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ABSTRACT. The main purpose of this paper is to study cohomology and develop a deformation theory of restricted Lie
algebras in positive characteristic p > 0. In the case p > 3, it is shown that the deformations of restricted Lie algebras
are controlled by the restricted cohomology introduced by Evans and Fuchs. Moreover, we introduce a new cohomology
that controls the deformations of restricted morphisms of restricted Lie algebras. In the case p = 2, we provide a full
restricted cohnomology complex with values in a restricted module and investigate its connections with formal deformations.
Furthermore, we introduce a full deformation cohomology that controls deformations of restricted morphisms of restricted
Lie algebras in characteristic 2. As example, we discuss restricted cohomology with adjoint coefficients of restricted
Heisenberg Lie algebras in characteristic p > 2.
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1 Introduction

This paper includes the restricted Lie algebras results part of the Preprint [EM23], which is dedicated
to Lie-Rinehart algebras in positive characteristic. We consider here the study of cohomology and de-
formations of restricted Lie algebras in positive characteristic. Moreover, we consider deformations of
restricted morphisms of restricted Lie algebras.

Restricted Lie algebras. Lie algebras were historically introduced over the field of complex numbers,
then over arbitrary fields of characteristic zero. The origins of the study of Lie algebras in positive
characteristic p > 0 go back to the late 1930s, with the discovery by Witt in 1937 of a new simple Lie
algebra, named after him and generalized by Zassenhaus in 1939 ([Z39]). Many results and tools that
are valid in characteristic zero are no longer valid in positive characteristic, such as the Killing form, Lie
Theorem and Weyl Theorem. This makes the classification problem in characteristic p a difficult one. The
classification of simple Lie algebras in characteristic p has been investigated, for example by Strade in a
series of six articles published between 1989 and 1998, see [SH98] and references therein. More recently,
Bouarroudj and his collaborators considered superalgebras cases, see ([BGL09, BKLLS18, BLLS23]).
In characteristic p > 0, an additional structure appears naturally on certain Lie algebras, inspired by the
following fact. If A is an associative algebra over a field I of positive characteristic p, we can consider
its Lie algebra of derivations Der(A). Then the Frobenius morphism (-)? : Der(A) — End(A), D —
DP? is actually an endomorphism of Der(A), which is in general not true in characteristic zero. This
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observation, together with the study of the properties arising from the interactions between this Frobenius
morphism and the structuring applications of Der(A), led to the definition of restricted Lie algebra
(Jacobson, [Ja37, Ja41], see Definition 2.1), which is a Lie algebra L equipped with a so-called p-map
()P . L — L satisfying some compatibility conditions with the Lie bracket and the additive law of L.
For example, Lie algebras associated with algebraic groups over fields of positive characteristic are also
restricted. Restricted Lie algebras are interesting to study in characteristic p because they allow us to
develop new techniques that partially overcome the problems mentioned above.

Restricted cohomology. The cohomology associated with restricted Lie algebras is much more compli-
cated than the ordinary Chevalley-Eilenberg cohomology in characteristic 0. In [Ho54, Ho55a, Ho55b],
Hochschild defines a restricted cohomology of a restricted Lie algebra L with values in a module M by

Hk'

res

(L, M) := Exty, ) (F, M), k € N,

where U,(L) denotes the restricted enveloping algebra of L. Although correct, this expression only
allows explicit calculations for £ € {0, 1}, in the context of certain extensions (see [Ho54]). For p > 3,
Evans and Fuchs then proposed an explicit construction of a cochain complex in [Ev00, EF08], which
allows restricted cohomology groups to be computed up to order p if the Lie algebra is abelian and up to
order 2 in the general case. The complete cohomology is still a challenging problem, although work of
Evans and Fuchs has provided good cohomological interpretations of certain algebraic phenomena (see
[BE24, E23, EF08, EFP16, EF19, EF23, EFY24]).

Formal deformations. Formal deformations were introduced by Gerstenhaber in [Ge64] for associative
algebras, then generalized for various algebraic structures, most notably for Lie algebras by Nijenhuis
and Richardson ([NR66, NR67a]). The main tool is to consider formal power series. Roughly speaking,
a deformation of an algebraic structure (A, p) consists in building a multiplicative operation y; on the
formal space A[[t]] of the form u; = p + >~ t'i;, where the maps p; : A x A — A are bilinear
and must satisfy a system of conditions called_deformation equation. Formal deformations of A are
controlled by the second cohomology space with coefficients in A. Formal deformations of morphisms
were considered by Gerstenhaber and Schack for associative algebras in [GS83, GS85], by Nijenhuis and
Richardson for Lie algebras in [NR67a, NR67b] and by Mandal for Leibniz algebras in [Ma07]. Most
of the studies dealt with characteristic 0. In [EF08], Evans and Fuchs sketched a deformation theory
for restricted Lie algebras in characteristic p > 0 as an application of their cohomology formulas. In
this paper, we aim to develop a deformations theory of restricted Lie algebras and their morphisms. A
connection with the restricted cohomology is also explored.

