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ABSTRACT. Fix « € N, a multiprojective space Y and a very ample line bundle L on Y. We say that (Y, L) satisfies
+x«-non-defectivity if the s-secant variety of (Y, L) has the expected dimension if either (dimY + 1)(s + x) < h°(L) or
(dimY + 1)(s — ) > h°(L). Natural examples arise when L is the Segre line bundle and all factors have the same
dimension (Abo - Ottaviani - Peterson). We take integers » > 0, t > 2 and set X := Y x P". Let L[t] be the line bundle
on X coming from L and Op-(t). Under certain assumptions on z, dim Y, h°(L), » and ¢ we prove that L[t] is not secant
defective. Two of the main results are for » < 2. In particular we extend a recent result by Ballico, Bernardi and Manduz on
the non-defectivity of Segre-Veronese embeddings of multidegree (4, .. .,tx) of (P2)¥, k > 3, to the case in which ¢; = 1
for y > 0 integers i: we require y > 9.
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1. Introduction

For very good reasons there is a huge literature on the dimension of the secant varieties of the Segre-
Veronese varieties ([} [2, (3, 4, 16, 8, 9, 10, [11, 13, 14, 115, 16, 17, 118, 119, 20, 21, 22, 24, 27, 25, 26]).
These dimensions give the dimensions of the set of all partially symmetric tensors with a prescribed
partially symmetric rank. Low rank approximation of (partially symmetric) tensors is a powerful toolkit
of applied linear algebra.

A Segre-Veronese variety X C P" is the embbeding in P" of the multiprojective space ¥ = P"' x
-+« x P by the complete linear system |Oy (t1,...,tx)|, where ¢y, ...t are positive integers. The
embedding X C P" is said to be non-defective if for all positive integer s the s-secant variety o4(X)
has the “expected dimension”, i.e., dim o4(X) = min{r, s(dim X + 1) — 1} for all s. By [28, Th. 1.5]
knowing that a secant variety o4(X) C P" has the expected dimension gives an identifiability result (a
general partially symmetric tensor of rank s — 1 has a unique rank 1 decomposition).

We start with a multiprojective space Y, a very ample line bundle £ on Y and a positive integer r.
Set X (=Y xP". Letp; : X — Y and po : X — P" denote the projections. For all integers ¢ set
L[t] == pi(L) ® p5(Opr(t)). The line bundle L][t] is very ample if and only if ¢ > 0. Under certain
assumptions we are able to prove that L[t], ¢ > 2, is not defective even without assuming that £ is not
defective.

We give the following general definition which we think it is quite useful.

The author is a member of GNSAGA of INdAM (Italy).
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Definition 1. Fix x € N. Take a very ample line bundle R on an integral projective variety W. Set
n = dim W and o := h°(R). We say that R is xx-nondefective if a general union Z C W of t double
points satisfies '°(Z;@R) = a—t(n+1)if (t+z)(n+1) < aand h°(Z;@R) = 0if (t—x)(n+1) > a.
Let M C IP" be an integral and non-degenerate projective variety. We say that the embedding M C P"
is £axx-nondefective if dimos(M) = s(dim M +1) —1if (s —x)(dim M +1) <r+1land o (M) = P"
if (s —x)(dim M +1) >r+ 1.

Definition [1| has the following motivation. Take for instance the case M/ C P". The case x = 0 is the
classical definition of non-defective. Fix an integer x > 0. If we know that M is £x*-non-defective, but
it is +(z — 1)*-defective, then we have a precise measure of its defectivity. If we only know that M is
+x*-nondefective often this information is sufficient from the practical point of view. For instance, it is a
good approximation of the unknown dimension of the set of partially symmetric tensors with prescribed
format and rank. In this paper we prove that sometimes it is sufficient to have M +xx-nondefective to
get the non-defectivity of a related embedded variety (Proposition[I, Theorems [I]and [3]and Corollary [I)).

At the end of the paper (Remark [6)) we discuss one-sided definitions of bounded non-defectivity.

In the results stated in the introduction the reader will see among the assumptions lower bounds for
an integer o := h(L). The assumptions appearing in this paper are the best we are able to do. Some
assumptions are needed (the ones in [14] are sharp). Weaker assumptions on « are a key step in many
proofs, e.g., [16, Th. 3] and [[15]. Moreover (as in [14} [16]) these statements are used to get results in
other papers and allow the reader to decrease the number of cases done by computer. It is far quicker to
avoid tricky initial cases doing a numerical computation. Often the number of initial cases is huge and
there is no alternative to a numerical check. However, for the positive characteristic case we loose any
information for an unknown number of primes.

We adapt the proofs in [[14] to get the following result weaker than the case + = 0 (non-defectivity),
1.e., [14} Th. 2]) and the case of +1x-nondefectivity, i.e., [14, Th. 3].

Proposition 1. Let Y be a multiprojective space and L a very ample line bundle on Y which is +x*-
nondefective. Set o := h°(L), X :=Y x P}, m := dimY and assume (m — 1)a > (m + 1)? + (m +
2)(m — 1)((m + 1)z +m). Then all L[t], t > 2, are non-defective.

For x = 0 the next result does not cover [16, Th. 1]. Note that [14, [16] are (for x = 0) more general
that our set-up, because they do not require that Y is a multiprojective space.

Theorem 1. Let Y be a multiprojective space and L a very ample line bundle on Y which is +xx-
nondefective. Set o ;= h°(L), X :=Y x P2, m := dim Y and assume

(m—1Da>m+1)%+(m+2)(m—1)((m+ 1z +m), (1)

a > (m+2)*(3m+7)/6, 2)
Then all L[t], t > 2, are non-defective.

