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ABSTRACT. In this paper, we study frame properties of finite sums of frames from the Weyl-Heisenberg group. We give
sufficient conditions for a finite sum of frames of the space L?(R) from the Weyl-Heisenberg group, with explicit frame
bounds, to be a frame for L?(R). These conditions are given in terms of frame bounds and scalars involved in the finite
sum of frames. We show that the sum of a frame from the Weyl-Heisenberg group and its dual frame always constitutes a
frame. Further, we provide sufficient conditions for the sum of images of frames under bounded linear operators acting on
L?(R) to be a frame. These are expressed in terms of the lower bounds of their Hilbert-adjoint operator. We also discuss
finite sums of frames where the frames are perturbed by bounded sequences of scalars. As an application, we show that
the frame bounds of sums of frames can increase the rate of approximation in the frame algorithm.
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1. Introduction

The rise of frame-based technologies for signal processing, image processing, approximation of signals
in frame algorithms, and also dozens of applied areas has attracted mathematicians and engineers. Using
a fundamental approach to signal decomposition in terms of elementary signals due to Gabor [8], Duffin
and Schaeffer [6] introduced the concept of frames for the space L?(—~, ), v > 0. Let H be a separable
(real or complex) Hilbert space with inner product (-, -). A countable collection of vectors { fx}rer C H
is called a frame (or discrete Hilbert frame) for H if there exist finite positive scalars A, and B, such that

Al FIP <D I fe)? < Bo|l f|)? forall f € H. (1.1)

kel

The scalars A, and B, are called lower frame bound and upper frame bound, respectively, and are not
necessary unique. If A, = B,, then {fy }rez is called a tight frame (or A,-tight frame) and Parseval
frame if A, = B, = 1. If only the upper inequality holds in (1.1), we say that { f;}rez is a Bessel
sequence with Bessel bound B,,. The map S: ‘H — #, defined by S: f — >, 7 (f, f) fx is called the
frame operator which 1s bounded, linear and invertible on H. This gives the reconstruction formula for
each f € H: f = SS™'f =3, .7(S7 S, fi) - Thus, a frame for H allows each element in 7 to be
expressed as a linear combination, not necessarily unique, of the elements of the frame { fi}rez. Tight
frames provide the following representation for each f in H:
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Theorem 1.1. [3, Corollary 5.1.7] If { fi }rez is Ao-tight frame for H, then f = A%, SAS, fx) fr for all
kel
feH.

Duality of frames also gives a series representation of each vector of the underlying Hilbert space. Let
{fr}rez be a frame for H. A frame {g; }rez for H is called a dual frame of { f; }rez, if for all f € H,
[ = werlfsfyge or  f =>,.7(f, gr) [r- Recently, there have been significant advancements in
frame theory research, and frames have found widespread applications in various fields, such as image
and signal processing, quantum measurements, coding and wireless communication, sampling theory,
iterated function systems, wavelet theory, among others. These applications have been extensively stud-
ied by researchers, as evidenced by several works, including [2, 4, 5, 18, 23, 26, 27]. Christensen [3],
Grochenig [10], Heil [12], Heil and Walnut [13], Krivoshein, Protasov and Skopina [19] and Young [25]
are good references for basic theory of frames.

1.1. Related work

In recent years, Gabor frames have been studied extensively due to their potential applications in time-
frequency analysis, in particular, to decompose and stable analysis of signals. There is a huge litera-
ture on Gabor frames and their applications in many areas of physics and applied mathematics, see
[1,7,10, 11, 12, 13, 24, 26, 27] and many references therein. The coherent states associated with a uni-
tary irreducible representation of a Lie group induce Gabor and wavelet analysis, we refer to [10, 13, 21]
for technical details. Specifically, Gabor analysis corresponds to the unitary irreducible representation
of the Weyl-Heisenberg group. In a recent study by authors of [22], the relationship between Gabor
and wavelet analysis was explored using the concept of “contraction” between the Weyl-Heisenberg
group and the extended affine group. They established unitary irreducible representations of the Weyl-
Heisenberg group as a contraction of representations of the extended affine group. In [22], the authors
established a connection between coherent states, tight frames, and resolutions of identity using the tech-
nique of contraction [22]. In this direction, two authors of this paper, in [15], proved sufficient conditions
for the existence of Gabor frames and wavelet frames with several generators for the Weyl-Heisenberg
group and the extended affine group, respectively. They also studied matrix-valued nonstationary frames
from the Weyl-Heisenberg group [16].

It is worth recalling that, in general, a finite linear combination of frames for a given space does not
constitute a frame for that space. In a recent publication [20], Obeidat, Samarah, Casazza, and Tremain
investigated the concept of finite sums of frames in Hilbert spaces. Specifically, they examined the finite
sum of frames that incorporate Bessel sequences and frames under bounded linear operators and frame
operators on the underlying space. They gave necessary and sufficient conditions on Bessel sequences
{fx}rez and {gx } rez and bounded linear operators L, Lo on a separable Hilbert space H so that { L1 f +
Logy }rer is a frame for H. Recently, sums of frames of wave packet systems were studied in [17].
Exploring new relationships and constraints on scalar coefficients and frame bounds for finite sums of
frames in the underlying space would be of great interest. On the other hand, frame algorithms are used to
approximate signals where the frame bounds of a given frame play a significant role. To be exact, the rate
of approximation depends on the frame bounds of a given frame, see Section 4. Motivated by the above
work, we study sums of frames from the Weyl-Heisenberg group. Notable contributions include sufficient
conditions for finite sums of frames in terms of given frame bounds and scalars involved in the sum of
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frames. We show that if we use the frame bounds of sums of frames, then the rate of approximation in
the frame algorithm can be increased considerably.