Characteristic 2. In the specific case where the characteristic of the ground field is equal to 2, many
results fall short and new techniques are required. For example, the Lie algebra sly(IF) is the standard
example of a simple Lie algebra in characteristic p # 2. But this is no longer the case in characteristic
2: this algebra admits a non-zero center and is nilpotent. Bouarroudj and his collaborators have made
major contributions to the study of the special case p = 2, about double extensions in [BB18], defor-
mations in [BLLS15] and classification of simple Lie superalgebras in [BGL09, BLLS23]. Recently,
Bouarroudj and Makhlouf have studied (Hom-)Lie superalgebras in characteristic 2 ((BM23]), where
a new cohomology is introduced. It appears that in the case p = 2, there are similarities between the
notions of restricted Lie algebra and Lie superalgebra. This observation motivated the construction of
a new cochain complex for restricted Lie algebras, which has no analogue for p # 2 (see Section 4.4).
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This complex is complete in the sense that it allows the computation of restricted cohomology groups of
any order. However, this method remains specific to the case p = 2 and cannot be generalized to p > 2.

Outline of the paper. In this paper, we first recall basic notions about restricted Lie algebras in Section 2,
as well as restricted cohomology formulas introduced by Evans and Fuchs for p > 3. Section 3 is devoted
to the deformation theory of restricted Lie algebras in characteristic p > 3. We show that infinitesimals
of a restricted deformation are restricted 2-cocycle (Theorem 3.3). We investigate equivalence classes
of restricted deformations (Theorem 3.6 and Proposition 3.8) and study obstructions to the extension
of deformations of order n to order n + 1, see Section 3.3. We also introduce a (partial) deformation
cohomology for restricted morphisms and show that it fits with their restricted deformations, see Section
3.4. In Section 4, we investigate the particular case of characteristic 2. We provide a restricted cochain
complex and restricted differentials (Theorem 4.9), which allow to compute restricted cohomological
groups at any order. We then provide algebraic interpretations of this cohomology (Section 4.5) and study
restricted deformations in Section 4.6. Moreover, we introduce a (full) deformation cohomology for
restricted morphisms in Section 4.7. The restricted cohomology in characteristic p = 2 allows us to have
more general results than in characteristic p > 3. Finally, we compute explicitly the second restricted
cohomology groups with adjoint coefficients for the restricted Heisenberg Lie algebras in Section 5. For
that purpose, we first classify all restricted structures on the Heisenberg Lie algebras of dimension 3
(Theorems 5.3 and 5.11), then compute basis for the restricted cohomology spaces (Theorems 5.7, 5.10
and 5.14).

Throughout the paper, “ordinary" shall be understood as “not restricted".

2 Restricted Lie Algebras

We first review some basics about restricted Lie algebras and their cohomology.

2.1 Basics

Let IF denote a field of characteristic p # 0. For a comprehensive introduction to the notions introduced
here, we refer to [SF88], see also [Ja41].

Definition 2.1 (Restricted Lie Algebra). A restricted Lie algebra over F is a Lie F-algebra (L, |-, ])
endowed with a map () : L — L such that

(1) (Mx)P = \PalPl Vo € L,V € T

) p terms
(ZZ) [xvy[p]]: [[ o [xvy]7y]7 e 7y]7 Vﬂfay € L’
p—1
(i17) (v +y)P) = 2Pl 4yl 4 Z si(x,y), Vo,y € L,
=1

where is;(z, y) is the coefficient of Z*~! in ad%;iy(:p). Such a map (1)) : L — L is called a p-map.
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We have an explicit formula

i3i<$7y> = Z [mla[‘r??["' 7[‘7’7437"' 7[$p—27[y7$“"']7

xke{x7y}
t{k, zp=2}=i—1

where #{k, z; = x} refers to the number of x}’s equal to z. We refer to a restricted Lie algebra by a
triple <L7 ['7 ']7 ()[p})

Throughout the paper, we denote by #{x} the number of z’s among the z;’s. Then we have

p—1 p—1 1
ZSZ'(I,@/) = - Z [:El?[x%['” 7[$k7"' 7['7;17*27&/7'7;“'”]
=1 =1 t IkE{I,y}
t{k, zp=2}=i—1
1
= Z —[iﬂl,[l’g,["' 7[Ik7"' 7[$p—17$p“"']7 (1)
iy M