Using Theorem [I]and [6, Th. 5.2] we may extend [16, Th. 3], which is the case y = 0.
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Theorem 2. Take X := (P?)*, k > 3, and let R := Ox(t1,...,t1) be a very ample line bundle on X.
Let y be number of all i € {1,... k} such that t; = 1. Assume y < k and that either y = 0 or y > 9.
Then R is not defective.

For a specific integer ¢ > 3 we prove the following results in which we use the following notation.
Set X =Y x P" and let p, : X — P" denote the projection. Set Ox(0,1) := p5(Opr(1)). Note that
dim |Ox(0,1)| = r and that each H € |Ox(0,1)] is isomorphic to Y x Pr~1.

Theorem 3. Fix v € N. Let Y be a multiprojective space and L a very ample line bundle on'Y. Set
a = hP(L). Fix an integer r > 1 and set X :==Y x P" and n := dim X. Take H € |Ox(0,1)|. Fix an
integer t > 3 and assume that (H, L[t]|r) is Zxx-nondefective and ("' %) (n — r/t)a > n®(nz +n —
1) + n%(n + 3)/2. Then L[t] is not defective.

Corollary 1. Let Y be a multiprojective space and L a very ample line bundle on'Y . Set o :== h°(L). Fix
an integer v > 1 and set X :=Y x P" and n := dim X. Take H € |Ox(0,1)|. Assume that (H, L[3) 1)
is £ax-nondefective and that ("}')(n — r/3)a > n?(n+ 3)/2 + n®(nz +n — 1). Then all Lt], t > 3,
are non-defective.

Our proofs use the Differential Horace Lemma ([9, 10, 11}, [12] and a result of B. Adlandsvik ([7, Prop.
2.1(11)]) rediscovered by A. T. Blomenhofer and A. Casarotti who used it to prove a very general result:
the non-defectivity of many secant varieties of homogeneous varieties ([18]]). This very general result
opened the path for further improvements ([.5, 15]).

The interested reader may adapt our proofs in the following way. Start with a +x-nondefective line
bundle £ and get a =-y-nondefective line bundle L[t] under weaker assumptions on dim Y, h°(£), r and
t. This is easy for Theorem 2] and hence Corollary [Iland for the case ¢t = 2 of Proposition[Iland Theorem
[l One could try this approach for some 0 < y < x to improve the case ¢ > 3 of Proposition [I] and
Theorem [11

We work over an algebraically closed field with characteristic zero.

1.1. Roadmap of the paper

Section 2] contains the preliminaries and notation used in the paper.

Section [3 only contains the proof of Proposition [1l and may be omitted (in the next section we see the
corollaries of the statement of Proposition[I] never of its proof). This part is single out, because to avoid
several pages of repetitive work it uses the notation and proofs of [14]].

Section 4] starts with a long explanation of the Differential Horace Strategy used to prove Theorems [3]
and [Il Then we give a corollary of the statement of Proposition [Iland a lemma. Then we give the proof
of Theorem [3l We are careful to distinguish each step in smaller claims, because the explicit values of
the integers involved are essential. Hence again we introduce the integers w;, wj, z; and e;. We may use
induction for L[t — 1] for ¢t > 4 (or for Theorem [I] for ¢ > 3) and induction for L[t — 2]|. The proof of
Theorem [1l is the one more similar to our Differential Horace Strategy. For Theorem [3] the assumption
t > 3 comes from the use of [7] for the very ample line bundle £[1]. The other results of the paper
require short proofs, because they are corollaries of one of these theorems together with older references.
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The last short section contains some remarks (one-sided bounded defectivity, the positive characteristic
case and not algebraically closed fields).

2. Preliminaries

Let W be a projective variety and D C W an effective Cartier divisor. For any smooth point p of
W let (2p, W) denote the closed subscheme of W with (Z,)? as its ideal sheaf. The scheme (2p, W) is
zero-dimensional, {p} = (2p, W )eq and deg((2p, W)) = dim W + 1. For any finite set S C Wg set
(25, W) = Upes(2p, W). If W is the multiprojective space X we write 2p and 25 instead of (2p, X)
and (25, X)), respectively. Now assume that W C P" is embedded in a projective space. The Terracini
Lemma gives that the dimension of the s-secant variety o5(1W) C P" of W is the dimension of the linear
span ((25,W)) of (25, W), where S is a general union of s points of W ([7, Lemma 1.1], [27]).

For any zero-dimensional scheme Z C X the residual scheme Resp(Z) of Z with respect to D is
the closed subscheme of W with Z, : Zp as its ideal sheaf. We have Resp(Z) C Z and deg(Z) =
deg(Z N D) 4 deg(Resp(Z)). If Z = AU B with AN B = (), then Resp(Z) = Resp(A) U Resp(B).
If ZN D = (), then Resp(Z) = Z. If p is a smooth point of both W and D, then Resp((2p, W)) = {p}
and (2p, W) N D = (2p, D). For any line bundle R on W and any Z the following sequence of coherent
sheaves

0 = ZResp(2) @ R(—D) = Iz0p,0 @ Rip — 0

is exact and it is often called the residual exact sequence of Z with respect to D.
We use the Differential Horace Lemma for double points ([9, 10, 11, [12]]) in the following form.

