that are needed for the energy expansion. Section 5 builds the
concentrating test functions, expands J(uε) to second order, carries out the energy comparison c∗ < β∗,
and completes the proof of Theorem 1.1.

2. Parametrization

2.1. Fermi Coordinates

Let (M, g) be a compact Riemannian manifold of dimension N ≥ 3, and let Σ be a totally geodesic
submanifold of M with dimension 1 ≤ k ≤ N − 2. Then given x0 ∈ M , we have

Tx0M = Tx0Σ⊕Nx0Σ.

Next, we choose orthonormal basis (E1, · · · , Ek) for Tx0Σ and (Ek+1, · · · , EN ) of Nx0Σ. Then a
neighborhood of x0 in Σ can be parametrized via the exponential mapping

f : y ∈ BRk(0, r) 	−→ f(y) = expΣx0

(
k∑

a=1

yaEa

)
∈ Σ,

where for r > 0, BRk(0, r) denotes the Euclidean ball of Rk centered at the origin and of radius r. This
yields the coordinate vector field

Xa := f∗

(
∂

∂ya

)
.

For any tangent vector field E of the tangent space, the curve s 	−→ γE(s) := expΣx0
(sE) is a geodesic

in Σ. Therefore ∇XaXb ∈ NpΣ. Moreover, since Σ is totally geodesic, we have

∇XaXb |p= 0. (2.1)

Next, we extend (Ek+1, · · · , EN ) to an orthonormal frame (Xk+1, · · · , XN ) in a neighborhood of x0 in
M via the mapping

Fx0∗ : x ∈ Qr := BRk(0, r)× BRN−k(0, r) 	−→ Fx0(x) = expMf(y)

(
N∑

i=k+1

ziXi

)
∈ M.
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This corresponds to the coordinate vector fields

Xi := Fx0∗

(
∂

∂zi

)
and Xa := Fx0∗

(
∂

∂ya

)
for all a = 1, · · · , k and i = k + 1, · · · , N.

By construction, we have Xα |x0= Eα, for all α = 1, · · · , N and for a = 1, · · · , k and for i = k +

1, · · · , N , we have ∇XaXi |x0∈ TpΣ so that

∇XaXi |x0= ∇XiXa |x0= ∇XjXi |x0= 0. (2.2)

Moreover it’s well known that, in this local parametrization, the distance function ρΣ defined above
satisfies

ρΣ(x) = |z|. (2.3)

In the following, we derive the expansion of the metric induced by the parametrization F defined above.
Then for x ∈ Qr and α, β = 1, · · · , N , we define

gαβ(x) = 〈Xα, Xβ〉,
to be the components of the metric g.

2.2. The Metric

By Taylor expansion we have :

gαβ(x) = δαβ +
N∑
γ=1

Xγ 〈Xα, Xβ〉 xγ + 1

2

N∑
γ,μ=1

XγXμ 〈Xα, Xβ〉 xμxγ +O(|x|3).

Next, we define
Bγμ

αβ = XγXμ 〈Xα, Xβ〉 .
By (2.1) and (2.2), we have

Xγ 〈Xα, Xβ〉 = 0.

Then we obtain

gαβ(x) = δαβ+
1

2

N∑
γ,μ=1

Bγμ
αβxμxγ+O(|x|3) and gαβ(x) = δαβ− 1

2

N∑
γμ=1

Bγμ
αβxγxμ+O(|x|3). (2.4)

Therefore the matrix g can be rewritten in the form g = IN +H, where IN is the N -dimensional identity
matrix. Then as H → 0, we have

√
|g| =

√
IN +H = 1 +

tr(H)

2
+

(tr(H))2

4
− tr(H2)

4
+O(H3).

A straightforward computation yields

√
|g|(x) = 1 +

1

4

N∑
γμα=1

Bγμ
ααxμxγ +O(|x|3). (2.5)
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Lemma 2.1. We have

1

4

N∑
αγ=1

Bγγ
αα = −1

6
Rg − 1

6
Sg −Wg, (2.6)

where Rg and Sg are the scalar curvatures of M and Σ respectively and

Wg =
N∑

i=k+1

k∑
a=1

Riaia.

Proof. Splitting, we have
N∑
γ=1

N∑
α=1

Bγγ
αα =

k∑
i=1

k∑
j=1

Bjj
ii +

N∑
a=k+1

N∑
b=k+1

Bbb
aa +

N∑
a=k+1

k∑
i=1

Bii
aa +

N∑
a=k+1

k∑
i=1

Baa
ii . (2.7)

By (2.2) and [Gray [10], Lemma 9.19 ], we have
k∑

i=1

k∑
j=1

Bjj
ii =

k∑
i=1

k∑
j=1

XiXi 〈Xj, Xj〉 =
k∑

i=1

k∑
j=1

2
〈∇2

XiXi
Xj, Xj

〉
+

k∑
i=1

k∑
j=1

2 〈∇XiXj,∇XiXj〉

= −2

3

k∑
i=1

k∑
j=1

Rijij = −2

3
Rg +

2

3
Sg. (2.8)

By (2.1) and the Gauss equation, see [B. O’neill [14], page10], we get:
N∑

a=k+1

N∑
b=k+1

Bbb
aa =

N∑
a=k+1

N∑
b=k+1

XaXa 〈Xb, Xb〉

= 2
N∑

a=k+1

N∑
b=k+1

〈∇2
XaXa

Xb, Xb

〉
+ 2

N∑
a=k+1

N∑
b=k+1

〈∇XaXb,∇XaXb〉

= −4

3

N∑
a=k+1

N∑
b=k+1

RM
abab = −4

3

N∑
a=k+1

N∑
b=k+1

RΣ
abab = −4

3
Sg. (2.9)

By (2.2) and [ Gray [10],Lemma 9.17 and Lemma 9.19 ], we obtain
N∑

i=k+1

k∑
a=1

(
Bii

aa +Baa
ii

)
=

N∑
i=k+1

k∑
a=1

XiXi 〈Xa, Xa〉+
N∑

i=k+1

k∑
a=1

XaXa 〈Xi, Xi〉

= 2
N∑

i=k+1

k∑
a=1

〈∇2
XiXi

Xa, Xa

〉
+ 2

N∑
i=k+1

k∑
a=1

〈∇2
XaXa

Xi, Xi

〉

+ 2
N∑

i=k+1

k∑
a=1

〈∇XiXa,∇XiXa〉+ 2
N∑

i=k+1

k∑
a=1

〈∇XaXi,∇XaXi〉

= 2
N∑

i=k+1

k∑
a=1

〈∇2
XiXi

Xa, Xa

〉
+ 2

N∑
i=k+1

k∑
a=1

〈∇2
XaXa

Xi, Xi

〉
= −4

N∑
i=k+1

k∑
a=1

Riaia

= −4Wg. (2.10)

The result follows immediately from (2.7), (2.8), (2.9) and (2.10). This then ends the proof.
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Lemma 2.2. We have
N∑

γμ=1

k∑
a=1

N∑
i=k+1

Bγμ
ai =

1

3

N∑
ijl=k+1

k∑
a=1

Rlaji +
1

3

k∑
abc=1

N∑
i=k+1

Rabci. (2.11)

Proof. By definition, we have
N∑

γμ=1

Bγμ
ai =

N∑
γμ=1

XγXμ〈Xa, Xi〉 =
N∑

jl=k+1

XlXj〈Xa, Xi〉

+
k∑

bc=1

XcXb〈Xa, Xi〉+ 2
N∑

j=k+1

k∑
b=1

XjXb〈Xa, Xi〉.

By (2.1) and (2.2), we have
N∑

jl=k+1

XlXj〈Xa, Xi〉 =
N∑

jl=k+1

〈∇2
XlXj

Xa, Xi〉+
N∑

jl=k+1

〈∇2
XlXj

Xi, Xa〉+ 2
N∑

jl=k+1

〈∇Xl
Xa,∇XjXi〉

= −
N∑

jl=k+1

Rlaji − 1

3

N∑
jl=k+1

(Rijla +Rilja)

=
N∑

jl=k+1

2

3
Rlaji −

N∑
jl=k+1

1

3
Rilja =

N∑
jl=k+1

1

3
Rilja, (2.12)

and
k∑

bc=1

XcXb〈Xa, Xi〉 =
k∑

bc=1

〈∇2
XcXb

Xa, Xi〉+
k∑

bc=1

〈∇2
XcXb

Xi, Xa〉+ 2
k∑

bc=1

〈∇XcXa,∇Xb
Xi〉

=
k∑

bc=1

〈∇2
XcXb

Xa, Xi〉+
k∑

bc=1

〈∇2
XcXb

Xi, Xa〉

= −
k∑

bc=1

1

3
(Rabci − Racbi) +

k∑
bc=1

Rciba.