1.2. Overwiew of the paper

The paper is organised as follows: In Section 2, we give some basic notations and provide an overview
of the Gabor system and Weyl-Heisenberg group. Section 3 has four main results related to frame con-
ditions for sums of frames from the Weyl-Heisenberg group. Theorem 3.1 provides sufficient conditions
with certain frame bounds for a finite linear combination of frames for the Weyl-Heisenberg group to be
a frame. Afterwards, Theorem 3.5 shows that the sum of a frame with its dual frame 1s always a frame. A
sufficient condition for the sum of images of two frames under bounded linear operators to be a frame is
given in Theorem 3.7. In Theorem 3.10 relation between two bounded sequences and the bounds of two
frames can be found, which is justified in Example 3.11. Section 4 gives applications of frame bounds
of sums of frames in the frame algorithm and convergence analysis. In Example 4.2-Example 4.5, we
show that the frame bounds associated with sums of frames can decrease the width of the frame, which
increases the rate of convergence in the frame algorithm.

2. Preliminaries

In this paper, we use the following symbols: N for the set of natural numbers, Z for the set of integers,
R for the set of real numbers and C denotes the set of complex numbers. Rez denotes the real part of a
complex number 2. As is standard, L?(R) denotes the space of equivalence classes of square integrable
(in the sense of Lebesgue) functions L*(R) is a Hilbert space with respect to the standard inner product
given by (f,g) = [ f(x)g(z)dz, f, g € L*(R) which induces the norm: || f|| = \/{f, f), f € L*(R).
An operator V' acting on LZ(R) is said to be bounded below if there exists a real constant ), such
that ||V f|| > M,| f| for all f € L*(R). The Hilbert-adjoint operator of a bounded linear operator ©
acting on L?(R) is denoted by ©* and defined by the equation (O f, g) = (f, ©*¢) forall f, g € L*(R).
The Gabor system or time-frequency shift is based on the translation and modulation operator on L?(RR)
which are defined as follows:

T,: f(x)— f(x —a) (Translation by a € R);
By : f(x) — €™ f(z) (Modulation by b € R).

A collection of functions of the form G(a,b, f) = {EmpThaf mnez = {2 f(z — na)}mnez is
called a Gabor system in L*(R).
2.1. The Weyl-Heisenberg group

We define the Weyl-Heisenberg group as the outer semidirect product of the groups R? and R, denoted

by R? x;, R = W. Here, ¢ : R — Aut(R?) is a homomorphism given by ¥ ((x1, z2)) = (21 + A2, T2)
for every A\, z1, 9 € R. We denote the group multiplication law by

((mlaxQ)a )\)((y1,y2),u) = <¢>\(y17y2> + ($17$2>7)‘ + :LL)'
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Recall that for every P € R* Q € R, the unitary irreducible representation, 0@ : W — U(L%(R)) is
given by

(079 (((ur,u2), €)) f) () = /POt r@ul (e 4 g).

Let N be a fixed natural number, and for [ € {1,2,..., N} consider real numbers q(()l) and pél) such that

| p(()l)q(()l)| < 2m. Consider the discrete subset of VV given by

(0 (@)
mnpg, g l
qu”,pg” = {<<%,mpé)> nqo >|n m € Z}

For 0 # ¢, € L?(R) where [ € {1,2,..., N} and n, m € Z, the sequence {¢5[ﬁ,z} .o, defined by
1€{1,2,...,N}
PQ P m”pél)qél) (1)
¢n£,n,z(37) =0 ’Q((T,mpo > nQo >¢l( )
PrnpDg®
= QP g, (z +ng),
is dense in L?(R), see [22] for technical details. It is easy to see that the sequence {ém . l} e 18
1e{1,2,...,N}

similar to the Gabor structure.
Definition 2.1. Let N be a fixed natural number. The collection of functions {(bm nlf ommez N L*(R)

le{1,2,...,N}
is said to be a frame (or Gabor frame) for L*(R) if there exist A, B € (0, c0) such that

AllfI* < Z > K one )P < Bl f|)* forall f € L*(R).

=1 m,n€Z

As in case of standard frames, scalars A, B are called lower frame bound and upper frame bound,

respectively, of the frame {¢m w1y mnez . The dual of a frame {¢m wif mnez  for L*(R) is a frame
1€{1,2,...,N} 1€{1,2,...,N}
{¢m nil e of L?(R) such that each f € L*(R) can be expressed as:
e€{1,2,...,N}
f Z Z f’ mnl Z%,l or f Z Z f’ mnl mnl (21)
=1 mnez =1 m,nez

For fundamental results of dual frames with different structure, we refer to [3, 12, 14, 18].

3. Sums of Frames from the Weyl-Heisenberg Group

We begin with a sufficient condition, with explicit frame bounds, for a finite linear combination of
frames of the space L?(R) from the Weyl-Heisenberg group to be a frame for L?(R).