Remark 1. Let W be a projective variety, R a line bundle on W and D an effective Cartier divisor
of W. Fix a zero-dimensional scheme Z C W. Take general finite sets S C W and Sy C D such

that #S = #51. Hence all points of S are smooth points of W, all points S, are smooth points of D,
SND=0and SNZ =5,NZ=1. Fori =0,1 we have

W (W, Zz02s @ R) < h'(W, Ipesp ()08, @ R(=D)) + b (D, L znpyues.,0) @ Rip)-

Remark 2. Let Z C W be zero-dimensional subschemes of the projective variety M and R a line bundle
on M. Obviously, h°(M,Z; @ R) > h%(M,Zy ® R). Now assume h°(Zyy @ R) = h°(R) — deg(W)
(resp. h*(M,Zy ® R) = 0). Since dimW = 0, we have h'(W,Zzw @ Ryw) = 0. Thus the long
cohomology exact sequence of the exact sequence

0_>IVV,M®R_>IZ7M®R_>IZ,W®R\W_>O
gives hO(M,T; @ R) = h%(R) — deg(Z) (resp. h'(M,Z, @ R) = 0).

Remark 3. Fix a projective variety X, a line bundle R on X, an effective divisor D C X and a
zero-dimensional scheme Z. Fix an integer s > 0 and a general S C D such that #S = s. Since
S is general in D, by induction on s it is easy to prove that h°(Zzus ® R) = h°(Z; @ R) — s if
hO(IReSD(Z) @ R(—D)) <h’(Z; ®R) — s.

We state a general result due to B. Adlandsvik ([7, Prop. 2.1(i1)]) in a stronger form ([15, Th. 2.1])
which was inspired by [18]].
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Theorem 4. Let X C P" be an integral and non-degenerate variety such that no proper secant variety of
X is a cone. Let W C P" be an integral variety (we allow the case W = () and the case W degenerate).
Set n := dim X and w := dim W, with the convention w = —1 if W = (. For any set E C P let (E)
denote its linear span. Let B be a general tangent space of W and A the union of x general tangent
spaces of X. Then

(a) fw+ (n+ 1z <r—(n+1)n/2 then dim(AU B) = w + (n + 1)x.

(b) Ifw+ (n+ 1)z >r+ (n+ 1)n/2, then (AU B) = P".

We use Theorem 4] with X a variety homogeneous for the action of a connected algebraic group G and
with the embedding X C P" given by the complete linear system of a rank 1 GG-bundle on X giving an
irreducible representation.

3. Proof of Proposition(d]

Proof of Proposition[ll: We use a notation as near to the one of [14] as we are able to do, adding a tilde
to symbols in [14] if they conflict with the notation seen elsewhere in this paper. Set n := m + 1. For any
integert > Osetw; := |[(t+1)a/(n+1)],w; :=[(t+1)a/(n+1)],e:= |a/n| —xand f := a— ne.
Note that nx < f <nx+n—1.Sincea >n(nxr+n—1),e>nr+n—1> f.

Since £ is &zx-nondefective, a general union Z C Y of ¢ double points satisfies h'(Y,Z, @ L) = 0 if
c<eand h’(Zz ® L) = 0if nc > o +nz. Fixo € Pland set H := Y x {0} € |Ox(0,1)|.

Observation 1: We fix ¢ and take Z € {wy, w;}. By Remark[lto prove the proposition for the integer
t it is sufficient to prove h’(Zy ® L[t]) = max{0, (t + 1) — (n + 1)z} for a general union W C X of
Z double points of X.

Observation 2: Sincene+ f =, f <nr+n—landa > (n+ 1)(nz +n — 1), we have e > f.
Setw :=2—e— f.

Observation 3: The inequality @ > e, i.e., n(n+ 1)Z > (n + 1)n(2e + f), holds for the following
reasons. Since ¢t > 2, we have (n + 1)Z > 3a — n. We have ne + f = a and hence (n + 1)n(2e + f)
(n+1)2a + (n —2)f) with nz < f < naz +n — 1. Thus it is sufficient to use that (n — 2)a
n?+ (n+1)n—-2)(nx+n—1),ie, (m—1a>m+1)2+ (m+2)(m—1)((m+ 1z +m).

AVAI

Let S C H (resp. S’ C H,resp. S” C H) be a general subset of H with e (resp. f, resp. e — f) points.

Observation 4: Fix integers ¢ and ¢; such that ¢ > ¢, ¢ — ¢; < eand n(c — ¢1) + ¢; < a. Let
E C X be a general union of ¢ double points of X. By [[14, Prop. 1] we have h!(Zr @ L[1]) = 0.

Set A:=(t+1)a+n—(n+1)Z. Wehave 0 < A < n.
Claim 1: Wehave A +Z > tf + e+ n.

Proof of Claim 1: To get verbatim the proof of the same name claim in the proof of [14, Th. 2] it is
sufficient to prove (last line) that ne > (n + 1) f. Hence it is sufficient to have & — f > (n + 1) f. Thus
it is sufficient to assume o > (n + 2)(nz +n — 1).
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Claim 2: We have nf +n(w —e) +e < a.

Proof of Claim 2: By Observation 3 we have Z > te + f. Assuming this inequality the definition
of A gives that Claims 1 and 2 are equivalent.

(a) Assume t = 2. Sete := 0 if Z = wj and £ := 3o — (n + 1)wy if Z = w,. We specialize a general
union of Z double points of X to £'U Z’ with E N Z' = () with E a general union of w — e — f double
points of X and Z] ; = S U S’. We apply the Differential Horace Lemma (Remark [I)) to each point of
S’. We get that to prove the case t = 2 it is sufficient to prove that h°(Zg, sus,m) @ L[1]) = . Since
S is general in H, Remark [3 shows that it is sufficient to prove that h*(Zp ey ® L[1]) = 0 and that
h(Zp @ L[0]) < max{0, h" (Zeues ) @ L[1]) — e}

Claim 3: Either hl (IEU(ZS’H) X E[l]) =0or hO(IEU(ZS’H) X E[l]) = 0.
Proof of Claim 3: In the proof in [14] of the same named claim we only use Observation 3.