Hence, we obtain
k∑

a,b,c=1

N∑
i=k+1

XcXb〈Xa, Xi〉 =
k∑

a,b,c=1

N∑
i=k+1

(
2

3
Rabci − Rciba

)
. (2.13)

By (2.12), and (2.13) , we finally obtain:
N∑

γμ=1

k∑
a=1

N∑
i=k+1

Bγμ
ai =

1

3

N∑
ijl=k+1

k∑
a=1

Rlaji +
1

3

k∑
abc=1

N∑
i=k+1

Rabci.

This then ends the proof.

3. Existence Result in domains

Remark 3.1. The key analytical step in the proof of Theorem 1.1 is the strict inequality

c∗ < β∗,
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where c∗ is the mountain-pass level of J on H1(M) and β∗ is the mountain-pass level of the limit
functional Π on D1,2(RN). This inequality plays a double role: on one hand, it restores the Palais–Smale
compactness for J at level c∗ (see Lemma 3.5 below); on the other hand, its proof (carried out in Section 5
via explicit test-function computations in Fermi coordinates) is precisely where condition (1.3) on the
curvature enters. Thus, condition (1.3) is not merely a sufficient condition imposed for convenience: it is
the exact geometric threshold that makes the comparison c∗ < β∗ achievable through the concentrating
test-function construction.

We recall that

β∗ = inf
u∈D1,2(RN ),u≥0,u �=0

max
t≥0

Π(tu) and c∗ := inf
u∈H1(M),u≥0,u �=0

max
t≥0

J(tu), (3.1)

with

Π(u) =
1

2

∫
RN

|∇u|2dx− λ

2∗s1

∫
RN

|z|−s1 |u|2∗s1dx− 1

2∗s2

∫
RN

|z|−s2 |u|2∗s2dx, ∀u ∈ D1,2(RN )

and

J(u) =
1

2

∫
M

|∇gu|2dvg + 1

2

∫
M

h(x)u2dvg − λ

2∗s1

∫
M

|u|2∗s1
ρs1Σ (x)

dvg − 1

2∗s2

∫
M

|u|2∗s2
ρs2Σ (x)

dvg, ∀u ∈ H1(M).

The aim of this section is to prove the following compactness result.

Proposition 3.2. Let N ≥ 4, 0 ≤ s2 < s1 < 2, λ > 0 and M be a compact Riemannian manifold
of dimension N . Consider Σ ⊂ M a closed submanifold of dimension 1 ≤ k ≤ N − 2. Let h be a
continuous function such that the linear operator −Δg + h is coercive. We assume that

c∗ < β∗.

Then there exists a positive function u ∈ H1(M) solution of the Euler-Lagrange equation

−Δgu+ hu = λρ−s1
Σ u2

∗
s1
−1 + ρ−s2

Σ u2
∗
s2
−1 in (M, g). (3.2)

The proof of this result is divided into various preliminaries results. We start by the following so-called
mountain pass lemma due to Ambrosetti and Robinowitz, see [6].

Lemma 3.3. (Mountain Pass Lemma)
Let (X, ‖ · ‖X) be a Banach space and Ψ : X → R a functional of class C1. We assume that

1. Ψ(0) = 0;

2. there exist λ0, r > 0 such that Ψ(u) ≥ λ0 for all u ∈ X satisfying ‖u‖X = r;

3. there exists u0 ∈ X such that
lim

t→+∞ supΨ(tu0) < 0.
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Consider t0 > 0 sufficiently large such that ‖t0u0‖X > r and Ψ(t0u0) < 0. Define β ≤ λ0 as

β := inf
γ∈P

sup
t∈[0,1]

Ψ(γ(t)),

where P = {γ ∈ C0([0, 1];X) such that γ(0) = 0 and γ(1) = t0u0}. Then, there exists a sequence
(un)n ⊂ X such that Ψ(un) → β and Ψ′(un) → 0 strongly in X ′. Moreover, we have

β ≤ sup
t≥0

Ψ(tu0).

Lemma 3.4. Let (M, g) be a compact Riemannian manifold of dimension N ≥ 4, Σ a submanifold of
M of dimension 1 ≤ k ≤ N − 2 and h a continuous function such that the linear operator −Δg + h is
coercive. Let u0 ∈ H1(M) \ {0}. Then there exists c0 a positive constant depending on u0 and (un)n ⊂
H1(M) a Palais-Smale sequence for J at level c0. Moreover

c0 ≤ sup
t≥0

J(tu0).

Proof. We let t ∈ R. Recall that for all u ∈ H1(M), we have

J(tu) :=
t2

2

∫
M

(|∇gu|2 + hu2)dvg − λ
|t|2∗s1
2∗s1

∫
M

ρ−s1
Σ |u|2∗s1dvg − |t|2∗s2

2∗s2

∫
M

ρ−s2
Σ |u|2∗s2dvg

Then Ψ ∈ C1(H1(M),R). Since 0 ≤ s2 < s1 < 2 and the fact that the function s 	−→ 2∗s := 2(N−s)
N−2 is

decreasing, we have

lim
t→∞J(tu) = −∞.

Moreover, using the fact that 2∗s1 , 2
∗
s2 > 2, then there exists positive numbers λ0, r such that

inf
‖u‖H1(M)=r

J(u) ≥ λ0.

Therefore by the Mountain pass Lemma 3.3, we get the desired result.

Lemma 3.5. Let α < β∗ and (un)n ⊂ H1(M) be a Palais-Smale sequence for J at level α. Then, up to
a subsequence, there exists u ∈ H1(M) such that⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

un → u in H1(M)

J(u) = α

J ′(u) = 0.

Proof. Let (un)n ⊂ H1(M) be a Palais-Smale sequence for J at level α :

J(un) =
1

2

∫
M

|∇un|2dvg+ 1

2

∫
M

hu2ndvg−
λ

2∗s1

∫
M

ρ−s1
Σ |un|2∗s1dvg− 1

2∗s2

∫
M

ρ−s2
Σ |un|2∗s2dvg = α+on(1)

(3.3)
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and

〈J ′(un), ϕ〉 =
∫
M

∇un∇ϕdvg +

∫
M

hunϕdvg − λ

∫
M

ρ−s1
Σ |un|2∗s1−2unϕdvg

− 1

2∗s2

∫
M

ρ−s2
Σ |un|2∗s2−2unϕdvg = on(1), (3.4)

for all ϕ ∈ C∞
c (M) as n → ∞. Combining (3.3) and (3.4), we obtain

α =

(
1

2
− 1

2∗s1

)∫
M

|∇un|2dvg+
(
1

2
− 1

2∗s1

)∫
M

hu2ndvg+

(
1

2∗s1
− 1

2∗s2

)∫
M

ρ−s2
Σ |un|2∗s2dvg+on(1). (3.5)

Since both 1
2∗s1

− 1
2∗s2

and 1
2 − 1

2∗s2
are positive and the operator −Δg + h is coercive, we obtain

α(
1
2 − 1

2∗s1

) + o(1) ≥
∫
M

|∇un|2dvg +
∫
M

hu2ndvg ≥ c‖un‖H1(M),

for some positive constant c independent of n. Consequently, up to a subsequence, there exists u ∈
H1(M) such that

un ⇀ u weakly in H1(M), un → u a.e. in M and un → u in L2(M). (3.6)

Set the defect vn := un − u. By Brezis–Lieb lemma and the weak convergence in (3.6), we have:∫
M

|∇un|2dvg =
∫
M

|∇u|2dvg +
∫
M

|∇vn|2dvg + o(1)

and ∫
M

ρ−si
Σ |un|2∗sidvg =

∫
M

ρ−si
Σ |u|2∗sidvg +

∫
M

ρ−si
Σ |vn|2∗sidvg + on(1) for all i = 1, 2.