Theorem 3.1. Let k and N be fixed natural numbers, and {cy,...,c} C C\ {0}. For each i €
P.Q
{1,2,...,k}, let { ( ) } ooy beaframe for L?(R) with frame bounds A;, B;. Assume that

m,n,l
1€{1,2,...,N}

A>2\/_(Z|cz|\/>) 3.1)

l#a z#a
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d @
or some j € {1,2,...,k}. Then, the finite sum of frames ;¢ is a frame for L*(R
m,n,l
Y m,n€’

i=1 )
1€{1,2,...,N}

with frame bounds

k k k
(Z'Cz|2Az —22|CJ‘C¢|\/B]'BZ‘) and k2|cz|2Bz
i=1 i=1 i=1
i#]

Proof. Forevery f € L*(R), we compute

ZZlec@mif

=1 m,neZ

=Z > |Z<f,ci¢>f7?,§f>\2

=1 mmneZ i=1

2
Z ( f’cj¢mnl Z| f’cl mnl >

NEZ

>

3 <|<f, At O+ L@ D 4+ e )

NEZ

N
I=1m
N
I=1m
k

Z|<f’cj m,n,l | |f’cl m,n,l |+ZZZ| f7cl mnl ‘ ‘f’cs¢mnl>|>

; 74 ?ﬁ_lj
>Z Z <Z‘ f’clqunl ‘ _22| f?cj mnl ‘ ‘f7cz¢mnl>|>
=1 mneZ ¢]
3 s N P, 3
>Z Z Z| ’ qumn? ‘ _QZ(Z Z‘ fcﬂémnl > (Z Z‘<f7cl¢q(7?,nj>‘2>
=1 m,neZ i=1 1 =1 m,ne”Z =1 m,neZ

2 Z e Aill F1* — 2 Z lejeil/BiBillf11*
=1 :

=
k k
= (Z|Ci|2Ai —2Z|Cj0i|\/Bsz‘)||f||2- (3.2)
i=1 i=1
i#]

This gives the lower frame bound. For the upper frame bound, we have

> 5 \<fa colins)| —Z > \Z |

=1 m,n€Z =1 m,nezZ i=1

gkzz Z ‘(fw@;?;f”z

i=1 =1 mnez
k

<EY |alBillfI? fe€ L*(R). (3.3)
=1
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k y )
By (3.2) and (3.3), we conclude that { > QSSL)Z? } forms a frame for L?(IR) with the required
» m,neZ

=1 1€{1,2,....N}

frame bounds. This completes the proof. 0]

Before an illustration of Theorem 3.1, we recall the following result.

Theorem 3.2. [3, Theorem 11.4.2] Let a, b > 0 and ¢ be a non-zero function in L*(R). Suppose that

B::1 sup Z‘Z(bx—naqb(a:—na—k/b)‘

b z€(0.a] ez ' nez

and

1.
1t (e e T

k#0 n€eZ

Then, {*™ ™% ¢(z — na)}mnez is a frame for L*(R) with frame bounds A, B.

The following example illustrates Theorem 3.1.
Example 3.3. Let N = 1,k = 2, and let P = 1, Q = 0. Define a function ¢V := ¢ € L?(R) as follows:

V2, if x €]0,1];
o(x) = < iz + 2, if x €]1,2];
0, elsewhere.
Let gy = —1, pg = 7. Then, |poqo| < 27. Choose a = 1 and b = % in Theorem 3.2. Consider the function

r — ¢(x —n)p(x —n —2k) for x €]0,1] and n, k € Z. It should be noted that due to the compact
support of ¢, it can be nonzero only if n € {—1,0} and k£ = 0. Consider the following functions:

=Z|¢(z—n)‘2 and Gi(x Z‘Zqﬁx—n (x —n —2k)|, x €0, 1].

neZ k#0 n€Z
Then
2 2 2
= Z |qz§(a; — n)‘ = ‘¢($)| + |¢(az + 1)| =6z + 2, z €]0,1],
nes
and
= Z ‘ qu(x —n)p(x —n — 2]{)‘ =0, = €]0,1].
k#0 n€eZ
This gives
1 1
Ay = - inf {Go(az) - Gl(x)] =4 and By = sup |Go(z)+ G1(:IZ)] = 16.
b z€)0,1] b x€]0,1]
Therefore, by Theorem 3.2, {€*™= ¢(x —n)} . is a frame for L*(R) with frame bounds 4 and 16.
That is
. 2
712 < 3 [(femot—n)| < 161712 £ € LAR). (3.4)

m,neZ
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For every f € L*(R), we have

S [(ra) = 2 [(reFmemmist—m)[ = 3 [(r.e ot -m)[ 69

mne”l m,nez mne”l

Using (3.4) in (3.5), we conclude that {¢}0,} = {eZ™e™mig(. —n)}  _ is a frame for
L*(R) with frame bounds A; = 4 and B; = 16.

Now consider the function ¢(®) := 1) € L?(R) which is given by:

2z, if z €]0, %],
Y(x) = < 4(1 — ), if z €]0,1];
0, elsewhere.

Let ¢ = %, po = 2m. Then, |ppqo| < 27. Choose a = % and b = 1. Then , by Theorem 3.2,
{e*m e map (x — &) }, ., is a frame for L*(R) with frame bounds 1 and 4. Hence, {4,;), =

mmnmeL
{ezmne2mitmiy (. 42)} . is a frame for L?(R) with frame bounds A, = 1 and B, = 4.