Obviously, if 2(Zgyas ) ® L[1]) = 0, then Z = w} and h°(Zg ® L[2]) = 0 for a general union G of
Z double points of X. Hence by Claim 3 to conclude the proof of the case t = 2 it is sufficient to prove
the following claim.

Claim 4: We have h°(Zg ® £[0]) < max{0, h*(Zpy s, m @ L[1]) — e} with h® (T, m @ L]1]) =
2a0 — deg(F) — nf and.

Proof of Claim 4: We have h°(Zp ® L[0]) = h°(Y,Zy ® £) with U C Y a general union of
v :=w—e—f = Z—2e—2f double points of Y. We have deg(F) = (n+1)y and hO(IEU(ZS/H)Q@L’[l]) =
20— (n+1)y—nf=a—y—(n—1)f.

If v < e, then h}(Y, Ty ® £) = 0 and hence h°(Y, Iy @ L) = a — ny. We only need o > v + nf =
Z —2e+ (n —2)f. We use that m > 3. By [23] a general tangent vector of Y gives 2 independent
conditions to each linear system on Y of dimension at least 2. Hence h°(Zy ® £) = 0if v > e + f/2.
Now assume e < v < e + f/2. We get h%(Zyy ® L) < f — 2(y — ¢e), which is better than in [14], which
required @ > e+ (n+1)f —2,ie,na+2n>ne+nn+1)f =a+ n*>—-n+1)f,ie.,

(n —1)a+2n > (n* —n+1)f with f < nx +n — 1. Thus it is sufficient to have ma > (m? +
m)((m + 1)x + m), which is true because o > (m + 3)((m + 1)z + m).

(b) In this step we assume ¢ > 2 and prove that L[¢] is not defective. By step (a) and induction on ¢
we may assume that L[y] is not defective for all 2 < y < ¢. We only do the case ¢ = 3, since the case
t > 4 follows from the inductive assumption as in [14]. Take Z € {ws, w5}. We have w’ := Z—e— f > 0.
Let W C X be a general union of w’ double points of X. As in step (a) using Remark [3lit is sufficient to
prove that h°(Zyy ® L£[1]) < max{0, 3o — deg(W)}. If w’ > 2e + f using twice the differential Horace
lemma with respect to H we get h°(Zyy ® L[1]) = 0. If w’ < e using once the Horace Lemma we get
Y (Zw @ L[1]) = 1. If e < w’ < 2e using twice the Horace Lemma we get h!' (Zyy @ L[1]) < 2e — w/,
which is enough. If w’ > 2e we degenerate 1V as in part (b) of the proof of [14, Th. 2], which only
requires the inequality e > f. ]
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4. Proofs of the other results

In this section we do not need the proofs of [14]. In the proofs of Theorems[Iland[3we use the following
set-up, which we call the Differential Horace Strategy. The other results of this papers follow from the
literature and previously proved results in this paper, not needing the full force of the Differential Horace
Strategy.

You have a pair (X,R) with R very ample line bundle on X with h*(R) = 0. Suppose you want
to prove that this pair is not defective. Set 3 := h%(R), n := dim X, w := |3/(n + 1)] and v’ :=
[8/(n + 1)]. By Remark 2 it is sufficient to prove that h'(Zy, ® R) = 0 for a general union W
of w double points of X and h'(Zy, ® R) = 0 for a general union W5 of w’ double points of X.
Of course, these cases are the hardest ones, but we have specific integers w and w’ and we may use
inequalities for these integers. We have an effective divisor H C X such that h!(R(—H)) = 0 and hence
hW(H,Rig) = h°(R) — h°(R(—H)). By some inductive assumption we may assume that (H, Ry) is
not defective. But we cannot assume that (X, R(—H)) is not defective. We have dim H = n — 1. Set

= |h(H,Rg)/n) and e := h'(H, R|g) — nz. We have 0 < e < n. We outline the strategy to prove
that 2! (Zy, ® R) = 0 using the Differential Horace Lemma and Remark 3l To get 2! (Zy, @ R) = 0 we
degenerate W) to the union of w — z — e general double points of X, z double points of X with as their
reduction general points of H and apply the Differential Horace Lemma (Remark [I]) with respect to ¢
general points of . Let Z’ C X be a general union of w — z — e double points of X. Since (H,Ry) is
not defective, we get b (Zyy, @ R) < ht(Z, srues,Hyust @ R(—H)), where " is a general subset of [
with cardinality z and S” is a general subset of H with cardinality e. The integer ¢ is very small, ¢ < n.
We first prove that h'(Zz1 257 iy ® R(—H)) = 0. Although we do not know if R(—H) is not defective,
the integer 2z is so large (but for each theorem we need different numerical checks) that we can prove that
WM (Zyoes my@R(—H)) = 0. The set S’ is general in H, notin X. We have Resy (Z'U(25", H)) = Z'.
We use Remark 3| to get hl(IZ/Uslu(QS//7H)US// ® R(—H)) using Z’' for R(—2H).

In Theorem[Ilwe have X =Y xP? and R = L[t] forsome ¢ > 0and H € |Ox(0,1)|. Thus R(—H) =
L[t — 1] and R(—2H) = L[t — 2]. We write wy, w}, z; and e; instead of w, w’, z and e if R = L[t]. The
hardest case is t = 2, because £[0] is not even ample. Since |£[0]| induces the projection Y x P? — Y
onto the first factor, a general union of wy — 25 — €2 double points of X gives at most (wy — 29 —e3)(n—1)
conditions to | £[0]|. We use that £ is +1-nondefective and (wy — 29 — €2) > 14+ «/(n — 1) (a numerical
check made at the end of step (a) of the proof of Theorem [I)).