Tp_1=Y, Tp==

since % is exactly the inverse of the number of x’s among the x}’s.
We have the following particular cases:

e p=2:forallz,y € L, we have adz,4,(x) = [z, Zx + y| = [x,y]. Then s;(z,y) = [z, y|. Hence,
(z+ )% =P+ 1 [y,

o p=3:forall z,y € L, wehave ad},, (v) = [z, Zz + y], Zz + y] = Z[[z,y],2] + [[z,y],y]. Tt
follows that s1(x,y) = [[x, y], y] and so(z,y) = 2[[x, y], x|. Hence,

(:E + y)[S] = x[?)] + y[S} + Hxay]ay] + 2[[.7},@/],:15]

Remark. Recall that the center of a Lie algebra L is defined by Z(L) = {x € L, ad, = 0}. If the
adjoint representation ad : x — [z, ] is faithful (or equivalently, if the Lie algebra is centerless), then
both Conditions (¢) and (7i7) in Definition 2.1 follow from Condition (i7).

Examples:

1. Let A be an associative algebra over F. Endowed with the bracket [z,y] = =y — yx, the vector
space A becomes a restricted Lie algebra with the map x — 2P, called Frobenius morphism.
2. Let L be an abelian Lie algebra. Then, any map f : L — L satisfying
fAz+y)=Nf(z)+ f(y), Yo,y € L, VAETF

1s a p-map on L. A map satisfying such a property is called p-semilinear.

3. Let F be a field of characteristic p > 5. We consider the Wit algebra W(l) =
Spang{e_1, eq, ..., €,_2 } With the bracket

lei, 5] = (j — i)eiﬂ ifi+je{-1,...p—2}
v 0 otherwise;
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and the p-map

if1=0.;
egp]: €y 11 ;
0 ifi 0.

Then (W (1), [-,], (-)) is a restricted Lie algebra (see [EFP16]). Moreover, this Lie algebra is
also simple, so the restricted structure is unique.

One can see the Witt algebra as the derivations algebra of the commutative associative algebra
A = Fla] / (2P — 1) (see [EF02]). In this setting, the basis elements are e; = 2L the bracket
being the commutator: if f € A, we have

‘ . o d
lsz%’ x]“%l (f)=( - i)xz"']""lé ifi+j+1€{-1,..,p— 2} and 0 otherwise.

The p-map is then given by

d [p] d L d [p]
— = r— — = 1.
(xda) T and <a: da:) 0, k #

Definition 2.2. Let (L1, [-,]1, (-)P) and (Lo, [, -]a, (-)[12) be two restricted Lie algebras. A restricted
morphism (or p-morphism) ¢ : L1 —> Ls is a Lie algebra morphism that satisfies gp(:r;[p]l)z o(x)Pl2,
Vr € Ll.

Definition 2.3. Let M be an L-module over a restricted Lie algebra (L, -], () [p) ) , that is, M is endowed
with an action L x M — M such that [z,y] -m = x - (y-m) —y - (z-m), for all z,y € L and all
terms
Pl

m € M. The L-module is called restricted if we have, in addition, P! - m = 2 - (z--- (z-m)---), for
allm &€ M and all x € L.

Theorem 2.4 (Jacobson’s Theorem ([Ja62])). Let L be a n-dimensional Lie algebra over a field F of
characteristic p. Suppose that (€;)jcq1.... n} IS a basis of L such that it exists y; € L, (adej)pz ady.

Then it exists exactly one p-map such that eg.p - yj, Vj=1,--- ,n.

2.2 Cohomology of Restricted Lie Algebras, p > 3

We assume here that the ground field I is of characteristic p > 2. We recall the Chevalley-Eilenberg
cohomology complex for ordinary Lie algebras ([CE48]) and the restricted cohomology for restricted
Lie algebras defined in [EF08], where restricted cochains are considered up to order 3 and restricted
coboundary maps up to order 2.

Ordinary Chevalley-Eilenberg Cohomology

Let L be a Lie algebra and M be an L-module. Letm > 1,and T'L = EB T™ L be the tensor algebra
of L. We set

A"L=T"L/{x1 Q- Q) QTp11 R QT +T1Q+ QAp1 QT R+ R LTyp) , L1, , Ty € L.
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We define the cochains
Cég(L, M) = Homp(A™L, M) forallm > 1,
Cou(L, M) = M.
We define a differential map d%; : Cf(L, M) — CoL™ (L, M) by
(@)@, am) = Y (Do, ag] o, @y Ey e T)

1<i<j<m+1
m-+1

+ Z(_l)i+lﬂfi@<$1, e 7$Ai7 e 7xm+1)7
=1

where #; means that the element is omitted. We have d! o d%; = 0. We denote the m-cocycles
by Z& (L, M) = Ker(d?;) and the m-coboundaries by B& (L, M) = Im(d{ ). Then we define the
ordinary Chevalley-Eilenberg cohomology of L with values in M by

Heg(L, M) = Zeg(L, M)/ Beg(L, M).