Choose c; = —ﬁ, co = % and 7 = 1. Then, we compute inequality given in (3.1):

3 2501 _ 4 =

le1| Ay + Z Av = fer] A+ | 2|4y = o > = = 20ealv/BiB, = 2V/B; (Y Il VBs).
1 ;
i#1 1#£1
Hence, by Theorem 3.1, the sum {c1¢,0, + cathpy), mne <z is a frame for L*(R) with frame bounds
(Z 24— 25" |eves| VBB ) 2101 x 105 and 23" [e[2B; = 20008 x 105,
i#1 i=1

The following example shows that condition (3.1) given in Theorem 3.1 is not necessary.
Example 3.4. Let k = 2. Consider the frame {¢}’,}  _ for L*(R) given in Example 3.3. Choose

cp = cp = 1and qun = ¢30, for i € {1,2}. Then, {qz(fl);o} . is a frame for L?(R) with frame
m,ne
2 N1,
bounds A; = 4, B; = 16 for each i € {1,2}. Clearly, the sum {Z ciqzﬁffb),no} is a frame for L*(R)
i=1 m,nez
with frame bounds 16 and 64. However, the estimate in inequality (3.1) for j = 1 gives

A>2f(2|cz|¢_)—2¢_(|cw_)—32

8 = |01|A1 +

z;ﬁj

which is a contradiction. Similarly, for j = 2, we arrive at a contradiction.

The authors of [20] proved that if {f;}rez is a frame for a separable Hilbert space H with frame
operator S and {g;}xc7 is an alternate dual frame then {S°f; + S°gi }rez is a frame for H for all real
numbers a, b. They proved this result by using invertibility of an operator which is obtained by taking sum
of composition of analysis operators of frames and bounded linear operators on the underlying Hilbert
space, see Corollary 3.3 of [20] for technical details. We show that sum of a frame and its dual frame
from the Weyl-Heisenberg group, with explicit frame bounds, constitutes a frame by direct computation
of both the lower and upper frame condition.
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mncz  be a frame for the space L*(R) with frame bounds Ay, By and

Theorem 3.5. Let {qb

1e{1,2,...,N}

let {@ZJP’Q mn€z be a dual frame of {¢ mnez  in L*(R) with frame bounds As, Bo. Then,
" en 6{12 N}

m,n,l

m,n,l

Proof. For every f € L*(R), we compute

Z Z ‘ mnl Z%,l>‘2

=1 m,n€Z
N

:Z Z <f ¢mnl mnl><¢mnl mnl7f>
=1 m,neZ
<( mnl <f7¢mnl>)(<¢£z’%7p >+<¢1§2,¢1€L,l7 >)>

T Mz T Mz D Mz

(.62 )] <ZZ (Fond R 1)+ <ZZ FonS )onS . )

=1 m,neZ =1 m,neZ

Z
Z( mnl mnl’ > <f7¢mnl><¢5{2,l7 > <f’¢mnl><¢5{§z,l7 > <f7¢mnl><¢n§,g7l7 >>
Z

-+ZI§:\faan

=1 m,neZ
—Z Z ‘f, ol ‘ <f, +Z Z ‘f, mnl ‘ (byusingQ.l)
=1 m,neZ =1 m,neZ
< Billf1?+ 20 f11° + Ball£11?
— (Bi+ B +2)IIfI1 (3.6)
Similarly
ZZ‘JC? mnl mnl‘ ZZ‘JC? mnl‘+<f7 f’ +ZZ‘JC7 mnl‘
=1 m,neZ =1 m,n€Z =1 m,neZ
> Al FIP + 2 f11P + Azl £
- (A1+-A24—2)HfH{ f € LX(R). 3.7)
The result now follows from inequalities (3.6) and (3.7). ]

The following example is an illustration of Theorem 3.5.
Example 3.6. Let N =2 and P = 1, Q = 0. Define a function ; € L*(R) as

r—1, ifz€0,1];
e1(r) =41 -2, if z €]1,2];

0, elsewhere.
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Let qél) = —1, p(()l) = m. Then, |p(()1)qél)| < 2. Choose @ = 1 and b = £ in Theorem 3.2. Using the
same method employed in Example 3.11, it can be readily verified that {e”’”mgol (x—n) }m ez 18 atight
frame for L?(R) with frame bound 2. Therefore,

. 2
S ‘<f eTim . (- n)>‘ —2|f|I%, f € LA(R). (3.8)
mne’l
For f € L?(R), using (3.8), we get

> (et = X [(retrmereio ) = 3 [(ne o —m)[ = 2P

m,nez m,nez m,nez

Hence, {gom .l = {ezmmemimilp (- —n)} . forms a 2-tight frame for L?(R). That is,

mne”l

> (s estn] =212, for f e 2(®) (3.9)

m,ne”

Similary, for the following function ¢s € L?(IR) as

z, if x €]0,1];
pa(r) = { 1V/3 — =, if z €]1,2];
0

, elsewhere,

Let q(()z) = —1, péQ) = 7. Then, |pé2)q(()2)| < 27. Choose a = 1 and b = 1 in Theorem 3.2. Then, it is
easy to observe that {e™*™py(z — n)} is a Parseval frame for L?(IR). Hence, {gpm .2

m,ne” m,ne” =
{emmemimigy(-—n)} . isaParseval frame for L?(R). That is,
> ‘ fr P ‘ = || fII?, for f € L*(R). (3.10)
m,neL
Thus, for every f € L?(R), we have
SY L (Fetfn] = 3 [t + 3 [(F et =3 G3.11)
=1 mneZ m,nes m,nes

Hence, the sequence {gomn l} mnez 18 a 3-tight frame for L?(R). Therefore, by Theorem 1.1, every

le{1,2}

f € L*(R) can be written as

Z D o Crnt) Pt (3.12)

l 1 m,neZ
Define {qb 7 = {gp U {1g01 0 z , where Z is any countable set. Then, for
m,n,l l’g{q%} m,n,1 S m n<0 37 m,n,l 172{7162} > : >

f € L*(R), we obtain
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S Y [t = S el +