Each step of the proofs of Theorems [I] and [3] is divided in several small steps (called Claims and
Observations) with each Claim having a separate proof, while the statements in the Observations have
one-line proofs, sometimes quoting previous claims or observations.

Corollary 2. Let Y be a multiprojective space and L a very ample line bundle on Y. Set m := dimY
and assume o > (m + 3)((m + 1)x + m). Fix an integer r > 1 and integers t; > 2, 1 < i < r.
Set W .= (P1), X :=Y x Wandletp, : X — Y and py : X — W denote the projections. Set
E :=0y(ty,...,t,) and R := pi(L) ® p5(E). Then R is not defective.

Proof. The case r = 1 is true by Proposition [I.. Hence we may assume r > 2 and use induction on the
integer r. To apply [14] it is sufficient to prove that H:;ll (t; + 1) > (m+ 7). Itis sufficient to use that
2" m + 3)m > (m + 1) O
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Remark 4. Take Y = (P*)Y and as L the Segre line bundle Oy (1,...,1) of Y. By [6, Th. 5.2 and Cor.
5.4] or [8] the pair (Y, L) is Tax-nondefective. These papers give more precise results, depending on
the the integer 0, € {0, ..., a} such that 6, = |(a+1)Y/(ay + 1)] mod a.

Lemma 1. Take Y := (P*)Y withy > 3 and let L be the Segre line bundle of Y. Assume that a + 1 is a
prime and that L is numerically perfect, i.e., assume (a + 1)V =0 (mod ay + 1). Then L is not secant
defective.

Proof. By assumption s, := (a + 1)Y/(ay + 1) is an integer. Since a + 1 is a prime, s, = (a + 1) for
some positive integer b. Thus s, = 0 (mod a+ 1). With the terminology of [6, Th. 5.2] we have §, = 0.
Hence [6, Th. 5.2] gives dim o, (Y) = (a + 1)¥ — 1. Hence L is not secant defective. O

Proof of Theorem Bt Setw := |a(" ") /(n+ 1)], w' := [a (") /(n+1)], 2 == |a("F]")/n] — x and
e = a(rﬁzl) —nz. Note that nx < e <nx+n—1. Let W} C X (resp. W5 C X) be a general union
of w (resp. w’) double points of X. To show that L[t] is not secant defective it is sufficient to prove that

hO(Zw, ® L[t]) = 0 and h'(Zyy, @ L[t]) = 0. Take a general S'US” C H such that S'NS" = (), #5" = =z
and #5” = e.

Observation 1: Since (”tll) > (rjtf) we have (”tlz) (n—t/n) < (”tll)n Thus our assump-

tion implies (T+f11)a >n(nz+n—1)+n%(n+3)/2.

Claim 1: We have h'(H, Zosr iy ® L[t — 1] 1) = 0.

Proof of Claim 1: Since H is homogeneous and ¢ < nx + n — 1, our plan is to use Theorem [
with H instead of X. Since dim H = n — 1, it is sufficient to prove that R*(L[t — 1]) = ("7'%)a >
(nx +n —1) 4+ n(n — 1)/2. The latter inequality is true because we assumed (7] 2) (n—r/t)a >

n*(nx +n—1)+n?(n+1)/2. 1

Fix general S,S C X such that #S = w' — 2z — e and #S =w—z—e. Let Z C X (resp. Z C X)be
the union of the double points of X with S (resp. 5) as its reduction.

Observation 2: We have h'(H,Zog gyuse ® L[t)g) = 0,7 = 0,1, because L[t]|y is ta*-
nondefective.

(a) In this step we prove that h°(Zy, ® L[t]) =

By Observation 2 and the Differential Horace Lemma (Remark [I)) to prove that h°(Zy, ® L[t]) = 0 it
is sufficient to prove that h°(Z,eu257,m) ® L[t — 1]) = 0.

Claim 2: We have h' (Zzy 057 ) ® L[t — 1]) = 0.

Proof of Claim 2: By Claim 1 the e-secant variety W of the pair (H, L[t — 1];;) has dimension
en—1. Thus to apply TheoremM@lto L[t —1] with this variety W it is sufficient to prove that deg(Z)+ne <
RO(L[t — 1]) — n(n + 1)/2. We have deg(Z) + ne = (n + 1)w’ — (n + 1)z — (n + 1)e + ne with
(n+Dw < ("Ma+n,nz+e= (rj:l)oz and hO(L[t — 1]) = (”ffl)a. Thus it is sufficient to have
z>n+nn+1)/2,ie,nz>n (n + 3)/2. Since (TH_l) —nz < nz +n — 1, it is sufficient to use
that ("1 l)a > n(nz +n — 1)+ n?(n + 3)/2 (Observation 1).

By Claim 2 and the generality of S” in H, to conclude the proof that h°(Zy, ® L[t]) = 0 it is sufficient
to prove that h%(Z; @ L[t — 2]) < max{0,h(L[t — 1]) — deg(Z) — 2 — ne}. We have (L[t —
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1) = W(LfE=2) = (T5)aand 2 +o < (7 )a/n. Note thatn(71%) = (1) = (7177) =

(""*)(n — r/t). Since ne < n(nx + n — 1), Theorem @l shows that it is sufficient to assume the

inequality ("' *)(n — r/t)a > n?(nz +n — 1) +n?(n+1)/2.