Therefore
J(un) = J(u) + Jmod(vn) + on(1),

with

Jmod(v) :=
1

2

∫
M

|∇v|2dvg − λ

2∗s1

∫
M

ρ−s1
Σ |v|2∗s1dvg − 1

2∗s2

∫
M

ρ−s2
Σ |v|2∗s2dvg.

Moreover

J ′(u) = 0 and J ′
mod(vn) = o(1) in (H1(M))′. (3.7)

Define the concentration functions

0 < r 	−→ Qn,i(x, r) =

∫
Fx(Qr)∩M

ρ−si
Σ |vn|2∗sidvg, for all i = 1, 2.

We have three alternatives.
Alternative 1: Vanishing: Let r > 0. We have

lim
n→+∞ sup

x∈Σ
Qn,i(x, r) = 0, for i = 1, 2.
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Next, we define
Σr := {x ∈ M : ρΣ(x) < r}.

Then we can cover Σr by a finite number of open sets
(
Fxj (Qr)

)
1≤j≤m

. Therefore∫
M

ρ−si
Σ |vn|2∗sidvg =

∫
Σr

ρ−si
Σ |vn|2∗sidvg +

∫
M\Σr

ρ−si
Σ |vn|2∗sidvg.

Since in M \ Σr, the distance function ρΣ is bounded and vn → 0 strongly in L2∗si(M), we obtain∫
M

ρ−si
Σ |vn|2∗sidvg =

∫
Σr

ρ−si
Σ |vn|2∗sidvg +

∫
M\Σr

ρ−si
Σ |vn|2∗sidvg

=
m∑
j=1

∫
Fxj (Qr)

ρ−si
Σ |vn|2∗sidvg + on(1) ≤ m sup

x∈Σ
Qn,i(x, r) + on(1) = on(1).

Thus

lim
n→∞

∫
M

ρ−si
Γ |vn|2∗sidvg = 0 for all i = 1, 2.

By this, (3.6) and the second identity in (3.7), we obtain∫
M

(|∇vn|2 + hv2n)dvg = λ

∫
M

ρ−s1
Γ |vn|2∗s1dvg +

∫
M

ρ−s2
Σ |vn|2∗s2dvg = on(1).

Moreover, since the operator −Δg + h is coercive, we immediately obtain that

un → u strongly in H1(M).

Alternative 2: Compactness. There exists x0 ∈ Σ and r0 > 0:

vn −→ v �≡ 0 in L2∗i (Fx0 (Qr0) , ρ
−si
Γ dx).

Hence vn −→ v �≡ 0 in H1(M) thanks to local compactness and the Euler–Lagrange residual in (3.7).
Thus we are already done.
Alternative 3: Concentration. Then there exists ε0 > 0, a sequence of points (yn)n ⊂ M , and r > 0

such that:

lim inf
n→∞ Qn,1(yn, r) ≥ ε0 or lim inf

n→∞ Qn,2(yn, r) ≥ ε0. (3.8)

Since M is compact then (up to a subsequence) yn → y0 in M . It is clear that y0 ∈ Σ. Indeed, otherwise
ρΣ(y0) ≥ r0 > 0 for some r0 > 0, then ρ−si

Σ is bounded on Fy0

(
Qr0/2

)
, so the usual Rellich compactness

yields strong L2∗si
(
Fy0

(
Qr0/2

)
, ρ−si

Γ dx
)

convergence of vn. Therefore Qn,i(yn, r) → 0, contradicting
(3.8). Hence y0 ∈ Γ. In the sequel, we assume that concentration occurs. Without any loss of generality,
we may assume that:

lim inf
n→∞ Qn,1(yn, r) ≥ ε0 (The argument is the same if we assume that lim inf

n→∞ Qn,2(yn, r) ≥ ε0 ).
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Let R ≥ 1 and η ∈ (0, ε0/2) fixed. Since the map r 	−→ Qn,1(yn, r) is continuous, there exists rn > 0

such that∫
Fyn(QRrn)

ρ−s1
Γ |vn|2∗s1dx = η. (3.9)

Define the rescaled functions :

wn(ξ) = r
N−2

2
n vn (Fyn(rnξ))χ

(
ξ
R

)
,

where χ ∈ C∞
c (Q2) is a cut-off function with χ ≡ 1 on Q1. In Fermi coordinates along Γ (near yn), we

have

ρΓ (Fyn(rnξ)) = rn|z| and dx = rNn (1 + on(1))dξ (3.10)

uniformly for |ξ| ≤ 2R with ξ = (y, z) ∈ R
k × R

N−k, see for instance Section 2. Combining (3.9) and
(3.10), we obtain∫

QR

|z|−s1 |wn|2∗s1dx =

∫
Fyn(QRrn )

ρ−s1
Σ |vn|2∗s1dvg + on(1) = η + on(1).

In particular the sequence (wn)n is bounded in D1,2(QR). Consequently

wn ⇀ w in D1,2(QR), wn → w in Lq
loc(R

N ) for 1 ≤ q < 2∗0 =
2N

N − 2
, and wn → w a.e. in QR.

Moreover the sequence
(
|z|−s1|wn|2∗s1

)
n

is uniformly integrable on QR, we use Vitali’s theorem to obtain

0 < η = lim
n→∞

∫
QR

|z|−s1|wn|2∗s1dx =

∫
QR

|z|−s1 |w|2∗s1dx.

Therefore w �≡ 0. Taking the limit as R → ∞, we obtain w ∈ D1,2(RN ).

Next, we let ϕ ∈ C∞
c (RN ) and define the rescaled test functions

ϕn(x) = r
2−N

2
n ϕ

(
F−1
yn (x)

rn

)
χ

(
F−1
yn (x)

R

)
.

By the change of variables formula x = Fyn(rnξ), (3.10), and letting n → ∞ then R → ∞, the metric
errors vanish by Dominated Convergence Theorem and the smallness of the cut-off gradient region, we
get ∫

M

∇vn · ∇ϕndvg =

∫
RN

∇w · ∇ϕdx+ on(1),

and ∫
M

ρ−si
Σ |vn|2∗si−2vnϕn dvg =

∫
RN

|z|−si|w|2∗si−2wϕdx+ on(1), ∀ i = 1, 2.

Combining these two identities and taking ϕn as a test function in the second identity of (3.7), we obtain:∫
RN

∇w · ∇ϕdx = λ

∫
RN

|z|−s1|w|2∗s1−2wϕdx+

∫
RN

|z|−s2 |w|2∗s2−2wϕdx. (3.11)
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We recall that the functional Π : D1,2(RN) −→ R is given by

w 	−→ Π(w) =
1

2

∫
RN

|∇w|2dx− λ

2∗s1

∫
RN

|z|−s1 |w|2∗s1dx− 1

2∗s2

∫
RN

|z|−s2|w|2∗s2dx,

whose mountain-pass level is β∗. Hence thanks to (3.11), w is a nontrivial weak solution of the
Euler–Lagrange equation for the functional Π.
Next, we claim that

lim inf
n→∞ Jmod(vn) ≥ β∗

with β∗ as in (3.1). To prove the claim, we fix ε > 0. For R > 1, we set χR(x) = χ
(
x
R

)
and define a

localized bubble as

ṽn,R(x) = r
2−N

2
n χR

(
F−1
yn (x)

rn

)
w

(
F−1
yn (x)

rn

)
,

where the cut-off function χ is defined as above. By change of variable formula, we have∫
M

|∇ṽn,R|2dx =

∫
Q2R

gij(ξ)∂i (ṽn,R ◦ Fyn) (ξ)∂j (ṽn,R ◦ Fyn) (ξ)
√

|g|(ξ)dξ.

Using

(ΦRw)(ξ) = r
N−2

2
n ṽn,R (Fyn(ξ)) ,

we have

∇x(ΦRw)(x) = r
N−2

2
n DFyn(x)

ᵀ∇xṽn,R(Fyn(ξ)), and DFyn(ξ) = rn (In +O (rn|ξ|)) .
Therefore ∫

M

|∇ṽn,R|2dvg =
∫

Q2R

|∇ΦRw|2dξ + on(1)

∫
Q2R

(|∇(ΦRw)|2 + R−2|ΦRw|2
)
dξ.

Now ΦR ≡ 1 on QR, ∇ΦR is supported in AR := Q2R \QR and |∇ΦR| ≤ C
R for some positive constant

C . By Hardy’s inequality on AR, we have∫
AR

w2dξ ≤ R2

∫
AR

|∇w|2dξ.