Proposition 2.5. Let L be a Lie algebra over a field of characteristic p > 0 and suppose that
Hlp(L, L) = 0. Then, L admits a p-map.

Proof. Since Hlg(L,L) = 0, every derivation is inner. In particular, if {e1,--- ,e,} is a basis of L,
the derivation (ad.,)?, ¢ = 1,---,n is inner. Therefore, it exists u; € L, ¢ = 1,--- n such that
(ad,,)? = ad,,. The conclusion follows from Jacobson’s Theorem 2.4. U

Restricted cohomology of restricted Lie algebras, p > 3

Let (L, [-, ], (-)!) be a restricted Lie algebra and M be a restricted L-module. We set C(L, M) :=
CO(L, M) and C}(L, M) = Cly(L, M),

Definition 2.6. Let ¢ € CZ.(L, M) and let w : L — M be a map. We say that w has the (x)-property
with respect to ¢ if !

w(Az) = Nw(x), VA €F, Va € L; @)
w(z +y) = w(z) +w(y)
1 2=
+ Z @ (_1)k$p"'xpfk+1@([["' [3;1,3;2]7$3] 7$p*k*1]7$pfk), (3)
xze{x,y} k=0

for all z,y € L and #{x} is the number of factors x; equal to . We set
CHL,M) = {(p,w), ¢ € C&(L, M), w: L —s M has the (x)-property w.r.t o} .
Example. Let p = 3 and ¢ € C2z(L, M). Then amap w : L — M has the (x)-property with respect to
@ if and only if
whz) = Nw(z), VAET, Vo € L; 4)

1. In [EF23], the authors introduced the terminology “w is p-compatible"
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Wz +y) = w(z) + wly) + oz 1) + sz, 2) — =2 0@, y) —y - 9(z,y), Yo,y € L.

2 2
&)
Eq. (5) can be rewritten as
w(z +y) =w(@) +wy) +e(z,yl.y) —e([z,y],2) + 2 - p(2,y) —y - p(2,y), Yo,y € L.

Definition 2.7. Let o« € C25(L, M) and 3 : L x L — M be a map. We say that 3 has the (*x)-property
with respect to « if

1. B(x,y) is linear with respect to z;

2. Bz, \y) = NB(x,y);
3. We have

ﬁ(xayl + y2> = ﬂ(iﬂ,yﬁ + ﬂ(iﬂ,y2>
-2

1 .

_ E (_1)]
hie{y1,y2} h{yl} Jj=0
h1=y1, ha=y2

J .
J
D) ol L T (N A R T N N S Ry )
k=1

forall A € F, for all x,y,y;,y> € L and with #{y; } the number of factors h; equal to y;. We set
C3(L,M) = {(a,ﬁ), o € Cee(L, M), B: L x L — M has the (**)-property W.r.ta} )

An element ¢ € C}(L, M) induces a map?
ind'(¢): L — M
T — —go(x[p])—i—xp_lgo(x).

An element (v, 3) € C?(L, M) induces a map
ind*(o, B) : L x L — M

7 terms

(z,y) — —a(z,y?)+ Y (=Diy'a(l-- [y, yly)—zB(y).

i+j=p—1
Lemma 2.8 ([EF08]). The map indl(go) satisfies the (x)-property with respect to dlczs% and the map
ind* (o, B) satisfies the (xx)-property with respect to dZpa.
Definition 2.9. The restricted differentials are defined as follows:
d?: CUL, M) — CHL, M), d° = dQg;
d; - CL(L, M) — CZ(L, M), di(p) = (d¢gp. ind' (¢)) ;
di: (L, M) — CXL, M), di(a, ) = (dgga, ind*(av, 8)) .

2. In [EF08], the maps ind" and ind? are of opposite sign. We use the present convention in order to deal with deformations of
restricted morphisms later.
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If m € {1,2}, we have d" o d™ ! = 0. We denote by Z™(L, M) = Ker(d™) the restricted m-cocycles
and B™(L, M) = Im(d™!) the restricted m-coboundaries. We denote the restricted cohomology groups
by

H™(L, M) := Z™(L, M)/B™(L, M).

Remark: HO(L, M) = H2 (L, M).

3 Deformation theory of restricted Lie algebras, p > 3

Let [F be a field of characteristic p > 3. In [EF08], Evans and Fuchs have sketched a deformation theory
of restricted Lie algebras. In this Section, we investigate formal restricted deformations of restricted Lie
algebras as well as equivalence of such deformations and restricted obstructions. We also introduce the
notion of deformation of restricted morphisms and an adapted (partial) deformation cohomology.