(b) In this step we prove that h!'(Zy, ® L[t]) = 0. By Observation 1 and the Differential Horace
Lemma it is sufficient to prove that hl(IZUS/u(zs“, m ® L[t —1]) = 0. Since Z C Z, Claim 2 gives
W (Z 3050 )y @L[t—1]) = 0. Note that deg(Z)+z+ne = hO(L[t])—(n+1)w > 0. Hence the generality
of S’ in H, show that to conclude the proof for W it is sufficient to prove that 2°(Z, ® L[t — 2]) <
hO(L[t —1]) — deg(Z) — z — ne. We have hO(L[t — 1]) — h%(L[t — 2]) = ("*7%)a. Hence as in step (a)

r—1

it is sufficient to assume that (""" (n—r/t)a >n?(nz +n—1)+n?(n+3)/2. O

Proof of Corollary[ll: Note that (Tgl)( —r/3) < (TH 2) (n —r/t) for all t > 3. Hence we may apply
Theorem 3] O

Proof of Theorem[l: Set n := m + 2. Fix H € |0x(0,1)]. Set w; := [("}?)a/(n + 1), w, =
[(tgz)oz/(n + 1], fr == (t+2)a —(n+ Dwy, 2z :== |[(t+ Da/n| and ¢; := (t + 1)a — nz. By
Remark 2 to prove the theorem for the line bundle L[t] it is sufficient to prove h'(Zy, ® L[t]) = 0 and
h%(Zw, ® L[t]) = 0, where W is a general union of w; different double points of X and W5 is a general
union of w; double points of X.

Claim 1: We have w; > z; + ¢; forall ¢ > 2.

Proof of Claim 1: Assume w; < z +¢; — 1. We get (Hz)a —n<(n+D)zn+n+le—n—1=
(tgz)oz + 2z +ne—n—1,ie., (tgl)oz < 2 +ne; — 1. Since nz +e; = (t + 1)a, (Hl) > ¢+ 1 and
e; <nx+n-—1,wegetz <nzr+n—1. Hence (t+1)a <n(n—1)+n— 1+ 2nz, a contradiction.

Fix a general S; C X (resp. 5} C X) such that #S; = w; — z; — e; (resp. #5} =w; — 2 —e;)and a
general S U S/ C H such that S; N S = 0, #S; = z and #S; = ¢;.

Observation 1: Fix ¢ > 2. Since (m—1)a > (m+1)2+(m+2)(m—1)((m+1)z+m), Proposition[I]
gives that L[t] ;7 is not defective. Hence we have the vanishing h'(H, Liasy myusy @ L[t g) =0,i =0, 1.
Applying the Differential Horace Lemma (Remark [I)) to each point of S}’ we see that to prove that
h(Zw, ® L[t]) = 0 (resp. h' (I, ® L[t]) = 0) it is sufficient to prove that h(Zz, 5 s m @ LIE—1]) =
0 (resp. hl(IZtusgu(zsg’7H) ® L[t —1]) = 0).

Observation 2: Since (n + 1)w; < (t + 1)a < (n + 1)w}, we have
deg(Z U S U (28", H)) < h%(L[t —1]) < deg(Z U S" U (25", H)).

(a) In this step we take ¢ = 2 and prove that £[2] is not defective.
Claim 3: We have h' (2,50, m) ® L[1]) =

Proof of Claim 3: By Observation 1, Theorem 4] applied to H and the inequalities nes < n(n — 1)
and n(n — 1) +n(n —1)/2 < 2a, we have h'(H, Zogy my.m ® L[1]j) = 0. Hence to apply Theorem ]
to £[1] with as W the ep-secant variety of the pair (1, L[1] ;) it is sufficient to have (n + 1)(wj — 20 —
ea) +neg < 3a—n(n+1)/2. Since nzy + ez = 3a, (n+ 1)w) < 6ar+n and ey < n — 1, it is sufficient
to have zo > n? + n(n +1)/2,i.e., nzo > n?(3n + 1)/2. Since n(n + 1)/2 is an integer, it is sufficient
to assume 3a > n?(3n +1)/2,i.e., a > (m + 2)*(3m +7)/6.
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By Claim 3 and Observation 2 to prove the theorem for ¢ = 2 and both WW; and W it is sufficient to
prove that h°(Z, x L[0]) = 0. Since £ is +z+-nondefective, it is sufficient to prove that (n—1)(wz — 22—
ea—1x) > ayie., (n+1)n(n—1)(we—20—ea—x) > (n+1)na. Since nza+e2 = 3a, (n+1)we > 6a—n
and e5 < n—1, itis sufficient to have (2n%>—7Tn+3)a > +z(n+1)n(n—1)+n*(n—1)+(n+1)(n—1)>3.
Since n?(n — 1)+ (n+1)(n —1)? = (n — 1)(n® — 4n® + 3n — 1), it is sufficient to prove the inequality

(2m2 +m —3)a > (m+ 1)(m> +2m? —m — 7+ z(m + 2)(m + 3)). (3)

Now we check that (I)) implies (3). Indeed, since a > (m + 3)m((m + 1)z + m), it is sufficient to check
that (2m? +m — 3)(m + 3)m > (m + 1)(m3 + 2m? —m — 7) and (2m? +m — 3)(m + 3)(m + 1)x >
(m+1)(m +2)(m+ 3)z.

(b) Now we assume ¢ > 3. By induction on the integer ¢ and part (a) we may assume that £[y] is not
defective forall 2 < y < t. Sincet > 3ande; <n — 1, z,1 > ¢;. Let S1 C H \ S; be a general subset
with cardinality z;_; — €.

(b1) In this step we prove that h'(Zz, sy gy @ L[t — 1]) = 0. If deg(Z;)/(n + 1) < z-1 — ey,
then degenerating Z; to a general union of double points of X with reduction contained in / we get
W (Zz,usp,m) ® L[t —1]) = 0. Thus we may assume w; — z; — %1 > 0. Let E; C X be a general union
of w; — z; — z;_1 double points of X. We degenerate Z; to F; U 2S;. Since L[t — 1]‘ g 1s not defective,
h(H, Tiosyusymy,n @ L[t — 1]jz) = 0. Hence to conclude the proof of step (bl) it is sufficient to
prove h'(Zp, U S; @ L[t — 2]) = 0. Since (n + Dw, — ("7*)a + n and ;-1 < n — 1, we have
deg(E) + #51 < (;)a +2n—-1—2%< (;)oz.

