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ABSTRACT. We consider a compact Riemannian manifold (M, g) of dimension N > 3 and X a closed totally geodesic
submanifold of dimension 1 < k¥ < N — 2, and h : M — R is a continuous function such that the linear operator —A, + h
is coercive. We study existence of positive solutions u € H* (M) to the following nonlinear PDE with two Hardy-Sobolev
critical exponents:

gt

0,1) —Agu+hu= g u " 4 p§s2u2:2_1 in (M, g)

where )\ is a positive parameter, 0 < s2 < s; < 2, the 2§, := 2%:;” (z = 1,2) are two critical Hardy-Sobolev exponents
and px : M — R is the distance function to X. In this paper, we give sufficient condition depending on the local geometries
of the submanifold ¥ and the manifold M, for the existence of mountain pass solution to (0,1).
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1. Introduction

Weighted interpolation inequalities of Caffarelli-Kohn—Nirenberg type and their critical limits, the
Hardy and Sobolev inequalities, are central tools in the variational study of semilinear elliptic problems
with singular weights. In Euclidean space the family of Hardy—Sobolev inequalities gives, for s € [0, 2],
the critical integrability exponent

2(N —s
y(s) = AT
and a typical Hardy—Sobolev inequality reads (up to constants)
2/2*(s)
[rrwee ) <ow [lwap we ey,
N Y

with the extreme cases recovering the classical Hardy and Sobolev inequalities. The foundational
analytic framework for these weighted inequalities was established in the work of Caffarelli, Kohn and

Nirenberg [2].

Problems involving one or several Hardy—Sobolev critical terms exhibit two classical and intertwined
difficulties: the loss of compactness of the Sobolev embedding at the critical exponent and the presence
of a singular weight, which interacts with the local geometry near the singularity. The modern technical
toolkit for handling the first difficulty is the concentration—compactness principle of P.-L. Lions [4, 5]
and related profile decomposition techniques.
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In this paper, we consider a compact Riemannian manifold (M, g) of dimension N > 3 and ¥ C M be
a closed totally geodesic submanifold of dimension 1 < k < N — 2. We study positive H! (M )-solutions
of

—Agu+hu = pgTun Tt 4 pu®e T in (M, g), (1.1)

where py : M — R, denotes the distance to ¥, 0 < s5 < 51 < 2, A > 0, h € C°(M) is such that

—A, + h is coercive and
y o 0
A, = g e 9
g J <8x18x] B 8@;) ’

’?‘)
ij)1<4,j, k<N

is the Laplace Beltrami operator with (
functional associated to (1.1) is

1 N[
J(u) = 5/(|Vgu|2—|—hu2) dvg—zT/pE lu

M

are the Christoffel symbols. The natural energy

25 dvg,

* 1
%1 dvg — 27/0552|U
S2M

defined on H'(M). The functional typically has the standard mountain-pass geometry: J(0) = 0, there
exists ug with J(up) < 0 and a small radius » > 0 such that J|yp, ) > 0, see for instance Lemma 3.6
below. By the mountain-pass construction [6] one sets the minimax level
¢ = inf max J(v(t), = {y € C(0, 1 H'(M)) : 7(0) = 0, 3(1) = uo}.
~v€el tel0,1]

Under the classical Palais—Smale (PS) compactness condition the Ambrosetti—-Rabinowitz theorem
guarantees the existence of a critical point at level ¢*. We therefore use the mountain-pass variational
principle as the primary existence mechanism. Since the embeddings

HY(M) < L*i(M, p5;" dv,)

are noncompact at the critical exponents, the functional J does not satisfy the Palais-Smale condition.
Therefore, in general ¢* might not be a critical value for J. To recover compactness, we consider

W) )
|z |51 | 2|2 (1.2)
u(x) >0 in RV

—Au(z) = A

with z = (y, z) € R¥xRN~*_To obtain solutions of (1.2), we consider the functional IT : DV2(RY) — R

defined by
1 A . 1 .
(u) := 5 / |Vul?de — o / 2|75 u|® 1 da — T / | 2|52 u|?2 dx
RN SlRN S2RN
Next, we set
g = inf max [1(tu).

u€DL2(RN)u>0,u#0 t>0

Then we get compactness provided ¢* < [3*, see Lemma 3.5 below. Consequently, we have the following
which is our main result.

Theorem 1.1. Let (M, g) be a compact Riemannian manifold of dimension N > 3, ¥ C M be a closed
totally geodesic submanifold of dimension 1 < k < N —2and h : M — R is a continuous function such
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that the linear operator —A, + h is coercive. We assume that there exists xo € ¥, constants AN s, .,
BN 51,50, and C s, s, only depending on N, s and sy such that

h(ﬂfo) < AN,sl,SQRg(xO) + BN,sl,SQSg(xO) + CN,S1,82W9(370)7 (1.3)
where R, and S, are respectively the scalar curvatures of M and ¥,
N  k
Wg(IO) - Z Z Riaia
i=k+1 a=1

measures the interaction between tangent and normal directions of the submanifold 3. inside the ambient
manifold M and the R;.;, are components of the Riemannian curvature tensor. Then there exists u €
HY(M) positive solution of the following Euler-Lagrange equation

—Agu+ hu = )\pgsluQ:l_l + p582u232—1 in(M,g).
Remark 1.2. Several comments on the geometric condition (1.3) and the role of the constants are in

order.

(i) Geometric meaning of the curvature quantities. The scalar curvature Rg(x() measures the
average sectional curvature of (M, g) at xo; Sy(x¢) is the intrinsic scalar curvature of ¥ at xy;

N k
Wg(xO) - Z ZRiaia

1=k+1 a=1

and

is a mixed curvature term that captures the interaction between the tangent bundle T, 3. and the
normal bundle N, Y inside T, M. These three quantities appear naturally through the second-
order metric expansion in Fermi coordinates (see Lemma 2.1 ).

(ii) Nature of the constants Ay s, s,, BN s,.50 CN 51,500 These constants depend only on N, s1, and sy,
they are independent of the geometry of (M, g) and of . They are determined by the Euclidean
ground state w of the limit problem (1.2) through the explicit integrals

Y ] U
ANy sp = ﬂ, BNsy.sy = ﬂ) CONosysy = ﬂ)
/w2 dx /w2 dx /w2 dx

RN RN RN

where VU, Vo W3 are the functionals defined in Section 5. Their sign reflects the geometric
contributions of each curvature invariant to the energy expansion.