Thus ∣∣∣∣∣∣
∫
M

|∇ṽn,R|2dvg −
∫
RN

|∇ (ΦRw) |2dξ
∣∣∣∣∣∣ ≤ on(1) + C

∫
RN\QR

|∇w|2dξ. (3.12)

By change of variable formula, (3.10), we have∫
M

ρ−s1
Σ |ṽn,R|2∗s1dvg =

∫
Q2R

|z|−s1|ΦRw|2∗s1dξ + on(1)

∫
Q2R

|z|−s1 |ΦRw|2∗s1dξ.
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Therefore∣∣∣∣∣∣
∫
M

ρ−s1
Σ |ṽn,R|2∗s1dvg −

∫
Q2R

|z|−s1 |ΦRw|2∗s1dξ
∣∣∣∣∣∣ ≤ on(1) +

∫
RN\QR

|z|−s1 |w|2∗s1dξ. (3.13)

The same computions give∣∣∣∣∣∣
∫
M

ρ−s2
Σ |ṽn,R|2∗s2dvg −

∫
Q2R

|z|−s2 |ΦRw|2∗s2dξ
∣∣∣∣∣∣ ≤ on(1) +

∫
RN\QR

|z|−s2 |w|2∗s2dξ. (3.14)

From (3.12), (3.13), (3.14) and the definition of Jmod and Π, we obtain

|Jmod(ṽn,R)− Π(ΦRw)| ≤ on(1) + C

∫
RN\QR

|∇w|2dξ − λ

2∗s1

∫
RN\QR

|z|−s1 |w|2∗s1dξ − 1

2∗s2∫
RN\QR

|z|−s2 |w|2∗s2dξ.

Since w ∈ D1,2(RN ) and |z|−si |w|2∗si ∈ L1(RN ) thanks to the limiting equation and Hardy-Sobolev, the
three tail integrals go to zero as R tend to ∞. Hence

Jmod(ṽn,R)− Π(ΦRw) = oR(1) + on(1).

Now for each R, define the Nehari scaling tn,R > 0 by

En,R(t) := 〈J ′
mod(tṽn,R), tṽn,R〉 = 0 at t = tn,R.

Since the map t 	−→ En,R(t) is continuous, En,R(0) = 0, and E′
n,R(0) > 0, while En,R(t) → −∞ as

t → ∞, such a tn,R exists and is unique. By the convergence of coefficients under blow-up, we have

tn,R −→ tR > 0,

where tR is the Nehari multiplier for Π and the truncated profile ΨRw. Furthermore, the maximal value
satisfies

max
t>0

Jmod(tṽn,R) = Jmod(tn,Rṽn,R)

≥ Π(tRΨRw)− ε, for all large n.

After choosing R so large and then n large, we get oR(1) < ε/2 and on(1) < ε/2. We obtain the desired
estimate.

Since ΨRw −→ w in D1,2(RN) and in the weighted L2∗si
(
R

N , |z|−sidx
)

spaces as R → ∞, the Nehari
multiplier tR → t∗ where t∗ maximizes Π(tw), and

JRN (tRΨRw) −→ max
t>0

JRN (tw) ≥ β∗.

Combining the previous displays and letting first n → ∞, then R → ∞, and finally ε → 0, yields the
localized lower bound

lim inf
n→∞ max

t>0
Jmod(tṽn,R) ≥ β∗.
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It remains to relate Jmod(vn) to max
t

Jmod(tṽn,R). For R fixed, choose n-dependent cut-off χn,R ∈
C∞

c (M) such that χn,R ≡ 1 in Fyn (QRrn) and χn,R ≡ 0 in M \ Fyn (Q2Rrn) . Consider the split

vn = χn,Rvn + (1− χn,R)vn = Zn,R +Wn,R,

where we have set Zn,R := χn,Rvn and Wn,R := (1 − χn,R)vn. By construction, for any δ > 0, there
exist n0 ∈ N and R0 such that for all R ≥ R0,∣∣Jmod(Zn,R)− Jmod(vn)

∣∣ ≤ δ for all n ≥ n0,

and the interaction terms between Zn,R and Wn,R are on(1) because the supports are separated and the
weights are locally integrable. Comparing ZnR with ṽn,R, we get:

lim inf
n→∞ Jmod(vn) ≥ lim inf

n→+∞ Jmod(Zn,R)− δ ≥ lim inf
n→+∞ max

t>0
Jmod(tṽn,R)− δ ≥ β∗ − δ.

Since δ > 0 is arbitrary, we conclude

lim inf
n→+∞ Jmod(vn) ≥ β∗,

which prove the claim. Recall that

α = lim
n

J(un) = J(u) + lim
n

Jmod(vn).

If a nontrivial bubble occurs, then lim
n

Jmod(vn) ≥ β∗ + o(1), so that α ≥ J(u) + β∗ ≥ β∗. This
contradicts the hypothesis α < β∗. Thus, no nontrivial bubble can appear, and necessarily vn → 0 (so
un → u) in H1

0(Ω).

Lemma 3.6. Let Ω be a bounded domain of RN , Γ a closed curve included in Ω and h a continuous
function such that the linear operator −Δ + h is coercive. Let u0 ∈ H1

0(Ω) \ {0}. Then there exists
c0 a positive constant depending on u0 and (un)n ⊂ H1

0(Ω) a Palais-Smale sequence for J at level c0.
Moreover

c0 ≤ sup
t≥0

J(tu0).

Proof. We let t ∈ R. Recall that for all u ∈ H1
0(Ω), we have

J(tu) :=
t2

2

∫
Ω

(|∇u|2 + hu2)dx− λ
|t|2∗s1
2∗s1

∫
Ω

ρ−s1
Γ |u|2∗s1dx− |t|2∗s2

2∗s2

∫
Ω

ρ−s2
Γ |u|2∗s2dx

Then Ψ ∈ C1(H1
0(Ω),R). Since 0 ≤ s2 < s1 < 2 and the fact that the function s 	−→ 2∗s := 2(N−s)

N−2 is
decreasing, we have

lim
t→∞J(tu) = −∞.

Moreover, using the fact that 2∗s1 , 2
∗
s2 > 2, then there exists positive numbers λ0, r such that

inf
‖u‖

H1
0
(Ω)

=r
J(u) ≥ λ0.

Therefore by the Mountain pass Lemma 3.3, we get the desired result.
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Proof. of Proposition 3.5
Let u0 ∈ H1

0(Ω) be a non-negative, non-vanishing function such that

sup
t≥0

J(tu0) < β∗.

Then by Lemma 3.6, there exists c0 > 0 depending on u0 and a Palais-Smale sequence (un)n ⊂ H1
0(Ω)

for Ψ at level c0 such that
c0 ≤ sup

t≥0
J(tu0) < β∗.

By Lemma 3.5, there exists u ∈ H1
0(Ω) \ {0} such that, up to a subsequence,

un 	−→ u strongly in H1
0(Ω) as n → ∞ and J ′(u) = 0.

The last equality corresponds exactly to the Euler-Lagrange equation (3.2). This then ends the proof.

4. Some preliminary results

We let 0 < s2 < s1 < 2, λ > 0 and consider the problem⎧⎪⎨
⎪⎩
−Δu = λ

u2
∗
s1
−1(x)

|z|s1 +
u2

∗
s2
−1

|z|s2 in R
N

u(x) > 0 in R
N ,

(4.1)

where x = (y, z) ∈ R
k ×R

N−k and for i = 1, 2, we have

2∗si =
2(N − si)

N − 2

are two critical Hardy-Sobolev exponents. Then equation (4.1) admits a positive solution w ∈ D1,2(RN)

depending only on |y| and |z|. In other words, there exists a function θ : R+ × R+ → R+ such that

w(x) = θ(|y|, |z|). (4.2)

Moreover there exists c1, c2 and C positive constants satisfying

c1
1 + |x|N−2

≤ w(x) ≤ c2
1 + |x|N−2

, and |∇w(x)| ≤ C

1 + |x|N−1
, ∀x ∈ R

N , (4.3)

see Diatta-Thiam [ [3], Section 2]. The energy functional Π : D1,2(RN) → R associated to the Euler-
Lagrange equation (4.1) is given by

Π(u) :=
1

2

∫
RN

|∇u|2dx− λ

2∗s1

∫
RN

|z|−s1 |u|2∗s1dx− 1

2∗s2

∫
RN

|z|−s2 |u|2∗s2dx. (4.4)

Then we define
β∗ := inf

u∈D1,2(RN ),u≥0,u �=0
max
t≥0

Π(tu).