3.1 Restricted formal deformations

Let (L, [, ], (-)!!) be a restricted Lie algebra. We aim to study deformations of both the Lie bracket
and the p-map.

Definition 3.1. A formal deformation of (L, |-, ], (-)[p]) is given by two maps

my: L x L — L[[t]] and  w;: L — L[[t]]
(2,y) — D tmi(z.y) T ) twy(a),
(2dV Jj=0
where mg = [, -], wo = (-)P), and (m;,w;) € C%(L, L). Moreover, the two following conditions must be

satisfied, for all z,y,z € L:

mt<$7mt(y7 Z))t + mt<y,mt<2,ﬂf)) + mt(z,mt(a:,y)) = O’ (6)
p terms
my (:E,wt(y))t = mt(mt(' te mt(xa y)7 y)7 U 7y> (7)
Remarks.

1. The map m; extends to L[[t]] by F[[t]]-linearity.

2. The map w; extends to L[[¢]] by p-homogeneity and by using the formula

p—1
wi(z +ty) = wi(x) + P wi(y) + > 3(x,ty),
k=1

with k3(z, ty) being the coefficient of ZP~! in the formal expression my(xZ + ty, z).

Notation. In the sequel, if f is a map with two variables and n > 2, we will use the notation

f(xla"' 7$n> = f(f("'f<$17$2>7$3)7"' 7$n>'

In particular, we have

[xl,"' ;fEn] e [["'[$1,$2],$3],"' 7$n]-
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Lemma 3.2. Let (my, w;) be a restricted deformation of (L,[-,"], (-)). Then wy has the (x)-property
with respect to m.

Proof. Let \ € F, z € L.

o wi(Ar) = Nwi(z) & (A\2)Pl + tw () —|—Ztiwi()\x) = )\p( +twi(z —l—Zt’wl )
i>2 i>2
collecting the coefficients of ¢ in the above equation, we obtain w1 (Ax) = A wq(x).

e The following computations are made modulo ¢2. We have

p—2

me (21, ,xp) = [T1,- -, Tp] +t2[m1([$1,"' Tpk-1], Tp—k), Tp—kyl, " Tp) . (8)
k=0

We denote by ("K) the three conditions (a:l e{r,y}, v1 =, 9 = y) Using the definition of w;
and Eq.(1), we have

i@+ 1) = wi(@) +wi(y) +Zﬁmt<x1,x2,m )
(%)
[P} + y[p] + Z L[xlax% o 7$p]
(%)ﬂ{x}
+t> > Il mp k1] Bpk), Ty g, ] mod (1),

We also have w;(z 4+ y) = (x + y)P + twi(z +y) mod (#2). If we compare the coefficients in the
above expressions, we obtain

1
(37+y)[p}=$[p}+y[p}+2@[ﬂfl,"' , Tp; ©)

wl(az—f—y) =w1 +w1 +ZZ m1 3?1, : 7$p7k71]7$p7k)737p7k+17'" ,ﬂfp]

= )+ wi(y) + Z !L"pilfp—1 o Ty ([T, Tpop—1], Tpok)) -

O

(10)
We conclude that w; has the (x)-property with respect to m;. ]

Example: The case p = 3. Let (L, [-,-],(-))) be a restricted Lie algebra. Consider an infinitesimal
deformation (my,w;) of (L, [, +], (-)[p}) givenby m; = [-,-] + tmy, w, = (-)P) +twy, and let 2,y € L.

1
we(x +y) —wi(x) —wily) = Z o (me(zy, v2), 73)
iy Ha

1=, T9=Y

= 2my(my(x,y), z) + me(my(x,y), y)
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= 2([[1‘,@/],%] + tml([$7y]7x> + t[ml(xay)ax])
+ [[:E?y]?y] + tml(['xay]ay) + t[ml(:E?y)?y]'

Collecting the coefficients of ¢ on both sides, we obtain

wl('x + y) - wl(x> o wl(y) = 2m1([a:, y]a LE) + 2[m1(a:, y)7 LE] + ml(['xa y]a y) + [ml(:E?y)?y]?
which exactly means that w; satisfies the (x)-property with respect to m;.

Theorem 3.3. Let (my,w;) be a restricted deformation of (L, [-, ], (-)P)). Then (m1,wn) is a 2-cocyle of
the restricted cohomology.