(iii) Interpretation of condition (1.3). The condition requires that the weighted combination of
curvature invariants at xo dominates h(xy). Geometrically, this ensures that concentrating a
solution bubble near vy € X lowers the energy functional J below the critical threshold *.
This is the intrinsic-manifold analogue of the role played by the mean curvature at a boundary
singularity in the Euclidean results of Ghoussoub—Kang [7] and Ghoussoub—Robert [8]: in those
works, negative mean curvature is the key geometric condition; here, the collective curvature data
(Ry, S, Wy) plays an analogous role, reflecting the higher-codimensional nature of the singularity
.
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(iv) Explicit verification. In concrete examples — e.g., when (M, g) is a space-form of positive
curvature and X is a totally geodesic submanifold — condition (1.3) can be verified directly from
the formulas for Ry, Sy, W, and the known decay of w, by using standard integration in spherical
coordinates on R,

This kind of problem is intensively studied in the Euclidean case. In particular, we let {2 be a domain
of R such that 0 € 9 and consider the equation

u2:1*1(:1:) u2:271($)

—A = A + in
U= AT FE (14)
u(x) >0 in Q,
where 0 < s3 < 51 < 2, A € Rand for¢ = 1,2, the 2§, := 2(]]\\,]:?) are two critical Hardy-Sobolev

exponents. When so = 0 and A < 0, then equation (1.4) has no nontrivial solution. For A > 0,0 < s; < 2
and sy = 0, then using variational methods, Hsia Lin and Wadade [11] proved existence of solutions
provided N > 4 and the mean curvature at the origin is negative. For the case N = 3, A € R and
0 < s9 < 51 < 2, the equation (1.4) has a least-energy solution provided the mean curvature at the origin
is negative, see [12].

Concerning the existence and non-existence of solution related to equation (1.4) in the half-space

Q= RJI, we refer to Bartsch-Peng and Zhang [1] for the case 0 < s < s = 2 and A < (%)2;

to Musina [13] when N > 4,55 = 0,51 = 2and 0 < A\ < (%)2 and to Hsia, Lin and Wadade [11]
when so = 0,0 < 51 < 2and A > 0. For the case N > 3,0 < s9 < s1 < 2 and A € R then equation
(1.2) has a least-energy solution v € H}(RY), see for instance [12].

For generalizations and extensions, we refer to Diatta-Thiam [15], Thiam [16], Zhong-Zou [17],

Ghoussoub-Kang [7] and references therein.

There are two main novelties in this work : the simultaneous treatment of two distinct Hardy—Sobolev
critical exponents supported on the same singular set >. and the analysis on a compact Riemannian
manifold where the local geometry of M and X (scalar curvature of M, scalar curvature of >, and
certain mixed curvature terms) enters explicitly in the comparison ¢* < [*. Earlier works in Euclidean
or boundary-singularity settings have shown that curvature or boundary mean curvature can determine
attainability of best constants and existence of minimizers [7-9].

The proof of Theorem 1.1 combines:

1. Limit problem and profile analysis : we study the Euclidean limit problem with cylindrical singular
weight, establishing existence, symmetry, and sharp decay estimates for its ground state. These
estimates are used to quantify the leading asymptotics of energy when one concentrates a bubble
near ..

2. Local parametrization and metric expansion : around a point zp € X we introduce Fermi
coordinates and expand the metric to second order; the expansion identifies how curvature terms
enter into the energy expansion of localized test functions.

3. Test-function computation and energy comparison : using the scaled Euclidean ground state
inserted into the Fermi chart (cut off at a suitable radius we compute the expansion of J to second
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order in the concentration parameter ¢, extract the geometric coefficients, and derive a curvature
condition implying c* < 8%).

Once ¢* < (* is established, concentration—compactness yields compactness of PS sequences at level c*,
and the mountain-pass theorem provides a nontrivial positive solution. Our approach synthesizes ideas
from the Hardy—Sobolev literature (sharp constants, curvature effects); the concentration—compactness
methods, and the variational minimax methods. We refer to Caffarelli-Kohn—Nirenberg inequalities ,
the concentration—compactness framework [4, 5], and the works of Ghoussoub—Kang [7], Ghoussoub—
Robert [8], and Chern—Lin [9].

The paper is organized as follows. In Section 2, we introduce Fermi coordinates and derive the metric
expansion up to second order. In Section 3, we establish the compactness result and analyze the limit
Euclidean ground state, recording its key decay and symmetry properties. In Section 4, we derive the
integral estimates involving the ground state that are needed for the energy expansion. Section 5 builds the
concentrating test functions, expands J(u.) to second order, carries out the energy comparison ¢* < (5%,
and completes the proof of Theorem 1.1.

2. Parametrization

2.1. Fermi Coordinates

Let (M, g) be a compact Riemannian manifold of dimension N > 3, and let X be a totally geodesic
submanifold of M with dimension 1 < £ < N — 2. Then given xy € M, we have

Ty M =Ty X & Ny 3.

Next, we choose orthonormal basis (Ey,--- , Ey) for T,,3 and (Egiq1,---, En) of Ng 3. Then a
neighborhood of x( in X can be parametrized via the exponential mapping

k
Jry€ BR’“(QT) — f(y) = expij <Z yaEa> SN
a=1

where for r > 0, Bgx(0,7) denotes the Euclidean ball of R” centered at the origin and of radius . This

Xa::f*<a§>.

For any tangent vector field E of the tangent space, the curve s — vg(s) := expZ (sE) is a geodesic
in Y. Therefore Vx, X}, € N,X. Moreover, since X is totally geodesic, we have

yields the coordinate vector field

Vx, X, |,=0. 2.1
Next, we extend (Fxi1,- -+, Fx) to an orthonormal frame (X1, -, Xy) in a neighborhood of x( in
M via the mapping

N
Frox @ € Qp := Bpre(0,7) X Brn-x(0,7) —> Fy (x) = exp%y) ( Z ziXZ) e M.
i=k+1
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This corresponds to the coordinate vector fields
0 0 .
Xi=Fpu| =— ) and X, := Fpps | — ) foralla=1,--- jkande =k +1,--- | N.
0z aya

By construction, we have X, |,,= E,, foralla=1,--- /N andfora = 1,---  k and fori = k +
1,---,N,wehave Vx, X, |, € T,¥ so that

% Xi leo= V. Xa lno= Vx, Xi = 0. (2.2)

Moreover it’s well known that, in this local parametrization, the distance function py defined above
satisfies

px(x) = |z|. (2.3)

In the following, we derive the expansion of the metric induced by the parametrization F' defined above.
Then forz € (), and o, 5 = 1,--- , N, we define

gap(x) = (Xa, Xpg),

to be the components of the metric g.

2.2. The Metric

By Taylor expansion we have :

N N
9ap(x) = dap + ZX’Y (Xa, Xp) my + % Z Xy Xy (Xa, Xp) mpwy + O(Jz[).
7=1 vp=1
Next, we define
ng = X, X, (Xa, Xp) .
By (2.1) and (2.2), we have
X, (Xa, Xpg) = 0.

Then we obtain

N
o 1
Jap(x) = dap+ 3 Z sty +O(2l’) and g*%(2) = bap—5 > Blfaya,+O([af’). 2.4)

%u 1 =1

Therefore the matrix g can be rewritten in the form g = Iy + H, where [ is the N-dimensional identity
matrix. Then as H — 0, we have

Vigl=VIv+H=1+ tr(f) + (tr(f>)2 - tr(iiz) +O(H?).