Claim 4: We have b (Zg, @ L[t —2]) =0

Proof of Claim 4: If ¢ > 4 it is sufficient to use the inductive assumption. Now assume ¢ = 3.
By Theorem Ml it is sufficient to prove that deg(Es3) < 3a — n(n + 1)/2. Since (n + 1)w — 6a < n
and ey > 0, we have deg(Fs3) < 3a + n — 2. Hence it is sufficient to have zo > n(n + 3)/2, i.e.
nze > n*(n+3)/2. Since n?(n + 3)/2 is an integer, to prove Claim 4 it is sufficient to use the inequality
3a >n?(n+3)/2=(m+2)%(m+5)/2.

(b2) We have hO(L[t — 2]) — h*(L[t — 3]) = (t — 1)a. Since hM (L, sy,m) @ L[t —1]) = 0 (step
(b)), B (L3, ,5p gy @ L[t — 1]) = 0. By Remark [3to prove that 1°(Zy, ® L]t]) = 0 it is sufficient to
prove that

h(Zz @ L[t —2]) < max{0, h°(L[t — 2]) — deg(Z;) — 2 — ne;}.

First assume ¢ > 4. The inductive assumption gives that either h°(Zz, @ L[t — 2]) = 0 or h}(Z7, ®
Lt—2]) =0,ie. h’(Zz @ L[t —2]) = h°(L[t —2]) — deg(Z;). In the latter case it is sufficient to prove
that (t + 1)a > 2; + nety, i.e., n(t + 1)a > nz; + ne;. The same proof gives h!(Zy, @ L[t]) = 0.

Now assume ¢ = 3. To get h°(Zz, ® L[1]) = 0, it is sufficient to have deg(Z3) > 3a + n(n + 1)/2.
To prove that h'(Zy, ® L[t]) = 0 we will check that h°(Z, ® L[1])) = 0. Hence to conclude the

proof of the theorem it is sufficient prove that deg(Z3) > 3a + n(n + 1)/2. We have deg(Z3) >
10a —n — (n + 1)23 — nez > 10 — n? — (n + 1)z3 with e3 < n — 1. Hence it is sufficient to have
10na > n? + (n + 1)4a, which is obviously true. 1

Proof of Theorem[2: The case y = 0 is true by [16, Th. 2]. Now assume 9 < y < k. Let L be
the Segre line bundle of (P?)Y. By Remark [ £ is +2%-nondefective. We have o := 3Y. and m :=
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dimY = 2y. Set W := Y x P2 and F := Ow(1,...,1,t,41). Since t,41 > 2, it is sufficient to
check the assumptions of Theorem [I] with = = 2. First, we check the inequality (@), i.e., the inequality
3Y > (2y +2)*(6y + 7)/6, i.e., 3V > 2(y + 1)*(6y + 7), which is true for y > 9. The inequality (I,
ie, (2y —1)3Y > (2y + 1)2 + (2y + 2)(2y — 1)(6y + 2) is true for all y > 9. O

5. Concluding Remarks

Remark 5. As in [I6] from Theorem 2 and [[I4] we may add another factor W := (PY)" with
Ow(z1,...,x,) and x; > 2 for all i. Using [16| Th. 1] and the known cases in which the Segre va-
riety of (P?)% is non-defective we may do other cases. Remarkd, Lemmal(lland [[16, Th. 1] give the case
y =4

As in [6] and many of its descendants we work over an algebraically closed field with characteristic
zero. Of course, secant non-defectivity is translated in the good “Hilbert function” of general unions of
double points. Since a multiprojective space is defined over QQ and its Q-points are Zariski dense, we
may find general unions of double point with good Hilbert function and with as reduction points defined
over Q, i.e. points with integers as multihomogeneous coordinates.

Remark 6. In most of the proofs in [[I4, [I6] we only use that h'(Y,Tos @ L) = 0 if #S + 2 <
RO(L)/(dimY + 1), which should be called —xx-nondefectivity. In this paper we often use that
RO(Y,Ios @ L) = 0if #S + 2 < h°(L)/(dimY + 1), which should be called +*-nondefectivity,
when we quote Theoremd, The one-sided notions of bounded defectivity are useful to apply [6, Th. 5.2
and Cor. 5.4].

The Differential Horace Lemma does not need the characteristic 0 assumption. The assumption that
the base field has characteristic 0 is essential to use [7]. Moreover, several papers required characteristic
0, because some cases were done by computer, e.g., [24], and hence, they are certainly true over an
algebraically closed field of characteristic 0, but no hint for all positive characteristics. Then these papers
are used in other papers. Hence it would be very difficult to check what is proved for some fixed positive
characteristic

6. Declarations

This research produced no database and hence data availability is not an issue.

The author declares that no funds, grants, or other support were received during the preparation of this
manuscript.