Proof. By Lemma 3.2, (my,w;) € C?(L,L). By the ordinary deformation theory, we already have
my € Z(L, L). It remains to show that ind*(m;, w;) vanishes. We expand the equation

p terms

—N—
my (x, we(y)) = ma(ma (- mu(2,9),9), -+, y). (1T)

On one hand,
my (2,wi(y)) = [2,we(y)] + tma(z,wi(y)) + Y tmi(z,wi(y))
i>2
= [z, y"] + tm(z, w1 (y)) + tma(z,y?)  mod (£).
On the other hand,

p terms

mt<mt(' o mt(xv y)7 y)7 T 7y) = Z T Ztil—‘_m—’—ipmip (mi(p—l)(' o (mil(ajv y)7 y)7 T 7y)7y)

ip i1

= [Iayf o 7y] +1 Z my, ( o (mil(x7y)7y)7 U 7y>7y> mod (t2)
1r=0o0r1
ﬁ{kk, ip=1}=1

J
— —

=[$7y7,y]+t Z |:m1([$7y7"'7y]7y)7y7"'7y:| mod (tz)

i+j=p—1

J
i —

:[Qf,y,'-- 7y]+t Z (—1)ym1([af,y, 7y]7y) mOd (t2)

i+j=p—1

We finally obtain the equation
J
i, —
i+j=p—1

By collecting the coefficients of t° and ¢, we recover the usual identity [z, yP!] = [z,v, - - - , %] and obtain
a new identity
J
i ——
[wil(y)]+ml(x7y[p]) = Z <_1)ym1([$7y7 7y]7y) (13)

i+j=p—1

Therefore, we have ind? (my,w1) = 0. O
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3.2 Equivalence of restricted formal deformations

Let ¢; : L[[t]] — L][[t]] be a formal automorphism defined on L by
= Zti@-(m), ¢; : L — L F-linear , ¢ = id

i>0
and then extended by F[[¢]]-linearity.

Definition 3.4. Let (m;, w;) and (m}, w}) be two formal deformations of (L, [-, ], (-)!). They are called
equivalent if there is a formal automorphism ¢, such that

my(dr(x), di(y)) = b1 (ma(,y)) (14)
and
wy (G¢(x)) = ¢ (wi(x)) - (15)

Lemma 3.5. Let (my,w;) and (mj},w}) be two equivalent formal deformations of (L, |-, "], (-)[p}). Then
there exists 1 : L — L such that, for all x,y € L,

mi(@,y) —ma(z,y) =¥ ([z,9]) — [(z,¢(y))] - [(V(2),)] (16)
and
p—1
wi(x) = wi(x) = P(a) - [(2), 7). (17)
If the equivalence is given by ¢; = Z t' o, then v = ¢n.
i>0

Proof. Letx,y € L. Since
m;(@(f)a ¢t(?/)>: N (mt($7y>) )

we have

Z " my(d(x Z t* o (my(z, 7))

k>0 k>0
We deduce that

[De(), D(y)] + tmy (o1(), e (y) = de([w, y]) + tde(ma(z,y)) mod (£2).
Therefore,
[Z tl(bz th(b] ] + tml (Z t2¢z Zt ¢] )
>0 j=>0 i>0 >0
= Zti@([l’, yl) +t thqﬁj(ml(a:, y)) mod (t%).
120 j>0

Hence,

o, 0] + ([, 61 (9)) + [01(2), ) + ok (,9) ) = Lz, 0] + H(n(w ) + ma(w,9)) - mod (£).

By collecting the coefficients of ¢, we obtain the first identity. Then, expanding the relation ¢; (w¢(z)) =
Wi (¢r(x)) yields
Qﬁt(th wi(z ) wy(z +tg1(z)) mod (t?)

>0
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and it follows that
P 4 t(wi(x) + ¢1(w(x)))= w; (x + t1(x)) mod (£). (18)

We compute the right hand side of Eq.(18). We denote once again by ("X) the conditions (x; €
{z,y}, 1 =z, v = y), where we temporarily denote y := t¢1(z). Then, we have

W (@ + t61()) = Wi(@) + (@) + 3 i, 2,)

= w(w) + wj(ter

)—l—pi [v,t¢1(z), z, 2, - , 2] mod (¢*)

)
= wi(z) — tlr, ¢ (x),z,2,--- 2] mod (t?)

Therefore, Eq.(18) gives
o t(wr(z) + ¢1(:1:[p}))= a4 t(wi(z) — [z, ¢1(2), ,2,- -+ ,z]) mod ().

Collecting the coefficients of ¢ in the previous equation, we obtain

p—1
—— $[p]),

wl(x) - w/1<$) = [¢1(3§),3§, T 7$] - ¢1(
which is the desired identity. 0]

Remark. Lemma 3.5 allows to recover the definitions given in [EF08] and [Ev00] in the case of in-
finitesimal deformations of restricted Lie algebras.

Theorem 3.6. Let (my, w;) and (m}, w}) be two equivalent formal deformations of (L, [-, -], (-)P)). Then,
their infinitesimal elements are in the same cohomology class.