A straightforward computation yields

Vgl(x) g4t Z Bltx,x, 4+ O(|z]?). (2.5)

wa 1
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Lemma 2 1. We have

1
- Z Bl = ——R — =8 =Wy, (2.6)

where R, and S, are the scalar curvatures of M and ¥ respectively and
N k
= 2. 2 R
i=k+1 a=1
Proof. Splitting, we have

k k N N
ZZBW—ZZBfﬁ SN Bty Z ZB" + Z ZB;‘{‘. 2.7)

=1 a=1 i=1 j=1 a=k+1 b=k+1 a=k+1 i=1 a=k+1 i=1
By (2.2) and [Gray [10], Lemma 9.19 ], we have

k k k k k k k k
SN B =N XX (X X)) =YY 2(VE XL X))+ )Y 2(Vx X, Vi X))

i=1 j=1 i=1 j=1 i=1 j=1 i=1 j=1

k k 9
—=Y ) Ry = 9+ 35 (2.8)

i=1 j=1

O»JI[\.'J

By (2.1) and the Gauss equation, see [B. O’neill [14], page10], we get:

N N N N
DD B = ) XX (Xp, Xy)

a=k+1b=k+1 a=k+1b=k+1
N N N N
=23 > (Vi X X)) +2 > D (Vi X5, Vi, Xp)
a= k+1 b= k+1 a= k+1b k+1
=73 Z Z Rabab 9 Z Z Rabab - T 9 (29)
a=k+1 b=k+1 a=k+1 b=k+1

By (2.2) and [ Gray [10],Lemma 9.17 and Lemma 9.19 ], we obtain

N k
> > (BL+BY) = Z ZXX (Xq, Xao) + Z ZXX (Xi, Xi)

i=k+1 a=1 i=k+1 a=1 i=k+1 a=1
N k N k
3 S k) 2 3 3 (R
i=k+1 a=1 i=k+1 a=1
N k N k
+2 D) (VxXa, Vi Xa) 2 ) ) (Vi Xi, Vi, X))
i:k+1 a=1 i=k+1 a=1
k N k N k
=2 Z D (VixXaXa)+2 D Y (Vix, X Xi)=—4 > > Risia
i=k+1 a=1 i=k+1 a=1 i=k+1 a=1
— 4w, (2.10)

The result follows immediately from (2.7), (2.8), (2.9) and (2.10). This then ends the proof.
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Lemma 2.2. We have

N k N 1 N k 1 k N
Z Z Z B = 3 Z ZRlaJ’i+§ Z Z Rapei- (2.11)

yp=1 a=1 i=k+1 ijl=k+1 a=1 abc=11=k+1

Proof. By definition, we have

N N N
Z BZZH = Z X’YX,M<X0HX1'> = Z XlXj<Xa7Xi>

=1 =1 jl=k+1
k N k
Y XX (X X)) +2 D XX (X, X3,
be=1 j=k+1 b=1

By (2.1) and (2.2), we have

N N N N
Y OXiXi(Xa, Xi) = > (Vi Xa Xa) + Y (Vi X Xa) +2 ) (Vi Xa, Vi, Xi)
jl=k+1 jl=k+1 jl=k+1 jl=k+1
N 1N
= - Z Rlaji - g Z (Rijla + Rilja)
jl=k+1 jl=k+1
N9 N N
= > 3 ftiagi = > 3 ftija = > 3 ftitja; (2.12)
jl=k+1 jl=k+1 jl=k+1
and
k k k k
X Xp(Xa Xi) =) (Vi X Xi) + ) (Vi Xio Xa) + 2> (Vx, Xe, Vi, Xi)
be=1 be=1 be=1 be=1
k k
= (Vi Xa Xi) + ) (Vix, Xi, Xo)
be=1 be=1
ko k
- - Z g (Rabci - Racbi) + Z Rciba-
be=1 be=1
Hence, we obtain
k N k N 9
Do D XeXp(Xa Xi)= 3 Y (gRabci — Rciba) . (2.13)
a,b,c=11i=k+1 a,b,c=11i=k+1

By (2.12), and (2.13) , we finally obtain:

N k N TR 1 FXN
Z Z Z BZZM = g Z ZRlaji + g Z Z Rabci-
yu=1 a=1 i=k+1 ijl=k+1 a=1 abe=1 i1=k+1
This then ends the proof.

3. Existence Result in domains

Remark 3.1. The key analytical step in the proof of Theorem 1.1 is the strict inequality
< B
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where c* is the mountain-pass level of J on H'(M) and B* is the mountain-pass level of the limit
functional 11 on DY?(RN). This inequality plays a double role: on one hand, it restores the Palais—Smale
compactness for J at level c* (see Lemma 3.5 below),; on the other hand, its proof (carried out in Section 5
via explicit test-function computations in Fermi coordinates) is precisely where condition (1.3) on the
curvature enters. Thus, condition (1.3) is not merely a sufficient condition imposed for convenience: it is
the exact geometric threshold that makes the comparison ¢* < B* achievable through the concentrating
test-function construction.

We recall that

p*r = inf max [1(tu) and = inf max J(tu), (3.1)
ueDL2(RN),u>0,u£0 t>0 u€H(M),u>0,u#0 t>0

with
1 A . 1 .
I(u) = = / \Vul?dz — —— / Bl Ry — / |z| 752 u|*2dz, Yu € DM2(RVN)
2 2Sl 252
RN RN RN

and

A [ L[ Juf

—_— v —
25 ) pi(x) 28, ) pE()
M M

1 1
J(u) = 5 / IV ul*dv, + §/h(x)u2dvg -
M M

The aim of this section is to prove the following compactness result.

Proposition 3.2. Let N > 4,0 < s < 51 < 2, A > 0 and M be a compact Riemannian manifold
of dimension N. Consider > C M a closed submanifold of dimension 1 < k < N — 2. Let h be a
continuous function such that the linear operator —A, + h is coercive. We assume that

< B
Then there exists a positive function u € H(M) solution of the Euler-Lagrange equation

—Agu+ hu = )\pgsluﬁl*l + p;%%f1 in(M,g). (3.2)

The proof of this result is divided into various preliminaries results. We start by the following so-called
mountain pass lemma due to Ambrosetti and Robinowitz, see [6].

Lemma 3.3. (Mountain Pass Lemma)
Let (X, || - ||x) be a Banach space and ¥ : X — R a functional of class C'. We assume that

2. there exist Ao, > 0 such that V(u) > \g for all u € X satisfying ||u||x = r;

3. there exists uy € X such that
lim sup ¥(tuy) < 0.

t—+o0
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Consider ty > 0 sufficiently large such that |[touo||x > r and Y (tgug) < 0. Define 5 < Ao as

f = inf sup ¥(y(t)),
VEP tefo,1]
where P = {y € C°([0,1]; X) such that v(0) = 0and y(1) = toug}. Then, there exists a sequence
(up)n C X such that V(u,) — B and V'(u,) — 0 strongly in X'. Moreover, we have
<

B < sup U(tuy).

£>0
Lemma 3.4. Let (M, g) be a compact Riemannian manifold of dimension N > 4, 3. a submanifold of
M of dimension 1 < k < N — 2 and h a continuous function such that the linear operator — A, + h is
coercive. Let ug € H'(M) \ {0}. Then there exists cy a positive constant depending on ug and (uy,), C
HY(M) a Palais-Smale sequence for J at level cy. Moreover

co < sup J(tug).
>0

Proof. We let t € R. Recall that for all u € H'(M), we have

tz 251 * S2 _ *
J(tu) = 3 /(|V ul? + hu?)dv, — )\| /p£51|u 2T/p252|u
51 i 5o i

M

Then ¥ € C'(H'(M),R). Since 0 < s, < s1 < 2 and the fact that the function s — 2% := =" is
decreasing, we have

lim J(tu) = —oc.

t—00

Moreover, using the fact that 25 , 27 > 2, then there exists positive numbers Ao, 7 such that

HUHHl(M):T

Therefore by the Mountain pass Lemma 3.3, we get the desired result.