Z Z ‘<f SOmnz ‘

=1 m,nel m,n<0 l 1 m,nez
< 3 [ 415 3 e (3.13)
m,ne” l 1 m,neZ
Using (3.9) and (3.11) in (3.13), we get
3 7
S5 et <2+ 2ise = D, 7 e ) (3.14)

=1 m,nel

Similarly, using (3.9), we have

Z Z ‘<f7 mnl ‘ - Z ‘<f790mn1 ‘

=1 m,nel

Z Z ‘<fa%0mnz ‘

l=1 m,neZ

2
1 2 1
>33 [(Fend| = sIIR £ e LR (3.15)
=1 m,neZ
Hence, from (3. 14) and (3.15), the sequence {qzﬁmn l} mmez 18 a frame for L2(R) with frame bounds
1e{1,2}
Ay = 3and By =

Now, define the sequence {wmn z} mn€l = {1807171071 1

1 1,0
1e{1,2} }m”<0 {Q@mnl m,n<0 U {gpmnl m,n>0 U

{gom .28 mnez Then, for every f € L*(R), we have

Z Z <f7 mnl mnl Z <f790mn1 Somnl—’— Z f7 mnl mnl

=1 m,nex mn<0 mn<0
+3 Z <f’ mnl Qﬁmnl—f- Z <f Qong gpmn2
mn>0 mnEZ
=—Z Z 1, SOmnz SOmnz f (using (3.12)).

=1 mneZ

Therefore, {¢mn l} mmer 18 @ dual frame of {(bmn l} mnez . NOw, we will evaluate frame bounds of
1ef1,2} 1e{1,2}

{wmnl} ek Using (3.9) and (3.10), for each f € L?(R),

Z Z ‘<f menz ‘

=1 m,nel

= 3 rehn] +3 X Joett 4 + 3 (i [+ 3 [(F et

mn< m,nes
2
< Z fgpmnl ‘ Z ‘ fgp}?fn,l>‘ + Z ‘<f7§0n717n1 ‘ Z ‘ f@mn2 ‘
m,n<0 m,n>0 mne’l
§2Z ‘f7g0n’1,nl ‘ Z ‘f@an ‘
m,n€Z mmnmeZ
= 4| fII” + I £11* = 51171 (3.16)
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Similarly, using (3.10),

S5 et 2 X el - 1 £ e . (3.17)

=1 m,nel mynel
Hence, {wmn z} mnez 18 a frame with frame bounds A; = 1 and By = 5. Thus, by Theorem 3.5,
1e{1,2}
{¢ ni T @/Jm n. 1} mnez is a frame with frame bounds % and 2.

1e{1,2}

It 1s well known that the image of a frame for a space under a bounded linear operator may not be
a frame for the underlying space. In this direction, we give sufficient conditions for sum of images of
frames under bounded linear operators in terms of lower bounds of Hilbert-adjoint of bounded linear
operators and frame bounds of given frames.

Theorem 3.7. Let {(bm nif _mnes and {¢m wi) mnez be frames for L?(R) with frame bounds A,

1€{1,2,...,N 1e{1,2,...,N}

B1 and Ay, Bs, respectively. Let @1, Oy be bounded linear operators acting on L*(R) such that

(1) ©3, ©5 are bounded below by constants my and ma.

(ZZ) Alm% + Agm% > 24/ Ble||@1||||®2||

Then, {@1¢m MBS @gwm M l} ey IS aframe for L?(R) with frame bounds

1e{1,2,...,N}
2
(41m3 + Aem3 = 2V/BiBs|01[||0a]])  and  (VBi|©1] + VB ]©s])

Proof. Forevery f € L*(R), we compute

N
Z Z ‘ f@lqsﬂ{?zl—’_@d}mn»

‘ 2

=1 m,neZ
_Z Z f7@1¢mnl+®2¢mnl><@1¢mnl+®2¢mnl7 >
=1 mnez
N
:Z Z (<f7®1¢mnl> <f’@2¢mnl>) (<@1¢mnl7 > <@ wmnl’ >)
=1 m,n€Z
N
:Z Z ‘<f @1¢mnl ‘ +Z Z f@1¢mnl < ¢mnl7f>
=1 m,n€Z =1 m,neZ
N
+Z Z <f @2wmnl>< mnl7 +Z Z ‘<f ®2¢mnl ‘
=1 m,neZ =1 m,nez
N
=3 Y [ernete )| +Z S (101009 )02 . f)
=1 m,neZ =1 m,neZ
N
+ Z Z <f @1¢mnl>< mnl’ +Z Z ‘ 2f djmnl ‘
=1 m,n€Z =1 m,nez
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N N
:Z Z <® f’¢mnl> +Z Z < 2f’¢mnl> +2R€Z Z f7®1¢mnl wmnl’ >
=1 =1 m,neZ =1 m,nez
N N
SZ Z <® f ¢mnl> +Z Z <@§f wmnl> +2‘Z Z f@1¢mnl ®2¢mnl7f>‘
=1 =1 m,neZ =1 m,neZ
N 9 N
=1 =1 m,neZ I=1 m,n€Z
N 2 N 2
SZ Z <® f’¢mnl> +Z <@2f7¢mnl
=1 m,neZ =1 m,n€Z
N Nz [N :
+2<ZZ ‘®f7 mnl ‘) (ZZ ‘ 2f7 mnl ‘)
=1 mmneZ =1 m,n€Z

< B0 I + Boll03 /1 + 2(vVBilOi 1) (VB |03/
< Bi@1 2112 + Ball3 1112 + 2/ BiBa @313l 112
= Bi[O1 21112 + B2l £112 + 2/ BiBs ||l 1112

2
= (VBilel + VEBil©a]) IFIP. £ € L*(®).