We have proved previously that, we recover compactness provided

c∗ < β∗.

We are know in position to prove the following results that will play an important role in the sequel.
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Lemma 4.1. Let N ≥ 4. Then we have

k∑
ab=1

∫
Qr/ε

gab(εx)
∂w

∂ya
(x)

∂w

∂yb
(x)
√

|g|(εx)dx =

∫
RN

|∇yw|2dy − ε2
Rg(x0)

6N

∫
RN

|x|2|∇yw|2dx

+ ε2Sg(x0)

⎛
⎝ 4

3k2

∫
RN

|y|2|∇yw|2dx− 1

6N

∫
RN

|x|2|∇yw|2dx
⎞
⎠

+ ε2Wg(x0)

⎛
⎝ 1

k(N − k)

∫
RN

|z|2|∇yw|2dx− 1

N

∫
RN

|x|2|∇yw|2dx
⎞
⎠+ o(ε2) for N ≥ 5,

and

k∑
ab=1

∫
Qr/ε

gab(εx)
∂w

∂ya
(x)

∂w

∂yb
(x)
√

|g|(εx)dx =

∫
RN

|∇yw|2dy − ε2
Rg(x0)

6N

∫
Qr/ε

|x|2|∇yw|2dx

+ ε2Sg(x0)

⎛
⎜⎝ 4

3k2

∫
Qr/ε

|y|2|∇yw|2dx− 1

6N

∫
Qr/ε

|x|2|∇yw|2dx

⎞
⎟⎠

+ ε2Wg(x0)

⎛
⎜⎝ 1

k(N − k)

∫
Qr/ε

|z|2|∇yw|2dx− 1

N

∫
Qr/ε

|x|2|∇yw|2dx

⎞
⎟⎠+O(ε2) for N = 4.

Proof. By (2.4) and (2.5), we have :

k∑
ab=1

∫
Qr/ε

gab(εx)
∂w

∂ya
(x)

∂w

∂yb
(x)
√

|g|(εx)dx

=
k∑

ab=1

∫
Qr/ε

|∇yw|2 yayb|y|2

⎛
⎝δab − ε2

2

N∑
γμ=1

Bμν
αβxγxμ +O(ε3|x|3)

⎞
⎠

×
⎛
⎝1 +

ε2

4

N∑
γμα=1

Bγμ
ααxμxγ +O(ε3|x|3)

⎞
⎠ dx. (4.5)

Therefore by (4.2) we have

k∑
ab=1

∫
Qr/ε

gab(εx)
∂w

∂ya
(x)

∂w

∂yb
(x)
√

|g|(εx)dx =

∫
Qr/ε

|∇yw|2dy + ε2

4

N∑
αγμ=1

Bγμ
αα

∫
Qr/ε

|∇yw|2xγxμdy

− ε2

2

k∑
ab=1

N∑
γμ=1

Bμγ
ab

∫
Qr/ε

|∇yw|2 yayb|y|2 xγxμdx+O

⎛
⎜⎝ε3

∫
Qr/ε

|x|3|∇yw|2
⎞
⎟⎠ . (4.6)
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Since the domain Qr/ε is symmetric with respect to the directions z and y, then we can prove that

N∑
αγμ=1

Bγμ
αα

∫
Qr/ε

|∇yw|2xγxμdx =
1

N

N∑
αγ=1

Bγγ
αα

∫
Qr/ε

|x|2|∇yw|2dx (4.7)

and

k∑
ab=1

N∑
γμ=1

Bμγ
ab

∫
Qr/ε

|∇yw|2 yayb|y|2 xγxμdx =
2

k2

k∑
ab=1

Bbb
aa

∫
Qr/ε

|y|2|∇yw|2dx

+
1

k(N − k)

k∑
a=1

N∑
i=k+1

Bii
aa

∫
Qr/ε

|z|2|∇yw|2dx. (4.8)

Then combining (4.6), (4.7) and (4.8) we obtain

k∑
ab=1

∫
Qr/ε

gab(εx)
∂w

∂ya
(x)

∂w

∂yb
(x)
√

|g|(εx)dx =

∫
Qr/ε

|∇yw|2dy + ε2

4N

N∑
αγ=1

Bγγ
αα

∫
Qr/ε

|x|2|∇yw|2dx

− ε2

k2

k∑
ab=1

Bbb
aa

∫
Qr/ε

|y|2|∇yw|2dx− ε2

2k(N − k)

k∑
a=1

N∑
i=k+1

Bii
aa

∫
Qr/ε

|z|2|∇yw|2dx+O

⎛
⎜⎝ε3

∫
Qr/ε

|x|3|∇yw|2
⎞
⎟⎠ .

Therefore by (2.9) and (2.10), we get

k∑
ab=1

∫
Qr/ε

gab(εx)
∂w

∂ya
(x)

∂w

∂yb
(x)
√

|g|(εx)dx =

∫
Qr/ε

|∇yw|2dy + ε2

N

(
−Rg

6
− Sg

6
−Wg

) ∫
Qr/ε

|x|2|∇yw|2dx

+ ε2
4

3k2
Sg

∫
Qr/ε

|y|2|∇yw|2dx+
ε2

k(N − k)
Wg

∫
Qr/ε

|z|2|∇yw|2dx+O

⎛
⎜⎝ε3

∫
Qr/ε

|x|3|∇yw|2
⎞
⎟⎠ .

Hence

k∑
ab=1

∫
Qr/ε

gab(εx)
∂w

∂ya
(x)

∂w

∂yb
(x)
√

|g|(εx)dx =

∫
Qr/ε

|∇yw|2dx+
ε2

N

(
−Rg

6
− Sg

6
−Wg

) ∫
Qr/ε

|x|2|∇yw|2dx

+ ε2
4

3k2
Sg

∫
Qr/ε

|y|2|∇yw|2dx+
ε2

k(N − k)
Wg

∫
Qr/ε

|z|2|∇yw|2dx+O

⎛
⎜⎝ε3

∫
Qr/ε

|x|3|∇yw|2dx

⎞
⎟⎠ . (4.9)

Recall that the function w satisfies
|∇w| ≤ C

1 + |x|N−1
in R

N ,

for some positive constant C. Therefore, we have∫
RN\Qr/ε

|∇yw|2dx+ ε2
∫

RN\Qr/ε

|x|2|∇w|2dx+ ε3
∫

Qr/ε

|x|3|∇yw|2dx = o(ε2) for N ≥ 5 (4.10)
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and ∫
RN\Qr/ε

|∇yw|2dx+ ε3
∫

Qr/ε

|x|3|∇yw|2dx = O(ε2) for N = 4. (4.11)

Then the result follows from (4.9), (4.10) and (4.11). This then ends the proof.

Lemma 4.2. Let N ≥ 4. Then, we have

N∑
ij=k+1

∫
Qr/ε

gij(εx)
∂w

∂zi
(x)

∂w

∂zj
(x)
√

|g|(εx)dx =

∫
RN

|∇zw|2dy

− ε2Rg(x0)

⎛
⎝ 1

6N

∫
RN

|x|2|∇zw|2dx− 2

3(N − k)2

∫
RN

|z|2|∇zw|2dx
⎞
⎠

− ε2Sg(x0)

⎛
⎝ 1

6N

∫
RN

|x|2|∇zw|2dx+
2

3(N − k)2

∫
RN

|z|2|∇zw|2dx
⎞
⎠

− ε2Wg(x0)

⎛
⎝ 1

N

∫
RN

|x|2|∇zw|2dx− 1

k(N − k)

∫
RN

|z|2|∇zw|2dx
⎞
⎠+ o(ε2) for N ≥ 5

and

N∑
ij=k+1

∫
Qr/ε

gij(εx)
∂w

∂zi
(x)

∂w

∂zj
(x)
√

|g|(εx)dx =

∫
RN

|∇zw|2dy

− ε2Rg(x0)

⎛
⎜⎝ 1

6N

∫
Qr/ε

|x|2|∇zw|2dx− 2

3(N − k)2

∫
Qr/ε

|z|2|∇zw|2dx

⎞
⎟⎠

− ε2Sg(x0)

⎛
⎜⎝ 1

6N

∫
Qr/ε

|x|2|∇zw|2dx+
2

3(N − k)2

∫
Qr/ε

|z|2|∇zw|2dx

⎞
⎟⎠

− ε2Wg(x0)

⎛
⎜⎝ 1

N

∫
Qr/ε

|x|2|∇zw|2dx− 1

k(N − k)

∫
Qr/ε

|z|2|∇zw|2dx

⎞
⎟⎠+O(ε2) for N = 4.