Lemma 3.5. Let o < 3* and (uy,),, C H*(M) be a Palais-Smale sequence for J at level c.. Then, up to
a subsequence, there exists u € H'(M) such that

(

Up —> U in H'(M)

Proof. Let (u,), C H'(M) be a Palais-Smale sequence for .J at level o :

A . 1 .
/|Vun|2dvg /hu dvg — 2* P35t 2sldvg_27/pzsg|un2
1M 82M
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and

°1 _2ungpdvg

(J (un), p) = /Vuanodvg+/hung0dvg—)\/p£51|un2

M M M
1 X
~ 5 N (7 252*2ung0dvg = o,(1), (3.4)
S2

for all p € C°(M) as n — oo. Combining (3.3) and (3.4), we obtain

1 1
o= <— — —) /|Vun| dvg+ < T )/hu dvg+ <2* 2T> /p552|un
M 2 M

Since both % —
51

22dvg+on(1). (3.5)

2* and 1 3~ 2* are positive and the operator —A, + h is coercive, we obtain
S2 S2

«

—+ o(1) > /|Vun|2dvg +/huidvg > cllunll (),
(-2) i

2

for some positive constant ¢ independent of n. Consequently, up to a subsequence, there exists u €
HY(M) such that

u, —u weaklyin H'(M), wu, —u aeinM and wu, — u in L*(M). (3.6)

Set the defect v,, := u,, — u. By Brezis—Lieb lemma and the weak convergence in (3.6), we have:

/|Vun|2dvg=/|Vu|2dvg+/|an|2dvg+0(1)
M M M

and
/ 5 | i dv, = /pzsi ul%idv, +/ 5 o, i dug + 0, (1) foralli =1,2.
M M M
Therefore
J(up) = J(u) + Jmoa(vn) + 0n(1),
with
1 )\ * 1 *
Jmod (V) == —/|Vv|2dvg — T/pzslh) *1dvg — — /,0282|v %2 dv,.
2 A 2% 23, A
Moreover

J'(u)=0 and J, 4(v.)=0(1)  in(H'Y(M)). (3.7)
Define the concentration functions

0<r— Quilz,r)= /

Fo(Qr)NM

2Zidvg, forall i = 1, 2.

‘We have three alternatives.
Alternative 1: Vanishing: Let » > 0. We have

lim sup@Qni(x,r) =0, fori=1,2.

n—-+00 e
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Next, we define
Yoo={xeM:px(z)<r}

Then we can cover X, by a finite number of open sets (ij (Qr)) ... Therefore

1<5<
—8; 2% dv. = —8i
ﬂz v i Ug = ﬂz v

2% —$; 23,
idvg + / P | Zidu,.
M s, M\S,

n n n

Since in M \ ¥, the distance function py; is bounded and v,, — 0 strongly in L% (M), we obtain

/ pxvnl i dvg = / P [va| i dug + / ps"|vn[*s v
M M\,
Z / Zidvg + 0on(1) < msup Qui(z,7) 4 0,(1) = 0,(1).
1 Q HASDY
Thus
lim | pp%|va|*idv, =0  foralli=1,2.
n—oo
M

By this, (3.6) and the second identity in (3.7), we obtain

/(|Wn|2 + huy)dvg = A/pfsllvn 21 dvg + /pi”lvn

M M M

22dv, = on(1).

Moreover, since the operator —A, + h is coercive, we immediately obtain that
wu, — u strongly in H'(M).

Alternative 2: Compactness. There exists xo € Y and ry > 0:

vy — v Z 0 in L% (Fyy (Qy,) , ppida).

Hence v, — v # 0in H'(M) thanks to local compactness and the Euler—Lagrange residual in (3.7).
Thus we are already done.
Alternative 3: Concentration. Then there exists ¢y > 0, a sequence of points (y,,), C M, and r > 0

such that:
liminf Qp1(yn,7) > €0 or  lUminf Qp 2(yn,7) > €. (3.8)
n—oo n—oo

Since M is compact then (up to a subsequence) y,, — yp in M. It is clear that yy € Y. Indeed, otherwise
ps(yo) > ro > 0 for some ry > 0, then py;* is bounded on F), (QTO /2) , so the usual Rellich compactness
yields strong L% (FyO (QTO /2) . Pr Sidaz) convergence of v,,. Therefore @, ;(y,,7) — 0, contradicting
(3.8). Hence gy € I'. In the sequel, we assume that concentration occurs. Without any loss of generality,
we may assume that:

liminf @y, 1(yn,7) > € (The argument is the same if we assume that lim inf @, 2(yn, 7) > €0 ).
n—00 n—00
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Let R > 1and n € (0,¢0/2) fixed. Since the map r — Qy,1(yn, ) is continuous, there exists 7, > 0
such that

/ 0551 |vn,

Fyn (QR'I‘n )

Define the rescaled functions :

wnl€) =™ vn (B (raf) x (§).

where x € C2°(Q)») is a cut-off function with y = 1 on 1. In Fermi coordinates along I (near y,,), we
have

pr (Fy, (1p€)) = 2| and dx = rflv(l + 0,(1))d¢ (3.10)

uniformly for |¢| < 2R with £ = (y,2) € R*¥ x RV~*, see for instance Section 2. Combining (3.9) and

(3.10), we obtain
[l tuPaar = [ g
QR Fyn(QR”’n)

In particular the sequence (w,,), is bounded in D?(Q ). Consequently

Zzldvg + on(1) =1+ 0,(1).

w, —=w inD"*(Qg), w, — win LL (RY)for1 < ¢ < 2= , and w, — w a.e. in Qg.

N
N =2

Moreover the sequence (|z | =51 Jwy, 231) is uniformly integrable on (), we use Vitali’s theorem to obtain
n

2:1d:1:=/|z|81|w
Qr

Therefore w % 0. Taking the limit as R — co, we obtain w € DY2(RY).

% do.

0<n=lm / 121w
Qr

Next, we let ¢ € C°(RY) and define the rescaled test functions

oy (FN@)\ ()
on(T) =10° —— X7 |

By the change of variables formula z = F), (r,£), (3.10), and letting n — oo then R — oo, the metric
errors vanish by Dominated Convergence Theorem and the smallness of the cut-off gradient region, we
get

/an -Vndvy, = /Vw -Vdx + 0,(1),
M RN

[ oo oo, = [ 1el

M RN

and

2 2wedr + 0,(1), Vi=1,2.