This gives the required upper frame bound for the collection {@1 qu M @g@[)m M l}

m,ne”’
le{1,2,...,N}

For the lower frame bound, by employing the inequality |z + y|* > (|a:| - |y|) forany z,y € C, we
compute

ZN: Z ‘<f @1¢mnz+@2¢mnz>‘

=1 m,nezZ
:i Z <f7@1¢mnl> <f7@2¢mnl>‘
=1 m,neZ
zfj > [restnf +Z > [t f —22 > [(reehS )| [ el )]
=1 m,neZ =1 mnez =1 mnez
N
>3 % [(eif.ehe ) \ +Z > [ ‘ 2f¢mnl‘
=1 m,nezZ =1 m,nezZ
_2(2 >l @f%”\) (Z > | 2f¢mnl>2
=1 mneZ =1 mneZ

> A1 + Asll03f 1 — 2(VBilOi 1) (VB 1)
> A1 fI + Aoll©3f1” — 2v/BiBaf©u |21 ]
> || fIP + Asm3||F12 — 2/ Bi B | €]l 111

= (Avm? + Am3 = 2/ BBy 01 0:]) 111, f € LA(R),
This completes the proof. ]
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Remark 3.8. The authors in [20, Proposition 3.1] proved equivalent conditions for the sum of images
of Bessel sequences under bounded linear operator to be a frame in terms of invertibility of an operator
which is obtained by taking sum of composition of analysis operator of Bessel sequences and bounded
linear operator on the underlying Hilbert space. Conditions in our result are different than that given in
[20, Proposition 3.1].

The following example illustrates Theorem 3.7.

Example 3.9. Let N = 1 and let {¢,,°,}  _ be aframe for L*(R) given in Example 3.3 with frame
bounds A; = 4 and B; = 16. Define a function ¢y € L?(RR) by

V2z, if z €]0, 1];
V() =< V2 —2v2,  ifz€]l,2];
0, elsewhere.

Letgo=1,po =7, a=1andb = % By invoking Theorem 3.2, {627”"”%1#@ — n)}
frame for L?(R). Hence, { 0

mney 18 @ 4-tight
is a tight frame for L?(R) with frame bound Ay = By = 4.

mmnmeZ

Define bounded linear operators O, ©5: L*(R) — L*(R) by

Ouf(x) = 1/(x) and Ouf(x) = [(x), | € L’(R).

Then, ©, and © are bounded linear operators such that [|©1]] = 1, |©,]| = 1. Also, ||©7 f|| = 1| /|| and
103/ = 1]/ f||. So, we can take m; = 1 and my = 1. Therefore

1 17
Aim? + Aym2 =4 5 H4 1= >4=2VBiB[O]|O:].

Hence, by Theorem 3.7, {@1 qﬁﬁfg + @21#51’7% is a frame for L?(IR) with frame bounds i and 9.

m,neZ

The following theorem establishes sufficient conditions on bounded sequences of scalars in C and
provides a relationship between them and the bounds of frames {qu nlf mmez and {wm ni S, mnes
1€1,2,...,N lel,2,...,

associated with the Weyl-Heisenberg group in L?(RR). The theorem also proves that the sum of these two

frames forms a frame.

Theorem 3.10. Let {¢ mnez  and {d}mn 1} mnez  be frames for L*(R) with frame bounds

1e{1,2,...,N} 1e{1,2,...,N}

Ay, By, and As, Bs, respectively. Let {am n l} mnez and { B l} ez be bounded sequences of

.......... N}

m,n,l

scalars such that
2 sup |am,n,l| sup |ﬁm,n,l| V BIB2 < inf |am,n,l|2A1 + inf |6m,n,l|2A2-

Then, the perturbed sum {am n z(]ﬁm i+ Bmon l¢m M l} is a frame for L*(R) with frame bounds

m,ne”’
le{1,2,..., N}

(inf | |* AL+ 0 | By |* Az

Ble)

and

2
(Sup |am,n7l| V Bl + sup |6m7n,l| V B2) .
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Proof. Forevery f € L*(R), we compute
‘2

Z Z ‘ f’amnl¢mnl+ﬂmnl¢mnl>

=1 m;neZ
N
>Z Z ‘ famnlémnl ‘2+Z Z ‘ fﬁm”lwmnl>‘2
=1 m,n€Z =1 m,n€Z
—22 Z ‘<f amnl¢mnl>H<f 6mnl¢mnl>‘
=1 m,nez
N
EZ Z |Oém7n’l|2‘<f7 mnl>‘ —|—Z Z ‘6mnl| ‘<f7 mnl ‘
=1 mmneZ =1 m,neZ
%
(35 [t} (5 5 ——
=1 mmneZ =1 mnezZ
>1nf|amnl| Z Z ‘ mnl ‘ 1nf|ﬂmnl| Z Z ‘ mnl ‘
=1 m,nez = lmnGZ
2sup|04mnl|SUPﬂmnl|<Z Z ‘ f7 mnl ) (Z Z ‘ f’ mnl ‘)
=1 mmneZ =1 m,nez