Proof. Let (my,w;) and (m},w}) be two equivalent formal deformations via ¢ = Z t'¢;. Letw,y € L.
i>0
By Lemma 3.5, we have

mll(xvy) - ml(xvy) = ¢1 ([ﬂf,y]) - [([L", ¢1(y))] - [(¢1($)7y)] and (19)
wi(x) = wi(x) = [p1(2), 7, 2] — (2. (20)

The map ¢; belongs to Clg(L, L). We have
déE(¢1)($7y) = - (¢1([x7y]) - [$7¢1<y)] - [¢1<$)7y]) :
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Using Equation (19), we deduce that m/(z,y) — mi(z,y) = —d'¢1(z,vy), therefore (m) —my) €
BZ:(L, L). Moreover, we have

indl((bl) = _Cbl(x[p}) + [(bl(I)?I?x? T 7$]
= wi(x) — wi(2).

Finally, (m} — my, w] —wy) = —dl¢; € B?(L,L). We conclude that (my,w;) and (m},w)) are equal
up to a coboundary.

O

Definition 3.7. Let (m;,w;) be a restricted deformation of (L, [-, -], (-))). The deformation is called
trivial if there is a formal automorphism ¢; such that

br ([, y]) = me((x), d4(y)) (21)

and

1 (wi(@)) = o). (22)

Expanding Eq.(21) mod (¢?) yields m; = —d{g(¢1). Now, we focus on the right-hand side of Eq.(22).
The following computations are made mod ¢2, for all z € L:

o(z)P = (Z t"gzﬁi(a:))[p}
1

:I[p]+(t¢l($)>[p]+ Z [z, [ [, ) )
zi€{z, to1(x)} ﬂ{:ﬂ}

2p_1=té) (x), zp=z

b [p] 1
= 2l 4 (tey(2)) +p_1[x7[ﬂfa---[t¢1(x),$]---]

— gl 4 (t¢1<gj))[p] + tad];_l o¢1 ().

For the left-hand side, we have (mod ¢?):

6 (en(e)) = 32 11 (o)
= 3737 0 (wy(a)

= 2l 1t (Wi (2) + ¢ (z17)).

We deduce that

wi(7) + ¢1(z) = ad? ! ogy (2), (23)
which can be rewritten

wi(w) = —1(2”) + ady ™ oy () = — ind' (¢1) (). (24)

Hence, we proved the following result.

Proposition 3.8. The deformation ([-,-] + tmy, (-)!! +twy) is trivial if and only if (my,w1) is a re-
stricted coboundary.
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3.3 Obstructions

Let (L,[-,], (-))) be a restricted Lie algebra and n > 1. A deformation of (L, [-, ], (-)”) is said of
order n if it is of the form . .
=Ztimi; wﬁzz:tiwi.
i=0 i=0

Definition 3.9. Let (m', w}) be a n-order deformation of (L, [+, -], (-)"!). We define for all z,y,z € L,
the maps

ObsngJ)rl(xa Y, Z) = - Z (ml('I? mn+1—i(y7 Z)) + mi(y7 mn+1—i(z7 I)) + mi(z7 mn—i—l—i(x? y))) )
=1

Obsn—l—l X y Zml T, Wn41—4 y)) - Z m;, (mip—1<' o (mi1(x7y)7y)7 e 7y)7y> .

i1+ +ip=n+1

Proposition 3.10. Let (m}',w}) be a n-order deformation of (L,][-,"], (-)! ). Let (myi1, wpi1) €
C2(L,L). Suppose that (m} + t""my,.q, wi+t""w,yq) is a (n + 1)-order deformation of
<L7 ['7 ']7 ()[p}) Then

(ObSSJ)rDOngL%)rl) = d; (M 41, Wat1) -

Proof. Let (m}! + t""'m, 41, w} +t"" w,,11) be a (n + 1)-order deformation of (L, [-, -], (-)"!). The
deformed operation m}' + t"*1m,, .1 should satisfy the Jacobi identity, that is,

n+1
Ztkz ml Ly M— l(:y? )) +ml(y,mk72<2,ﬂf)) +mi(27mk,i<$,y))) =0 (mOd tn+2)7 vaj?yvz € L.
= 1=0

By collecting the coefficients of "1, we obtain

Z (mi(z, mpt1-i(y, 2)) + mi(y, mps1-i(2, 7)) + mi(z, mpy1-i(2,y))) = 0,

which can be written

['I? mn+1(y7 Z)] + [y7 mn-l—l('z? I)] + [Za mn+1($, y)]