Un w

Combining these two identities and taking (,, as a test function in the second identity of (3.7), we obtain:

/Vw -Vpdr = )\/ |27 w|?1 " 2wede + / || 72 |w

RN RN RN

20 2pd. (3.11)

© 2026 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |13



We recall that the functional IT : DV2(RY) — R is given by

1

1 A .
w+— [I(w) = 5 / \Vw|?dz — T / 2|7 fw|*1 dx — o / | 2|2 |w
RN SlRN SQRN

22,

whose mountain-pass level is *. Hence thanks to (3.11), w is a nontrivial weak solution of the
Euler-Lagrange equation for the functional II.
Next, we claim that

lim inf Jyneq(v,) > B
n—oo

with 3* as in (3.1). To prove the claim, we fix ¢ > 0. For R > 1, we set xz(z) = x(%) and define a
localized bubble as

Un,r(T) = ?%TTNXR (Fy’; ($)> w (Fy’; (@) )

where the cut-off function y is defined as above. By change of variable formula, we have

/ Vo, g|?dz = / 97(8)0; (U5 0 Fy,) (€)0; (Bn,r © F,) (§)/19](£)dE.

Q2r
Using
(@r0)() = 7 T (F(€)).
we have
Vo (@pw)(@) = 1 DF, (@) Vi p(F(€)).  and  DE,, (&) = ry (I, + O (ralé])
Therefore

/|V@n’R|2dvg: / VO rw|dE + 0,(1) / (IV(@gw)|* + R™?|®gw|?) dE.
M Q2r

Q2r

Now & = 1 on Qr, V®p is supported in Ag := Q2p \ Qr and [VOp| < % for some positive constant
C. By Hardy’s inequality on Ag, we have

/w2d§ < R2/|Vw|2d§.

Ar Ar

Thus

/|V@H,R|2dvg—/|V(<I>Rw)|2dg <op(1)+C / |Vw|?dE. (3.12)

M RN RM\Qr
By change of variable formula, (3.10), we have

/Pisl|@n,3|zzldvg: / 2|7 | @ puw|*1d + 0n(1) / SN

M Q2r Q2r

e,
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Therefore

[ ot nalhg — [ 1o e < 0,0+ [ e G.13)
M Q2r RM\Qr

The same computions give
/ P [T, |2 dug — / |22 @ gl *2d€| < 0a(1) + / 2|7 *2dg. (3.14)

M Q2r RNM\Qr
From (3.12), (3.13), (3.14) and the definition of .J,,,,4 and 11, we obtain
1

2:1 dé o
2*
52

N A s
nod(Bar) — (@ gw)| < 0,(1) + C / Ve - 2 / 2w

2;1
/ 12w

RM\Qr RNM\Qr
RM\Qr

Since w € DY2(RY) and |z|~%|w|?*: € L'(RY) thanks to the limiting equation and Hardy-Sobolev, the
three tail integrals go to zero as 2 tend to co. Hence

Jmod(ﬁn,R) — H(CIDRw) = OR(l) + On(l).

Now for each R, define the Nehari scaling ¢, g > 0 by

Zade.

w

Enr(t) = (Jpoa(tOn.Rr), tong) =0 att =t,g.

Since the map ¢t —— E, r(t) is continuous, E, r(0) = 0, and E], (0) > 0, while E,, r(t) — —oc as
t — oo, such a ¢, r exists and is unique. By the convergence of coefficients under blow-up, we have

tn,R — tp > O,

where tr is the Nehari multiplier for II and the truncated profile ¥ pw. Furthermore, the maximal value
satisfies

rilfgcjmod(tﬁn,ﬁ’,) = JmOd(tn7R/ﬁnaR)

> I(tgVrw) — e, forall large n.

After choosing R so large and then n large, we get og(1) < /2 and 0, (1) < /2. We obtain the desired
estimate.

Since ¥ zw — w in DY?(RY) and in the weighted L% (R, |z|~*idx) spaces as R — oo, the Nehari
multiplier tg — ¢, where ¢, maximizes II(tw), and

Jrn (tRVpw) — max Jrn (tw) > B*.

Combining the previous displays and letting first n — oo, then R — o0, and finally ¢ — 0, yields the
localized lower bound

lim inf max Jmoed(t0n,r) > B
n—oo t>0
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It remains to relate J,0q(vy,) to max Jmod(t0n r). For R fixed, choose n-dependent cut-off x,, r €
C>(M) such that x,, g = 1in F},, (Qry,) and x, g =0 in M \ F}, (Q2ryr,) - Consider the split

Un = Xn,RUn + (1 - Xn,R)Un — 4n,R + Wn,R7

where we have set Z,, p := Xn.rUn and W, p := (1 — xp,r)vn. By construction, for any 6 > 0, there
exist ng € N and Ry such that for all R > R,

‘Jmod<Zn,R) - Jmod('Un)| S 5 for all n Z no,

and the interaction terms between Z,, p and W), p are o0,(1) because the supports are separated and the
weights are locally integrable. Comparing 7,z with v,, g, we get:

lim inf Jyea(vy) > Uminf Jed(Zn,r) — 6 > liminf max Jnea (t0y,7) — 0 > * — 6.

n—o0 n—4o00 n—+oo t>0

Since 0 > 0 is arbitrary, we conclude

hm lnf Jmod(vn) Z 6*7

n—-+o0o

which prove the claim. Recall that
a = lim J(u,) = J(u) + Hm Jped(vn).

If a nontrivial bubble occurs, then lim Jy,q(v,) > 8° + o(1), so that « > J(u) + 8* > [*. This

contradicts the hypothesis o« < 3*. Thus, no nontrivial bubble can appear, and necessarily v,, — 0 (so
u, — u) in H ().

Lemma 3.6. Let Q) be a bounded domain of RY, T' a closed curve included in Q) and h a continuous
function such that the linear operator —A + h is coercive. Let ug € Hg(2) \ {0}. Then there exists
co a positive constant depending on uy and (uy,), C H}(Q) a Palais-Smale sequence for J at level c.
Moreover

co < sup J(tup).
>0

Proof. We let t € R. Recall that for all u € H}((2), we have

t* 2 2 [t* —s : ¢ —s21, |25
J(tu) = = [ (|Vu|* + hu*)dx — X pr ot u| 1 da — pr 2 ul*2dx
2 2, 25
Q 0
Then ¥ € C'(H{(9),R). Since 0 < s3 < s7 < 2 and the fact that the function s — 2% := 2(J]VV:2S) is

decreasing, we have

lim J(tu) = —o0.

t—00

Moreover, using the fact that 25 , 25 > 2, then there exists positive numbers Ao, r such that

u =r
H HHol(Q)

Therefore by the Mountain pass Lemma 3.3, we get the desired result.
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Proof. of Proposition 3.5
Let up € H}(Q) be a non-negative, non-vanishing function such that

sup J(tug) < B*.
>0

Then by Lemma 3.6, there exists cq > 0 depending on ug and a Palais-Smale sequence (u,), C HE(Q)
for W at level ¢j such that

co < sup J(tug) < 5.
>0

By Lemma 3.5, there exists u € H}(2) \ {0} such that, up to a subsequence,
u, — u strongly in Hj () as n — oo and J'(u) = 0.

The last equality corresponds exactly to the Euler-Lagrange equation (3.2). This then ends the proof.