Proof. By (2.4) and (2.5), we have

N∑
ij=k+1

∫
Qr/ε

gij(εx)
∂w

∂zi
(x)

∂w

∂zj
(x)
√

|g|(εx)dx =
N∑

ij=k+1

∫
Qr/ε

gij(εx)|∇zw|2 zizj|z|2
√

|g|(εx)dx
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=

N∑
ij=k+1

∫
Qr/ε

|∇zw|2 zizj|z|2

⎛
⎝δij − ε2

2

N∑
γμ=1

Bμν
ij xγxμ +O(ε3|x|3

⎞
⎠×

⎛
⎝1 +

ε2

4

N∑
γμα=1

Bγμ
ααxμxγ +O(ε3|x|3)

⎞
⎠ dx.

(4.12)

Therefore using (4.2), we get

N∑
ij=k+1

∫
Qr/ε

gij(εx)
∂w

∂zi
(x)

∂w

∂zj
(x)
√

|g|(εx)dx =

∫
Qr/ε

|∇zw|2dy +
ε2

4

N∑
αγμ=1

Bγμ
αα

∫
Qr/ε

|∇zw|2xγxμdy

− ε2

2

N∑
ij=k+1

N∑
γμ=1

Bμγ
ij

∫
Qr/ε

|∇zw|2 zizj|z|2 xγxμdx+O

⎛
⎜⎝ε3

∫
Qr/ε

|x|3|∇zw|2
⎞
⎟⎠ . (4.13)

Using again the symmetry of the domain Qr/ε with respect to the directions y ∈ R
k and z ∈ R

N−k and (4.2), it easy follows
that

N∑
αγμ=1

Bγμ
αα

∫
Qr/ε

|∇zw|2xγxμdx =
1

N

N∑
αγ=1

Bγγ
αα

∫
Qr/ε

|x|2|∇zw|2dx (4.14)

and

N∑
ij=k+1

N∑
γμ=1

Bμγ
ij

∫
Qr/ε

|∇zw|2 zizj|z|2 xγxμdx =
2

(N − k)2

N∑
ij=k+1

Bjj
ii

∫
Qr/ε

|z|2|∇zw|2dx

+
1

k(N − k)

k∑
a=1

N∑
i=k+1

Baa
ii

∫
Qr/ε

|y|2|∇zw|2dx. (4.15)

Then combining (4.13), (4.14) and (4.15) we obtain

k∑
ij=k+1

∫
Qr/ε

gij(εx)
∂w

∂zi
(x)

∂w

∂zj
(x)
√

|g|(εx)dx =

∫
Qr/ε

|∇zw|2dy +
ε2

4N

N∑
αγ=1

Bγγ
αα

∫
Qr/ε

|x|2|∇zw|2dx

− ε2

(N − k)2

N∑
ij=k+1

Bjj
ii

∫
Qr/ε

|z|2|∇zw|2dx− ε2

2k(N − k)

k∑
a=1

N∑
i=k+1

Baa
ii

∫
Qr/ε

|y|2|∇zw|2dx

+O

⎛
⎜⎝ε3

∫
Qr/ε

|x|3|∇zw|2
⎞
⎟⎠ .

Therefore by (2.6), (2.8) and (2.10), we get

k∑
ij=k+1

∫
Qr/ε

gij(εx)
∂w

∂zi
(x)

∂w

∂zj
(x)
√

|g|(εx)dx =

∫
Qr/ε

|∇zw|2dy − ε2

N

(
Rg

6
+

Sg

6
+Wg

) ∫
Qr/ε

|x|2|∇zw|2dx

+
2ε2

3(N − k)2
(Rg − Sg)

∫
Qr/ε

|z|2|∇zw|2dx+
ε2

k(N − k)
Wg

∫
Qr/ε

|y|2|∇zw|2dx
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+O

⎛
⎜⎝ε3

∫
Qr/ε

|x|3|∇zw|2
⎞
⎟⎠ . (4.16)

Using (4.3) it easy follows that∫
RN\Qr/ε

|∇yw|2dx+ ε2
∫

RN\Qr/ε

|x|2|∇w|2dx+ ε3
∫

Qr/ε

|x|3|∇yw|2dx = o(ε2) for N ≥ 5 (4.17)

and ∫
RN\Qr/ε

|∇yw|2dx+ ε3
∫

Qr/ε

|x|3|∇yw|2dx = O(ε2) for N = 4. (4.18)

Then the result follows from (4.16), (4.17) and (4.18). This then ends the proof.

Lemma 4.3. Let N ≥ 4. Then we have

k∑
a=1

N∑
i=k+1

∫
Qr/ε

gai(εx)
∂w

∂yi
(x)

∂w

∂za
(x)
√

|g|(εx)dx = o(ε2), as ε → 0.

Proof. We have

k∑
a=1

N∑
i=k+1

∫
Qr/ε

gai(εx)
∂w

∂yi
(x)

∂w

∂za
(x)
√

|g|(εx)dx =

k∑
a=1

N∑
i=k+1

∫
Qr/ε

|∇yw||∇zw| yi|y|
za
|z|g

ai(εx)
√

|g|(εx)dx

=

k∑
a=1

N∑
i=k+1

∫
Qr/ε

|∇yw||∇zw| yiza|y||z|

⎛
⎝−ε2

2

N∑
γμ=1

Bμν
ai xγxμ +O(ε3|x|3)

⎞
⎠

= ×
⎛
⎝1 +

ε2

4

N∑
γμα=1

Bγμ
ααxμxγ +O(ε3|x|3)

⎞
⎠ .

= −ε2

2

N∑
γμ=1

k∑
a=1

N∑
i=k+1

Bμγ
ai

∫
Q r

ε

|∇yw||∇zw| ya|y|
zi
|z|xγxμdx+O

⎛
⎜⎜⎝ε3

∫
Q r

ε

|x|3|∇yw||∇zw|

⎞
⎟⎟⎠

= − ε2

k(N − k)

k∑
a=1

N∑
i=k+1

Bai
ai

∫
Q r

ε

|∇yw||∇zw||y||z|dx +O

⎛
⎜⎜⎝ε3

∫
Q r

ε

|x|3|∇w|2dx

⎞
⎟⎟⎠ .

Thanks to the Bianchi identities and the definition of Bai
ai in Section 2, we obtain

Bai
ai = 0.

Therefore

k∑
a=1

N∑
i=k+1

∫
Qr/ε

gai(εx)
∂w

∂yi
(x)

∂w

∂za
(x)
√

|g|(εx)dx = O

⎛
⎜⎜⎝ε3

∫
Q r

ε

|x|3|∇w|2dx

⎞
⎟⎟⎠ .

Moreover using polar coordinates and the second estimate in (4.3), we obtain
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ε3
∫
Q r

ε

|x|3|∇w|2dx = o(ε2), for N ≥ 4.

This then ends the proof.

5. Construction of Test function and expansion of J(uε)

We consider (M, g) a compact Riemannian manifold of dimension N ≥ 3 and Σ a totally geodesic
submanifold of M of dimension 1 ≤ k ≤ N − 2. We define the functional J : H1(M) \ {0} → R by :

J(u) =
1

2

∫
M

|∇gu|2dvg + 1

2

∫
M

hu2dvg − 1

2∗s1

∫
M

ρ−s1
Σ |u|2∗s1dvg − 1

2∗s2

∫
M

ρ−s2
Σ |u|2∗s2dvg. (5.1)

Our aim in this section is to construct a family of test functions (uε)ε ⊂ H1(M) and provide an expansion of J(uε) as
ε → 0. For that, we consider a cut-off function η ∈ C∞

c (Fx0(Q2r)) satisfying

0 ≤ η ≤ 1 and η ≡ 1 in Fx0(Qr). (5.2)

Then for ε > 0, we define the test function uε : M → R by :

uε(X) = ε
2−N

2 η
(
F−1
x0

(X)
)
w

(
F−1
x0

(X)

ε

)
. (5.3)

In particular, for every x = (y, z) ∈ R
k × R

N−k, we have

uε (Fx0(x)) = ε
2−N

2 η(x)θ

( |y|
ε
,
|z|
ε

)
. (5.4)

5.1. Initial insights

We start by some important results.