The author has no relevant financial or non-financial interests to disclose.
References

[1] H. Abo, On non-defectivity of certain Segre-Veronese varieties, J. Symbolic Comput. 45 (2010), no. 12, 1254-1269.
https://doi.org/10.1016/j.js¢.2010.06.008

© 2025 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |46



(2]

(3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

H. Abo and M. C. Brambilla, Secant varieties of Segre-Veronese varieties P x P" embedded by O(1, 2), Experiment.
Math. 18 (2009), no. 3, 369-384. http://projecteuclid.org/euclid.em/1259158472

H. Abo and M. C. Brambilla, New examples of defective secant varieties of Segre-Veronese varieties, Collect. Math.
63 (2012), no. 3, 287-297. https://doi.org/10.1007/s13348-011-0039-7

H. Abo and M. C. Brambilla, On the dimensions of secant varieties of Segre-Veronese varieties, Ann. Mat. Pura Appl.
192 (2013), no. 1, 61-92. https://doi.org/10.1007/s10231-011-0212-3

H. Abo, M. C. Brambilla, F. Galuppi and A. Oneto, Non-defectivity of Segre-Veronese varieties, Proc. Am. Math.
Soc. Ser. B, 2024, 11, 589-602.

H. Abo, G. Ottaviani and C. Peterson, Induction for secant varieties of Segre varieties, Trans. Amer. Math. Soc. 361
(2009), no. 2, 767-792. https://doi.org/10.1090/S0002-9947-08-04725-9

B. Adlandsvik, Varieties with an extremal number of degenerate higher secant varieties, J. Reine Angew. Math. 392
(1988), 16-26. https://doi.org/10.1515/crl1.1988.392.16

T. Aladpoosh and H. Haghighi, On the dimension of higher secant varieties of Segre varieties P" x --- x P", J. Pure
Appl. Algebra 215 (2011), no. 5, 1040-1052. https://doi.org/10.1016/j.jpaa.2010.07.009

J. Alexander and A. Hirschowitz, Un lemme d’Horace différentiel: application aux singularité hyperquartiques de P°,
J. Algebraic Geom. 1 (1992), 411-426.

J. Alexander and A. Hirschowitz, La méthode d’Horace éclatée: application a I’interpolation en degrée quatre. Invent.
Math. 107 (1992), no. 3, 585-602. https://doi.org/10.1007/BF01231903

J. Alexander and A. Hirschowitz, Polynomial interpolation in several variables. J. Algebraic Geom. 4(1995), no. 2,
201-222.

J. Alexander and A. Hirschowitz, An asymptotic vanishing theorem for generic unions of multiple points, Invent.
Math. 140 (2000), 303-325. https://doi.org/10.1007/s002220000053

C. Aranjo, A. Massarenti, and R. Richter, On non-secant defectivity of Segre-Veronese varieties of Segree varieties,
Trans. Amer. Math. Soc. 371 (2019), no. 4, 2255-2278.

E. Ballico, Partially symmetric tensors and the non-defectivity of secant varieties of products with a projective line as
a factor, Vietnam Journal of Mathematics 2025, 53(2), pp. 341-350.

E. Ballico, On the non-defectivity of Segre-Veronese embeddings, Mathematische Zeitschrift (2024) 308, art. n. 6,
https://doi.org/10.1007/s00209-024-03573-x

E. Ballico, A. Bernardi, and T. Mandzuk, Tensoring by a plane preserves secant-regularity in degree at least two,
Annali di Matematica Pura ed Applicata (1923 -) (2025) 204:489-511 https://doi.org/10.1007/s10231-024-01493-5

A. Bernardi, E. Carlini, and M. V. Catalisano, Higher secant varieties of P" x P embedded in bidegree (1, d), J. Pure,
Appl. Algebra 215 (2011), no. 12, 2853-2858. https://doi.org/10.1016/j.jpaa.2011.04.005

A. T. Blomenhofer and A. Casarotti, Nondefectivity of invariant secant varieties, ArXiv:2312.12335.

A. Casarotti and M. Mella, From non-defectivity to identifiability, J. Eur. Math. Soc. (JEMS) 25 (2023), no. 3, 913—
931.

A. Casarotti and M. Mella, Tangential weak defectiveness and generic identifiability, Int. Math. Res. Not. IMRN 2022,
no. 19, 15075-15091.

M. V. Catalisano, A. V. Geramita, and A. Gimigliano, Higher secant varieties of Segre-Veronese varieties, in Projective
Varieties with unexpected varieties, pp. 81-107, Walter de Gruyter, Berlin, 2005.

M. V. Catalisano, A. V. Geramita, and A. Gimigliano, Secant varieties of P! x - -- x P! (n times) are not defective for
n > 5, J. Algebraic Geom. 20 (2011), no. 2, 295-327.

© 2025 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |47



[23] C. Ciliberto and R. Miranda, Interpolations on curvilinear schemes, J. Algebra 203 (1998), no. 2, 677-678.
https://doi.org/10.1006/jabr.1997.7241

[24] F. Galuppi and A. Oneto, A. Secant non-defectivity via collisions of fat points, Adv. Math. 2022, 409, 108657,
https://doi.org/10.1016/j.aim.2022.108657

[25] A. Laface, A. Massarenti, and R. Richter, On secant defectiveness and identifiability of Segre-Veronese varieties, Rev.
Mt. Iberoam. 38 (2022), no. 5, 1605-1635. https://doi.org/10.4171/rmi/1336

[26] A. Laface and E. Postinghel, Secant varieties of Segre-Veronese embeddings of (IP’l)T. Math. Ann. (2013) 356, 1455-
1470. https://doi.org/10.1007/s00208-012-0890-1

[27] J. Landsberg, Tensors: Geometry and applications, Providence, RI: American Mathematical Society (AMS) (2012).

[28] A. Massarenti and M. Mella, Bronowski’s conjecture and the identifiability of projective varieties, Duke Mathematical
Journal, (2024). Vol. 173, Issue 17, 3293-3316.

© 2025 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |48



	From a defective Segre-Veronese embedding to a non-defective one adding a factor
	Introduction
	Roadmap of the paper

	Preliminaries
	Proof of Proposition 1
	Proofs of the other results
	Concluding Remarks
	Declarations



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