4. Some preliminary results

Welet 0 < sy < s1 < 2, A > 0 and consider the problem

w7 () + wha in RN
|z|51 | 2|52 4.1)
u(z) >0 in RY,

—Au =\

where r = (y,2) € RF x RV=% and for i = 1,2, we have

2(N — 82'>

2F =
% N -2

are two critical Hardy-Sobolev exponents. Then equation (4.1) admits a positive solution w € D'2(RY)
depending only on |y| and |z|. In other words, there exists a function 6 : Ry x R, — R, such that

w(z) = 0(lyl, [2])- 4.2)
Moreover there exists c;, co and C' positive constants satisfying

1 C2 C

N

see Diatta-Thiam [ [3], Section 2]. The energy functional II : DLQ(RN ) — R associated to the Euler-
Lagrange equation (4.1) is given by

1 A x 1
(u) :== = |Vu|2da: —— [ 2|7 u Zady — — Ea
2 2% 2%
RN SlRN S2RN

Then we define

2. (4.4)

g = inf max [1(tu).
u€DL2(RN) u>0,u#0 >0

We have proved previously that, we recover compactness provided
< pg.
We are know in position to prove the following results that will play an important role in the sequel.
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Lemma 4.1. Let N > 4. Then we have

ow Ry(x
Z / )ayb( x)\/ |g|(ex)dx = / |V, w|?dy — 62% / 2|V w|*dx
ab= 1@74/8 RN ]RN

1 1
+ e2W, (o) m/\z|2\Vyw\2da:—N/|a;\2|vyw|2dx + o(e?) for N > 5,
RN RN

and

ow R ($0)
Z / )ayb( x)\/ |g|(ex)dx = / IV, w|?dy — & %N / |2V yw|dx
ab= 1Qr/z~: RN Qr/s

4 1
vy a) | o [ WPIwlde = o [ ePI9,ufs
Qr/s Qr/s

1 1
+ e2Wy (o) N / |z|2|Vyw|2dx—N / [2*|Vyw|?dz | + O(e?) for N = 4.

Qr/s Qr/s
Proof. By (2.4) and (2.5), we have :
i ow ow
> [ erp @5 @y e
=1 Ya Y
@ Qr/s
¥ [ 1 (- ZB Yoy + O )
ab= 1 yu=1
r/s
62 N
x| 1+ > Bltwuzy + O(EPaf) | da. (4.5)
yro=1
Therefore by (4.2) we have
i ow ow
S [ e 2 @2 ) e = [ 9P+ S S Bt [ Sy
ab= 1QT/8 QT’/E ayp=1 Qr/s
62 k N Yol
—52 ZB;‘J / |Vyw |2‘a|2bx7xudx+0 g3 / |23V, w)? | . (4.6)
ab=1yp=1 Qr/s Qr/s
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Since the domain @Q,./. is symmetric with respect to the directions z and y, then we can prove that

N
> B / |Vyw|2x7xudx—— BY) / |2 [*|Vyw|*da 4.7
ayp=1 Qr/s ay= 1 Qr/s
and
YalYb
/ |v ‘2 |a‘2 JZV u / Iy\ ‘V 'LU‘ dx
ab 1vu= 1 /6 ab 1 Q /E
R Bl [ P9, uPd 438)
z w|“dx. .
k(N —

alzk+1 Q/
T/E

Then combining (4.6), (4.7) and (4.8) we obtain

ow 2 I
Z / )ay () |g|(ex)dx = / |Vyw|2dy+w ZB;XC / |2V yw|dx

ab= lQr/s Qe ay=1 Qe
—5 Bbb / |V, wl2da — Z Z Bii / 22V, wPdz + 0 | &8 / 2P|V w?
ab 1 Qr/s a=1i=k+1 Qr/s Qr/s

Therefore by (2.9) and (2.10), we get

Z / )ggf( )V/lgl(ex)dz = / IV wlPdy + % <—% - % _ Wg> / 2P|V, wl2de

ab= 1Qr/z~: Qr/s Qr/s

2

ool /\z| Ve + 0 | /m V0’
Qr/s Qr/s Qr/s

4 e 3?5 / 2|V, wl?de +

Hence

S [ en 2 2 e = [ ki 5 (H 5w [ e

ab= 1Qr/s Qr/s Qr/s

4 2
623?59 / |y|2|vyw|2d$+7k(N_k)Wg / |Z|2|Vyw|2dx+0 &3 / |$|3|Vyw|2dx . (49

Qr/s Qr/s Qr/s
Recall that the function w satisfies o
N
|V’LU| S W in R s
for some positive constant C. Therefore, we have
/ IV, wl2de + 2 / 2|V 2de + &3 / 2P|V, wPds = o(c?)  for N =5 (.10)

]RN\QT/E RN\QT/E Qr/s

© 2026 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |19



and
/ |V w|?dx + &3 / 23|V, w|?dr = O(e?) for N = 4.
]RN\QT/E QT/E

Then the result follows from (4.9), (4.10) and (4.11). This then ends the proof.

Lemma 4.2. Let N > 4. Then, we have

S [ e @52 @ leods = [ (9ol

ij= k+lQ Je RN

1

2
~Ry(w0) | i / 22|V, dx—m/|z\2|vzw|2dx
RN RN

1 2
_QQSg(,Io) ((;]V/$2vzw2dx+?)(]vk))2/22vzw2d$>

RN RN

1 1
217 2172 2 2 2
— i - - >
e Wy (o) (N / 2]V ;w| dax i ) / |2]%|V ;w0 daz) + o(e?) for N >5

RN RN

and

> [ oen @32 @Vl = [ 19ubdy

ij= k+1Q /e RN

1 2
_ 5259(330) 6—N / |a}‘2|Vzw|2dx + m / |Z‘2‘Vzw|2dﬂf
Qr/e Q’I‘/E

4.11)

1 1
— e2W, (o) N / |x|2|VZw|2dw—m / 122V w|?dz | + O(e?) for N =4.

Qr/zs Qr/s

Proof. By (2.4) and (2.5), we have

Z / (e2) (92Z )g:)() lg|(ex)d Z / (ex)|V, w\ZZZ]\/\?ga;

ij= k+1Q/ ij= k—l—lQ/
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9 N
147 3 v
§ /|v |2T|Zg b= 5 D By, + O | x 1+— E: Bita,a, + OE ) | da.

ij= k-‘,—l yp=1 ypa=1
(4.12)
Therefore using (4.2), we get
ow 9 2 9
S [ gen 2 2 ) o = [ Wby S Y B [ 190amdy
(2 —
= k+1Q/ 7 Qr/s aypu=1 Qr/s
2 NN
Y Z ZB;}W / |V w 2‘Z|§x7xudx+0 g3 / |23 Vw]? | . (4.13)
g=k+1yn=1 Qr/s Qr/s

Using again the symmetry of the domain @Q,. . with respect to the directions y € R* and z € RV~ and (4.2), it easy follows
that

N
> B / \Vzw\vaa:udxf ZB /|a:\2|Vzw\2dx 4.14)
o=t QT/E a’y_ Qr/s
and
2
BW / |V w 2|Z|gx7xudx — B” / |12 |V ,w|*dx
ij= k+1w 1 Qe ij= k+1 Qr/s

N k(N — k) Z Z B / Y|V w|?dz. (4.15)

alzk—‘,—l Q.
r/e

Then combining (4.13), (4.14) and (4.15) we obtain

Z / (ex) )g:)( gl (ex)dx = / V. w|? dy+ Z B / 22|V ,w|?dx

ij= k+1Q/ Qr/s ow— Qr/e
2
9
- B R e 3 g RS
ij=k+1 Q) a=1i=k+1 Q)