> inf |ov g Av||FII* + 0F [ B | * A2 || F1I* = 25D |t 1] $UD [ Brn,g| v/ B1 Ba| |

_ ( BlB2)||f||2. (3.18)
Now, for any f € L*(R), we have
N 5\ 2
(Z Z ‘ faamnl¢mnl+ﬁmnl¢mn[>‘ )
=1 m,neZ
< (3 X [t omet) ) (3 3 [t amatitofl)
=1 m,neZ =1 m,nez

< sup ||V BillfI| +sup [Bumnilv/ Ball f]],
which entails

N 2
Z Z ‘ f?amnl¢mnl+ﬂmnl¢mnl>‘ (SUP |am,n,l|\/Bl +SU.p |ﬂm,n7l|\/ B2) ||f||2

=1 m,neZ

(3.19)

for all f € L?(R). The conclusion follows from (3.18) and (3.19). O

The illustration of Theorem 3.10 is provided in the following example.

Example 3.11. Let N = 1, consider the frames {¢,,°,} . for L*(R) and {¢};9}  _  given in

Example 3.3 and Example 3.9, respectively with frame bounds A; = 4, By = 16 and Ay = By = 4.
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Define the sequences { . }mnez and {Bm n fmnez as follows:

—1)mn
= ( 2) and S, =(—1)"3, m,n e Z.

m,n
Therefore, inf |y, »| = sup |umn| = 5 and inf |B,, .| = sup|Bp.n| = 3, satisfying,

24 = 2sup || SUp |Bmn |/ B1 By < inf |am,n|2A1 + inf |ﬂm,n|2A2 = 37.

Hence, by Theorem 3.10, { i n @0 4 Bl
and B = 64.

ey 18 @ frame for L?(R) with frame bounds A = 13

4. Applications to Frame Algorithm and Convergence Analysis

In this section, we discuss applications of our results on sums of frames in the frame algorithm. Note
that our results are also valid for discrete frames in separable Hilbert spaces. We recall that the frame
decomposition of a frame gives a stable reconstruction of each vector in the space. In the frame de-
composition, we should compute the inverse of the frame operator, which may be complicated or take a
reasonable time if the size of the matrix of the frame operator is large. In this situation, the frame algo-
rithm is useful and used to approximate functions (signals). The frame algorithm is based on the width of
the frame and, hence, on the frame bounds of a given frame. The width of a frame F with frame bounds
A, B, denoted by A , is defined as

B—-A

A]: := width of F = m (41)

Thus, the width of the frame F measures its “tightness”. We also note that A < 1. Nowadays there are a
variety of algorithms which depend on frame bounds and are used in approximations of signals [3].

Theorem 4.1. [Frame Algorithm] [3, p. 14] Let F = {@y}1", be a frame for a finite dimensional Hilbert
space H with frame bounds A, B and frame operator S. For a given ¢ € H, define a sequence {11,}?°
in H as follows.

Yo =0, Yr=1vp1+

Then, {1y }32, converges to ¢ in H and the rate of convergence is given by

le — il < (AF)"|lgll, k € NU{0}, where A is the width of F. (4.2)

The following example gives an application of Theorem 3.1 in the frame algorithm.

Example 4.2. Consider the family of vectors F := {fi};_, = {(\/6, V6),(0,2), (2, O)} in the complex

space H = C?. Then, a simple computation shows that F is a frame for H with frame bounds A; = 4
and B; = 16. The width of F is given by

B — A 3

ANr=_— """
T B +A 5

—0.6. (4.3)

Now the family 7> = {gx}}_, = {(O, 3), (+v/3,0), (v/3, O)} C H is a tight frame for H with frame
bounds Ay = By = 9.
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Choose ¢; = 1, co = 100. Then, an estimate of condition (3.1) in Theorem 3.1 with 5 = 1 is given by

2
e Ay + [ 2] 4, = 90004 > 2400 = 2|c|\/B1 Bs
C1
Hence, by Theorem 3.1, the sum .7:2 = {eife + C2gk}2:1 is a frame for C? with frame bounds

2 2 2
A= (z e]24; — 2% |cjc,-|\/BjB,-) — 87604 and B = 23 |e;]2B; = 180032. The width of the
i=1 i=1

- i=1
i
finite sum of frames F5-~ is given by
Arce — B—A 92428
T T B+ A 267636
From (4.3) and (4.4), we have A Fy < Ar. Thus, the speed of convergence in the frame algorithm can
be increased considerably if we use frame bounds of finite linear combination of frames, see the graph

= 0.3453 (up to 4 decimal places). (4.4)

below.
Convergencerate
0.000
0.000 -
. i‘.g
a L ﬂk
- FE
0.0001 [ ]
- ®
. L]
_M ke
10 20 30 40 50 a0 70

Figure 1.

The following example provides an application of Theorem 3.5 in the frame algorithm.
Example 4.3. Consider the frames F : {fi}i_, = {(%,0,0), (O, %,O), (0,0, %), (\/5,0,0),
(O, 0, \/Q)} for the complex Hilbert space H = C? with frame bounds A4; = % and B; = % Its

dual frame is given by

G+ (ot = {(L0.0), (0.v3.0), (0.0.5). (55.0.0). (0.0, 515)}

with frame bounds Ay = % and By = 3. Using Theorem 3.5, the sum F 4+ G := {fk + gk;}i:l is a frame
with frame bounds A = ;—Z and B = %

The following table demonstrates that the width of F + G is less than the width of F and G.