Proposition 5.1. We let N ≥ 4. Then, as ε → 0, we have

∫
M

|∇guε|2dvg +
∫
M

hu2εdvg =

∫
RN

|∇w|2dx− ε2Rg(x0)

⎡
⎣ 1

6N

∫
RN

|x|2|∇w|2dx− 2

3(N − k)2

∫
RN

|z|2|∇zw|2dx
⎤
⎦

− ε2Sg(x0)

⎛
⎝ 1

6N

∫
RN

|x|2|∇w|2dx+
2

3(N − k)2

∫
RN

|z|2|∇zw|2dx− 4

3k2

∫
RN

|y|2|∇yw|2dx
⎞
⎠

− ε2Wg(x0)

⎛
⎝ 1

N

∫
RN

|x|2|∇w|2dx− 1

k(N − k)

∫
RN

|z|2|∇w|2dx
⎞
⎠+ h(x0)ε

2

∫
RN

w2dx+ o(ε2) for N ≥ 5.

For N = 4, we have
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∫
M

|∇guε|2dvg +
∫
M

hu2εdvg =

∫
RN

|nw|2dx− ε2Rg(x0)

⎡
⎢⎣ 1

6N

∫
RN

|x|2|∇w|2dx− 2

3(N − k)2

∫
Qr/ε

|z|2|∇zw|2dx

⎤
⎥⎦

− ε2Sg(x0)

⎛
⎜⎝ 1

6N

∫
Qr/ε

|x|2|∇w|2dx+
2

3(N − k)2

∫
Qr/ε

|z|2|∇zw|2dx− 4

3k2

∫
Qr/ε

|y|2|∇yw|2dx

⎞
⎟⎠

− ε2Wg(x0)

⎛
⎜⎝ 1

N

∫
Qr/ε

|x|2|∇w|2dx− 1

k(N − k)

∫
Qr/ε

|z|2|∇w|2dx

⎞
⎟⎠+ h(x0)ε

2

∫
Qr/ε

w2dx+O(ε2).

Proof. By (5.2) and (5.3), we have

∫
M

|∇guε|2dvg =

∫
Fx0

(Q2r)

|∇guε|2dvg = ε2−N

∫
Fx0

(Qr)

|∇g

(
w

(
F−1
x0

(X)

ε

))
|2dvg = +

∫
Fx0

(Q2r)\Fx0
(Qr)

|∇guε|2dvg. (5.5)

By change of variable formula, we have

ε2−N

∫
Fx0(Qr)

|∇g

(
w

(
F−1
x0

(X)

ε

))
|2dvg

=
N∑

α,β=1

∫
Qr/ε

gαβ(εx)
∂w

∂xα
(x) · ∂w

∂xβ
(x)
√

|g|(εx)dx

=
k∑

a,b=1

∫
Qr/ε

gab(εx)
∂w

∂ya
(x) · ∂w

∂yb
(x)
√

|g|(εx)dx+
N∑

i,j=k+1

∫
Qr/ε

gij(εx)
∂w

∂zi
(x) · ∂w

∂zj
(x)
√

|g|(εx)dx

+ 2
k∑

i=k+1

k∑
a=1

∫
Qr/ε

gai(εx)
∂w

∂ya
(x) · ∂w

∂zi
(x)
√

|g|(εx)dx. (5.6)

Then by Lemma 4.1, Lemma 4.2 and Lemma 4.3, we have

∫
Fx0(Qr)

|∇guε|2dvg =
∫
RN

|∇w|2dx− ε2Rg(x0)

⎡
⎣ 1

6N

∫
RN

|x|2|∇w|2dx− 2

3(N − k)2

∫
RN

|z|2|∇zw|2dx
⎤
⎦

− ε2Sg(x0)

⎛
⎝ 1

6N

∫
RN

|x|2|∇w|2dx+
2

3(N − k)2

∫
RN

|z|2|∇zw|2dx− 4

3k2

∫
RN

|y|2|∇yw|2dx
⎞
⎠

− ε2Wg(x0)

⎛
⎝ 1

N

∫
RN

|x|2|∇w|2dx− 1

k(N − k)

∫
RN

|z|2|∇w|2dx− 1

k(N − k)

∫
RN

|z|2|∇zw|2dx
⎞
⎠

= +o(ε2) for N ≥ 5 (5.7)

and for N = 4, we have
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∫
Fx0

(Qr)

|∇guε|2dvg =

∫
RN

|∇w|2dx− ε2Rg(x0)

⎡
⎢⎣ 1

6N

∫
RN

|x|2|∇w|2dx − 2

3(N − k)2

∫
Qr/ε

|z|2|∇zw|2dx

⎤
⎥⎦

− ε2Sg(x0)

⎛
⎜⎝ 1

6N

∫
Qr/ε

|x|2|∇w|2dx+
2

3(N − k)2

∫
Qr/ε

|z|2|∇zw|2dx− 4

3k2

∫
Qr/ε

|y|2|∇yw|2dx

⎞
⎟⎠

− ε2Wg(x0)

⎛
⎜⎝ 1

N

∫
Qr/ε

|x|2|∇w|2dx− 1

k(N − k)

∫
Qr/ε

|z|2|∇w|2dx− 1

k(N − k)

∫
Qr/ε

|z|2|∇zw|2dx

⎞
⎟⎠+O(ε2). (5.8)

Next, we have

∫
F (Q2r)\F (Qr)

|∇guε|2dvg =
∫

F (Q2r)\F (Qr)

w2
ε |∇η|2dvg − 1

2

∫
F (Q2r)\F (Qr)

w2
ε .Δη2dvg.

Since Δη2 = 2∇η.∇η + 2ηΔη, we have

∫
F (Q2r)\F (Qr)

|∇guε|2dvg = −
∫

F (Q2r)\F (Qr)

w2
εηΔηdvg = O

⎛
⎜⎝ ∫
F (Q2r)\F (Qr)

w2
εdvg

⎞
⎟⎠ .

By the change of variable x =
F (x̃)

ε
, we have :

∫
F (Q2r)\F (Qr)

|∇guε|2dvg = O

⎛
⎜⎝ε2

∫
Q2r/ε\Qr/ε

w2dx

⎞
⎟⎠

Thanks to the second estimate in (4.3) and polar coordinates, we have

∫
Q2r/ε\Qr/ε

w2dx =

⎧⎪⎨
⎪⎩
O(ε) for N ≥ 5

O(ln(ε)) for N = 4.

Therefore

∫
F (Q2r)\F (Qr)

|∇guε|2dvg = O

⎛
⎜⎝ε2

∫
Q2r/ε\Qr/ε

w2dx

⎞
⎟⎠ = o(ε2) for N ≥ 4. (5.9)

In the sequel, we compute ∫
M

hu2εdvg =

∫
F (Qr)

hu2εdvg +

∫
F (Q2r)\F (Qr)

hu2εdvg.

By change of variable formula, (2.5) and using the fact that the function h is continuous, we have

∫
F (Qr)

hu2εdvg = ε2h(x0)

∫
Qr/ε

w2(x)
√

|g|(εx)dx = ε2h(x0)

∫
Qr/ε

w2(x)dx+O

⎛
⎜⎝ε4

∫
Qr/ε

|x|2w2(x)dx

⎞
⎟⎠ .
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We use (4.3) and polar coordinates to get

ε2
∫

RN\Qr/ε

w2(x)dx+ ε4
∫

Qr/ε

|x|2w2(x)dx = o(ε2) for N ≥ 5 and ε4
∫

Qr/ε

|x|2w2(x)dx = O(ε2) if N = 4.

Moreover using the change of variables as before and (4.3), we get

∫
F (Q2r)\F (Qr)

hu2εdvg = O

⎛
⎜⎝ε2

∫
Qr/2ε\Qr/ε

w2dx

⎞
⎟⎠ = O(εN ).