Lol / 23V w)?
Qr/s

Therefore by (2.6), (2.8) and (2.10), we get

aw - 2 52 Rg Sg 2 2
Z / (ex) 82’ —(2)V/|g|(ex)dx = / |V w|*dy — N <? —i-? + W, / |z|7|V ;w|“dz

ij= k+1Q /e

r/e r/e

2e2 £2
3(N — k)g (Rg - Sg) / ‘Z|2‘va‘2de + mwg / ‘y|2‘vzw|2dg;

Qr/s Qr/s

_l’_
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1ol / 2P|V
Qr/s

Using (4.3) it easy follows that
/ |V, w|?dz + &2 / 22| Vw|?dz 4 £ / 2|V w|?dz = o(?) for N > 5
RN\Qr/g RN\QT’/E Qr/s

and

/ |V, w|*dx + €3 / 2|V yw2de = O(e?) for N = 4.
RN\QT/E Qr/s

Then the result follows from (4.16), (4.17) and (4.18). This then ends the proof.

Lemma 4.3. Let N > 4. Then we have

k
> Y [ e 2w o) Bl - o), a0

k N 4 ow ow k N
ZAZ g‘”(z—:x)a—yi(x)aza(x) Viglez)de = > / |vyw||vzw|| ||“| g% (ex)/|g|(ex)dz

a=1 Z:k+1Qr/a a=1 Z:k-‘rlQr/s
kN
-y Y / V0]Vl _< Z B" .z, + O(2])
a=1 z:k—l—lQ /e

9 N
€
X 1+Z E ngxux7+0(53|x\3)
Yro=1

N k
Z Z B“’*/|vyw||vzw|| Zaayda 0 53/|:g|3|vyw||vzw|
p=la=1 Qr

w|“‘w

Z Z B / Vw0l Vawllyllzlde + O | & / 2P| Vw[dz
a=1i=k+1 Qr Qr

Thanks to the Bianchi identities and the definition of ng in Section 2, we obtain
B% =0

Therefore

a=11 Qr/e yi

P (9w ow
(@)5—(@)V/]gl(ex)dz = O | € [ |af’|Vw|*dx
Z _; / 0z, das c Q/

Moreover using polar coordinates and the second estimate in (4.3), we obtain
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g3 / 23| Vw|?dz = o(e?), for N > 4.
Qr

This then ends the proof.

5. Construction of Test function and expansion of .J(u,)

We consider (M, g) a compact Riemannian manifold of dimension N > 3 and ¥ a totally geodesic
submanifold of M of dimension 1 < k < N — 2. We define the functional J : H'(M) \ {0} — Rby:

J(u) = 5/\VgUI2dVQ+ §/h“2dvg— QT/PE“IU\ZSldVg— o [ ps"lul*2dv, 5.1
1 52
M M

S

Our aim in this section is to construct a family of test functions (u.). C H'(M) and provide an expansion of J(u.) as
¢ — 0. For that, we consider a cut-off function n € C2° (Fy,(Q2r)) satisfying

0<n<1 and n=1 in F, (Q). (5.2)
Then for € > 0, we define the test function u. : M — R by :

-1
u(X)=¢e 2 n (F:;)l(X)) w (L(X)) . (5.3)

€

In particular, for every = = (y, z) € R¥ x RV=* we have

e (Fy @) =2t (1,121, (5.4

€

5.1. Initial insights

We start by some important results.

Proposition 5.1. We let N > 4. Then, as € — 0, we have

1 2
/|Vgu5|2dvg+/hugdvg:/|Vw|2dx—62Rg(xo) 6—N/|x|2|Vw|2dx—m/|z|2|Vzw|2dx
M M RN RN RN

1 2 4
—52Sg(x0) 6N / ‘x|2‘V'w‘2d$+ m / |z\2|Vzw|2dx— 352 / |y‘2‘vy'w‘2d$
RN RN RN

1 1
— e2Wy (o) N/|$|2|Vw|2dx—m/|z|2|Vw|2dx +h(x0)52/w2d$+0(52) for N > 5.
RN RN RN

For N = 4, we have
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1 2
/|Vgu5|2dvg+/hu§dvg: / Inw|?dz — e? Ry (x0) W/|$|2|Vw|2dx—m / |2 |V w|?dx
M M RN RN Qr/e

1 2 4
_ 52Sg(x0) W / ‘x|2‘Vw‘2dﬂf + m / |Z‘2|Vzw|2d$ — W / ‘y|2‘vyw|2dﬂ?
Qr/s Qr/s Qr/s

1 1
— e2Wy (o) N / |$|2|Vw|2dx—m / |2 |Vw|?dz | + h(zo)e? / w?dz + O(£%).
Qr/s Qr/s Qr/s

Proof. By (5.2) and (5.3), we have

F-YX
/|vgu5|2dvg = / |V ue|?dv, = >N / IV, <w (%)) |*dv, = + / |V yue|?dv,. (5.5)

M F(Qa) F(Q) o (Q)\F, (Q.)

By change of variable formula, we have

L2-N / v, (w (leg(X)>> 2dv,

Fry(Qr)
N
= > [ et @) - @Vl
wB=lq, . b e
k N
=Y [ i@ @Vt + > [ e Sl @) S @y leds
ab=ly" Ya Yo ij=ktlg, ‘ J
k k
+2 )y / gai(ex)g—i(x)-g—zi(x)\/mm)dx. (5.6)

= =1
i=k+1a Qr/s

Then by Lemma 4.1, Lemma 4.2 and Lemma 4.3, we have

1 2
/ \Vgug\gdvg—/\Vw\gdx—52Rg(x0) W/\x|2\Vw\2da;—m/|z\2|Vzw|2dx
Fzy(Qr) RN RN RN

1 2 4
—52Sg(x0) 6N / ‘x|2‘Vw‘2dﬂf+ m / |z‘2|Vzw|2d$— 352 / ‘y|2‘vyw‘2dﬂ?
RN RN RN

1 1 1
2 2 2 2 2 2 2
AT dr— dr— cwld
Wy(ao) | [ laPIVulds k(N_k)/|z| Vewltds k(N_k)/|z| V.wlde
RN RN RN

= +o(e?) forN >5 (5.7)

and for N = 4, we have
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F(Q)

1 2
— 25 (x0) N / |x|2|Vw|2d:p+m / |Z|2|Vzw|2d:1773k2 / ly||V, w|*dz
Qo Qe

1 1 1
7€2Wg($0) N/|x|2|Vw|2d:17m/|z|2|V’w|2d:ﬂm/|z|2|vzw|2dx +O(€2)

Q7~/s r/e Q7~/s
Next, we have
2 2 2 1 2 2
/ |V gue|“dvy = / wi|Vn|*dvy — 3 / wi.An“dvy.
F(Q2r)\F(Qr) F(Q2r)\F(Qr) F(Q2r)\F(Qr)

Since An? = 2Vn.Vn + 2nAn, we have

/ |V gue|?dv, = — / w2nAndv, = O / widv,
F(QZT)\F(Q’I“) F(QQ’I‘)\F(QT’) F(QZT)\F(Q’I“)
F(3
By the change of variable x = g, we have :
/ |V ue?dv, = O | &2 / wdx
F(Q2r)\F(Qr) QQT/E\QT/E

Thanks to the second estimate in (4.3) and polar coordinates, we have

/ w?dz =

QQ’I"/E\QT/g O(ln(g)) fOrN = 4

O(e) for N > 5
Therefore

/ |V ue|?dv, = O | € / w?dz | = o(e?) for N > 4.
F(Q2:)\F(Qr) Q27/\Qr /e

/hugdvg = / huZdv, + / huZdv,.