Frame Lower Bound | Upper Bound Width of Frame
(up to 4 decimal places)
F = (AL % :
G={a}_ I 3 0.5483
F+G:={fita},, ;—1 2 0.3913

The speed of convergence in the frame algorithm increases for the sum of a frame and its dual frame, see

Figure 2 below.
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In the next example, we show that the frame bounds of sum of images of two frames can increase the
rate of approximation in the frame algorithm. This illustrates Theorem 3.7.

Example 4.4. Consider the frame F := {fi}3_, = {(v/6,V6),(0,2),(2,0)} for C? given in Exam-
ple 4.2 with frame bounds A; = 4 and B; = 16. Now the collection of vectors G = {gx}i_, =
{(2,0),(0,4/2), (0,4/2)} is a tight frame for C? with frame bounds A, = By = 4. Define bounded linear
operators O, O, : C2 — C? as follows:

21 Z9

01(21,) = (555 159

) and @2(2’1,22) = (21,22), (21,22) € Cz.

Then, it is easy to see that ||©f]| = [|©1| = 15 and [|©3]| = [|©2| = 1. Further, ||©7| and ||©3| are
bounded below by m; = ﬁ and mg = 1, respectively. Therefore

25601 1
= Aymi + Aom3 > 2/B,B =—.
6400 1my + Aomg > 1B2[104][[12]] = 5
Hence, by Theorem 3.7, ©1.F + 025G := {O1f; + Oagx}7_, is a frame for C? with frame bounds

24961 6561
A = Zioo and B = 555

The width of the frames F and ©1F + ©,G are given below.

- A 3 B-A 1283

Ar=21"21 % 06 and A _ _
T= B +4 5 e 2e1F10:0 = BTA T 51205

This shows that the width of the frame ©F + O is considerably less than the width of the frame F.

= 0.0250 (up to 4 decimal places).

We conclude the section with an application of Theorem 3.10.

Example 4.5. Consider the frames F := {f}?_, and G := {gx}3_, for the space C? given in Example
4.4 with frame bounds A; = 4, B; = 16 and Ay = By = 4, respectively. Let a = {a}i_, =

3 3
{%}k and 3 := {Bp}3_, = {(—1)k4} . Then, min |a;| = § = max || and mk}n |Bk| =

k=1 1<k<3 1<k<

4= ax | Bi|, satisfying

257
16 =2 ml?<xg|ozk| max |Br|v/ B1B2 < mm |ak| A+ mm |Bk| Ay = T

Hence, by Theorem 3.10, the weighted sum a.F + 3G := {ozk Jie+ Br gk}zzl is a frame for C? with frame
bounds A = %3 and B = 81.
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The width of the frames F' and aF + 3G are given in the following equations:

_ Bi—A 3 B—-A 131

_ 21T 2 06 and Awrigo = _
B+ Ay 5 an FrAg B+ A 517

One may observe the difference between the width of F and aF + G, and hence the rate of convergence
in the frame algorithm using frame bounds of F and the weighted sum of frames a.F + 3.

F = 0.2533 (up to 4 decimal places).

5. Discussion and Conclusion

Some of the most significant applications of frames involve the approximation of signals. Frame algo-
rithms depend on the width of the frame which measures the tightness of the given frame and provides the
rate of approximation of signals. The width of a frame is a function of the frame bounds of a given frame.
Using frame bounds of finite sums of frames, the width of the frame can be decreased, and hence the rate
of convergence in the frame algorithms increases. For this reason, we study sums of frames of the signal
space L?(R) which are associated with the Weyl-Heisenberg group. By using an idea given in [17] for
sums of frames with wave packet structure in matrix-valued function spaces, our result, Theorem 3.1, pro-
vides new sufficient conditions for finite sums of frames from the Weyl-Heisenberg group to be a frame
of the space L?(R). In [20], the authors proved necessary and sufficient conditions, in terms of invertibil-
ity of a certain type of operator, for the sum of images of two Bessel sequences; and the sum of the image
of a frame and its dual under bounded linear operators on a Hilbert space to be a frame for the underlying
Hilbert space. Without using the invertibility of operators associated with given frames and Bessel se-
quences, in Theorem 3.5, we provide explicit frame bounds of the sum of a frame and its dual frame from
the Weyl-Heisenberg group. Theorem 3.7 gives new sufficient conditions, with explicit frame bounds, un-
der which the sum of images of two frames for L?(R) under bounded linear operators on L?(R) forms
a frame for L?(R). In Theorem 3.10, we present frame conditions for perturbed sums of frames, that is,
sums of frames where frame vectors are multiplied, or perturbed by bounded sequences of scalars.

The majority of research on sums of frames focuses on necessary and sufficient conditions under which
a finite sum of frames turns out to be a frame for the underlying space. Our finding, in the application
part of this paper, shows that frame bounds of sums of frames can decrease the width of the frame, which
increases the rate of approximation of signals in the frame algorithm. The details are given in Example
4.2, Example 4.3, Example 4.4 and Example 4.5, which illustrate Theorem 3.1, Theorem 3.5, Theorem
3.7 and Theorem 3.10, respectively. Further, the rate of convergence is illustrated in Fig.1 and Fig.2. We
believe that our work will be useful in applications of frames in approximation of signals from the frame
algorithm. The present study still leaves many directions for applications of frame bounds of sums of
frames in other variants of frame algorithms, for example, Chebyshev and conjugate gradient method [9].
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