Therefore we get

∫
M

hu2εdvg =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

h(x0)ε
2

∫
RN

w2dx+ o(ε2) for N ≥ 5

h(x0)ε
2

∫
Qr/ε

w2dx+O(ε2) for N = 4.

(5.10)

Hence the result follows directly from this, (5.5), (5.7), (5.8), (5.9) and (5.10).

Proposition 5.2. We have

∫
M

ρ−s
Σ |uε|2∗sdvg =

∫
RN

|z|−sw2∗sdx− ε2

6N
(Rg + Sg + 6Wg)

∫
RN

|x|2|z|−sw2∗sdx+ o
(
ε2
)
.

Proof. By (5.2) and (5.3), we have∫
M

ρ−s
Σ |uε|2∗sdvg =

∫
F (Qr)

ρ−s
Σ |uε|2∗sdvg +

∫
F (Q2r)\F (Qr)

ρ−s
Σ |uε|2∗sdvg

By change of variable formula, (2.3), (4.2), (2.6) and (2.5), we have

∫
F (Qr)

ρ−s
Σ |uε|2∗sdvg =

∫
Qr/ε

|z|−sw2∗s
√

|g|(εx)dx

=

∫
Qr/ε

|z|−sw2∗sdx+
ε2

4

N∑
γμα=1

Bγμ
αα

∫
Qr/ε

|z|−sw2∗sxμxγdx+O

⎛
⎜⎝ε3

∫
Qr/ε

|x|3|z|−sw2∗sdx

⎞
⎟⎠

=

∫
RN

|z|−sw2∗sdx− ε2

6N
(Rg + Sg + 6Wg)

∫
RN

|x|2|z|−sw2∗sdx+O (ρ(ε)) ,

where
ρ(ε) =

∫
RN\Qr/ε

|z|−sw2∗sdx+ ε3
∫

Qr/ε

|x|3|z|−sw2∗sdx+ ε2
∫

RN\Qr/ε

|x|2|z|−sw2∗sdx.

By (4.3), we use polar coordinates to get
ρ(ε) = o(ε2) for N ≥ 4,

as ε → 0. Therefore∫
F (Qr)

ρ−s
Σ |uε|2∗sdvg =

∫
Qr/ε

|z|−sw2∗s
√

|g|(εx)dx
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=

∫
Qr/ε

|z|−sw2∗sdx+
ε2

4

N∑
γμα=1

Bγμ
αα

∫
Qr/ε

|z|−sw2∗sxμxγdx+O

⎛
⎜⎝ε3

∫
Qr/ε

|x|3|z|−sw2∗sdx

⎞
⎟⎠

=

∫
RN

|z|−sw2∗sdx− ε2

6N
(Rg + Sg + 6Wg)

∫
RN

|x|2|z|−sw2∗sdx+O (ρ(ε)) . (5.11)

The result follows immediately from classical Taylor-Young expansion and (5.11). This then ends the proof.

5.2. Completion of Theorem 1.1

Now, we are in a position to prove the main result. For that, we let N ≥ 5 and consider the functionals (Ψi)i=1,2,3)
defined, for v ∈ D1,2(RN ), by :

Ψ1(v) =
1

12N

∫
RN

|x|2|∇w|2dx− 1

3(N − k)2

∫
RN

|z|2|∇zw|2dx

− λ

2∗s1

1

6N

∫
RN

|x|2|z|−s1w2∗s1dx− 1

2∗s2

∫
RN

|x|2|z|−s2w2∗s2dx, (5.12)

Ψ2(v) =
1

12N

∫
RN

|x|2|∇w|2dx+
1

3(N − k)2

∫
RN

|z|2|∇zw|2dx

− 2

3k2

∫
RN

|y|2|∇yw|2dx− λ

2∗s1

1

6N

∫
RN

|x|2|z|−s1w2∗s1dx− 1

2∗s2

∫
RN

|x|2|z|−s2w2∗s2dx (5.13)

and

Ψ3(v) =
1

2N

∫
RN

|x|2|∇w|2dx− 1

2k(N − k)

∫
RN

|z|2|∇w|2dx

− λ

2∗s1

1

N

∫
RN

|x|2|z|−s1w2∗s1dx− 1

2∗s2

1

N

∫
RN

|x|2|z|−s2w2∗s2dx. (5.14)

For N = 4, we define

Ψ1,ε(v) =
1

48

∫
Qr/ε

|x|2|∇w|2dx− 1

3(4 − k)2

∫
Qr/ε

|z|2|∇zw|2dx

− λ

2∗s1

1

24

∫
R4

|x|2|z|−s1w2∗s1dx− 1

2∗s2

∫
R4

|x|2|z|−s2w2∗s2dx, (5.15)

Ψ2,ε(v) =
1

48

∫
Qr/ε

|x|2|∇w|2dx+
1

3(4 − k)2

∫
Qr/ε

|z|2|∇zw|2dx

− 2

3k2

∫
R4

|y|2|∇yw|2dx− λ

2∗s1

1

24

∫
RN

|x|2|z|−s1w2∗s1dx− 1

2∗s2

∫
R4

|x|2|z|−s2w2∗s2dx (5.16)

and

Ψ3,ε(v) =
1

8

∫
Qr/ε

|x|2|∇w|2dx− 1

2k(4− k)

∫
Qr/ε

|z|2|∇w|2dx

− λ

2∗s1

1

4

∫
R4

|x|2|z|−s1w2∗s1dx− 1

2∗s2

1

4

∫
R4

|x|2|z|−s2w2∗s2dx. (5.17)
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We recall that

Π(u) =
1

2

∫
RN

|∇u|2dx− λ

2∗s1

∫
RN

|z|−s1 |u|2∗s1dx− 1

2∗s2

∫
RN

|z|−s2 |u|2∗s2dx, ∀u ∈ D1,2(RN ).

We let t > 0. By Proposition 5.1 and Proposition 5.2, we obtain

J(tuε) = Π(tw) +

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε2
t2

2
h(x0)

∫
RN

w2dx+ ε2Rg(x0)Ψ1(tw) − ε2Sg(x0)Ψ2(tw)

−ε2Wg(x0)Ψ3(tw) + o(ε2) for N ≥ 5

ε2
t2

2
h(x0)

∫
Qr/ε

w2dx+ ε2Rg(x0)Ψ1,ε(tw) − ε2Sg(x0)Ψ2,ε(tw)

−ε2Wg(x0)Ψ3,ε(tw) +O(ε2) for N = 4.

Since the function s 	−→ 2(N−s)
N−2 is decreasing and s2 < s1, then J(tuε) has a unique maximum. Moreover, we have

max
t≥0

Π(tw) = Π(w) = β∗.

Therefore, the maximum of J(tuε) occurs at tε = 1 + oε(1). Next, setting

Mε(tw) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Rg(x0)Ψ1(tw) + Sg(x0)Ψ2(tw) +Wg(x0)Ψ3(tw)− t2

2
h(x0)

∫
RN

w2dx+ oε(1) for N ≥ 5

Rg(x0)Ψ1,ε(tw) + Sg(x0)Ψ2,ε(tw) +Wg(x0)Ψ3,ε(tw) − t2

2
h(x0)

∫
Qr/ε

w2dx+Oε(1) for N = 4,

we have Mε(tεw) > 0 thanks to the assumption (1.3), where the constants AN,s1,s2
, BN,s1,s2

and CN,s1,s2
in Theorem 1.1 are given by

AN,s1,s2
=

Ψ1(w)∫
RN

w2dx

; BN,s1,s2
=

Ψ2(w)∫
RN

w2dx

and CN,s1,s2
=

Ψ3(w)∫
RN

w2dx

if N ≥ 5

and for N = 4, we have

A4,s1,s2
= lim

ε→0

Ψ1,ε(w)∫
Qr/ε

w2dx

; B4,s1,s2
= lim

ε→0

Ψ2,ε(w)∫
Qr/ε

w2dx

and C4,s1,s2
= lim

ε→0

Ψ3,ε(w)∫
Qr/ε

w2dx

.

Therefore
max
t≥0

J(tuε) := J(tεuε) = Π(tεw) − ε2Mε(tεw) < Π(tεw) ≤ Π(w) = β∗.

We thus get the desired result.
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