M F(Qr) F(QZT)\F(Q’I“)

By change of variable formula, (2.5) and using the fact that the function A is continuous, we have

In the sequel, we compute

/ huZdv, = e*h(xg) / w?(z)\/|g|(ex)dx = e2h(xo) / w?(z)dr + O | & / |lz|2w? (x)dx

F(QT’) Qr/e Qr/e Qr/e
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/ |V yuc|?dv, f/|Vw|2dxfs Ry(z0) W/|x| |Vw|?dx — W /| 1|V w|*dz
R~

(5.8)

(5.9)
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We use (4.3) and polar coordinates to get

g2 / w?(x)dr + * / lz]2w?(x)dx = o(e?) for N >5 and &* / |z|?w?(z)dr = O(e?) if N =4.
RN\Qr /e Qr/e Qr/e

Moreover using the change of variables as before and (4.3), we get

hudv, = O | € / wdz | = O(eM).

F(Q2r)\F(Qr) Qr/2:\Qr e
Therefore we get
'h(x0)52 / w?dzx + o(e?) for N > 5
RN
/ huldv, = (5.10)
M h(xg)e? / w?dz + O(£?) for N = 4.
Qr /e

Hence the result follows directly from this, (5.5), (5.7), (5.8), (5.9) and (5.10).

Proposition 5.2. We have

/pisluq dvg/lz\ : 2de——(R + Sy +6W,) /lw\Z\z|3w23dx+0(€2)-
M RN

Proof. By (5.2) and (5.3), we have

[osttPiav = [ oguliav, s [ ptlua,
M F(Qr) F(QZT)\F(Q’I“)
By change of variable formula, (2.3), (4.2), (2.6) and (2.5), we have

| estueliavy= [ ol u Vgler)da

F(Qr) Qr/s
/|z| s 2de~|— Z B / 2| Sw® z,ade + O | € / |23 2]~ w?
Qr/e THe= 1 Qr/s Qr/s

2
_ * 9 — *
= [l = S (Ry+ Sy 6Wy) [ ol uds 1 0 (6(6)).
RN
where
ple) = / 2| Sw? dx + & / |23 2| S wh dx + €2 / |22 | 2| w d.
RN\QT/E QT’/E RN\QT/E

By (4.3), we use polar coordinates to get
p(e) = o(?) for N > 4,

as € — 0. Therefore

| estlueliavy= [ el u gler)da

F(QT’) Qr/e
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/|z\ s 2de+ Z BA /\z| Swz,ade + O | €3 / |z 3|2 S w? dx

Qr/e THe= ! Qr/s Qr/s
2
* g *
= / 2| S ws da — 6N (Rg + Sy +6W,) / 22| 2| " w? dx + O (p(e)) . (5.11)
RN RN

The result follows immediately from classical Taylor-Young expansion and (5.11). This then ends the proof.

5.2. Completion of Theorem 1.1

Now, we are in a position to prove the main result. For that, we let N > 5 and consider the functionals (¥;);=12.3)
defined, for v € DL2(RY), by

1 1
) = g [laPIVePe - sy [PV
RN RN
A1 * 1 *
TGN / |$|2|Z|slw231d$—27/|$|2|2|32w232dfc, (5.12)
51 BN 52 N

RN RN
2 9 9 Al / 91 |_gs 0% 1 / 9 1_gy O
- —= \Y% dr — —— Slw stdr — — S2ws2d 5.13
o2 [ WEIVlde = g [l e - o [ 613
RN RN RN
and
3 (0) —L/|x\2|Vw|2dx—;/\z|2|Vw|2dx
ON 2K(N — k)
RN RN
Al 11 *
— gﬁ 22| 2|51 w? sty — _N |z|2| 2| 52 w2 da. (5.14)
RN RN
For N = 4, we define
Ty (0) = — / 2|V 2de — —— / 12]2|V,w|2dz
< 48 3(4 — k)2 ‘
Qr/s Qr/zs
- —— \x| ||~ 1w? Sldw—— |z|%)z| 2w 2 du, (5.15)
23,
R4
v (v):i / |x|2|Vw|2d$+¥ / |12 |V w|*dx
e 48 3(4— k)2 :
Qr/e Qr/s
1
" 32 /lyl VyulPde — == / el = g [Pl da (5.16)
]R4
and
U3 (v / ||| Vaw|? d$_ﬂ / |2|? | Vw|*dx
Qr/s QT/E
Al 11 *
o 3 [t ”d“‘ﬂ/\xl%wm%dx. (5.17)
R4 R4
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‘We recall that

1 . 1 .
H(U): §/|VU|2d$— i\ /|Z|_Sl|u|251dl’—2* /|Z|_52|U|252d{£,

Vu € DV2(RY).
We let ¢t > 0. By Proposition 5.1 and Proposition 5.2, we obtain

t2

EQEh(xo)/uPd:E + &Ry (w0) W1 (tw) — £2S,(20) Vo (tw)
RN

—&2Wy(20) V3 (tw) + o(e?) for N > 5

J(tue) = H(tw) +

t2

52511(:100) / w?dr + €2 Ry(20) V1 o (tw) — €28, (20) Vo . (tw)

Q.-
€W, (w0) Vs, (tw) + O(e?)

for N = 4.

. . 2(N—s) . . . .
Since the function s — % is decreasing and sy < s1, then J(tu.) has a unique maximum. Moreover, we have

I{lﬁg{ﬂ(tw) =II(w) = B*.

Therefore, the maximum of J(tu.) occurs at t. = 1 + o-(1). Next, setting

Ry (z0) 1 (tw) + Sg(xo) Vo (tw) + Wy(zo)¥s(tw) — %h(xo)/w2dx +o0:(1) for N > 5
J
M. (tw) = ,
Ry (0) s+ (110) + 5, (0) U, (1) + Wy (20)Ws,o (1) — S h(ao) / Wiz +0.(1)  forN =4,
Q.-

we have M (t.w) > 0 thanks to the assumption (1.3), where the constants Ay s, s,, BN s,,s, and Cn s, 5, in Theorem 1.1 are given by

) ) )
14N,s,,s2 = 1(w) 3 BN,S,,S2 - Q(w) and C"N,s,,s2 = ﬂ if N Z 5
/dex /dex /w2dx
R~ R~ R~
and for N = 4, we have
v v v
14478”‘9‘2 = hr% 71’8(11)) ; B4,81,s2 = hr% 7278(“1) and 6‘475”52 = hH(l) 7376(“1) .
= / w?dx - / w?dx - / w?dx
Q.. e Q..

Therefore

max J(tue) == J(tous) = O(tow) — > M. (tew) < T(tew) < T(w) = B*.

We thus get the desired result.
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