FMmn1 (2, [y, 2]) + M1 (y, [2, 7)) + mnga (2, [2,9]) (25)
+ Zn: (mi(z, mn1-i(y, 2)) + mi(y, mpt1-i(2, ) + mi(z, mp1-i(2,y))) = 0. (26)
Hence -
—dggmp i (2,y,2) = Zn; (mi(@, mp1-i(y, 2)) + mi(y, mni1-i(2, ) + mi(z, mpi1-i(2,))) -

Therefore, we have dzgmy,+1(z,y,2) = obsﬁl(az, Y, 2).
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Denote by w! +t" ! w, 11 := w!™. Suppose that w"*! is a deformation of order (n + 1), then we have

p terms
——~
my ™ (2, 0f T () = mp T T (2, y), ), L), Yy € L 27)

By expanding and collecting the coefficients of "', we obtain

n+1
Zmi(l.?wnJrlfi(y)) = Z my, (mi(p—1)<'"(mh(x?y)?y)?”' 79)79) )
=0 0<ix<n+1
i1 4 Hip=n+1
which can be rewritten
J i
— —
[[177 wn—i-l(y)] + mn+1($,w(y)) - Z [mn+1<[aj7 Y, 7y]7 y)7 Y, 7y]
i+j=p—1
= Z mg, (mi(pfl)('"(mil(xay)ay)a"' 7y>7y> - Zmi(:E?wn—H—i(y))‘
0<ix<n =1

i1+ ip=n+1

Using the definition of indQ(mnH ,Wn+1), we finally obtain

di (Mng1, Wni1) = (d%Eanrl,iﬂd2(mn+17wn+1>) = (ObsglpOngL) .

[

In the usual algebraic deformation theory, the obstructions are 3-cocycles. Since we do not yet have a

definition for d2, we cannot assert that (obsgll, obsfi)q) is a 3-cocycle of the deformation cohomology.

3.4 Deformation of restricted morphisms

In this section, we investigate restricted deformations of restricted morphisms. We introduce new
restricted cohomology spaces controlling those deformations. Our approach follows [Ma07].

Deformation cohomology of restricted morphisms

Let (L,[-,-]r, (-)P12) and (M, [, ]as, (-)P!) be restricted Lie algebras and let ¢ : L — M be
a restricted morphism. The restricted Lie algebra M has a restricted L-module structure given by
x-m = [p(x), m]py. Letn > 1. We define

Q:TéE(Qpa @) = CgE(L7L> X CgE(Ma M) X ngl(L,M),

and €2 (¢, @) := 0. We define differential maps

W Clrlp, p) — CEE (w0, )

(:ua v, 0) = ( %E:uv dgEyv Oéu,,/(e)),
with a,,(0) := @ o p— v o (e®") — dig'0.
We denote 3¢5 (v, ¢) := Ker(0¢y) and By (e, ¢) = Im(wcLEl)-
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Proposition 3.11 (see [NR67b, Ma07]). We have 0”“ 0 0¢g = 0 and the quotient spaces

Hee(e, @) = 3ca(e; ©)/ Bir(e, ¢)
are well defined.

Furthermore, we define the restricted cochain spaces

(e, ) == 0;

C.(,) == CHL, L) x C}(M, M) x C(L, M);
¢(p, ) := C*(L,L) x 02(M M) x CH(L, M);
€, ) = C(L, L) x C3(M, M) x C2(L, M),

where C2(L, M) = {(p,w), ¢ € C&(L, M), w: L — M, w is p-homogeneous } . We define the re-
stricted differentials

00 (L, M) — ¢L(L, M), 20 = ol

(degy,ind' (7))
0, : Q:i(L, M) — Q:E(L, M), 0X(y,7,m) == (d(leT, indl(T)) :
a%T(m)
(dZgp, ind®(p, w))
C2(L, M) — € (L, M), 02((u,w), (v,€),0):= | (d2gv,ind*(v,¢€)) |,
(s (), Buoc(0))

with B,,.(0)(z) := 0(aP)) + p(w(x)) — e(@(x)) — 2P~ - O(x), Yo € L.
We denote 37 (¢, ¢) := Ker(d?) and B" (¢, ¢) := Im(d"7 1), forn = 1, 2.

—_

[\V]

[Uni

Proposition 3.12. We have 0200. = 0 and 9100 = 0. Therefore, the quotient spaces $! (¢, p) =
32 (p, )/ B (p, @) are well defined, for n € {1,2}.

Proof. Letz € L,m € M,y € CH(L, L) and 7 € C}(M, M). Consider the map 6 : L — M given by
0(x) = poy(z) —7(p(z)) + adm op(z).

Since
—a L ady, 0p(a) = ad?, (m) = [p(2)P, m]y = ~[m,p(a?)]
and
—a"poq(x) = —adl ) (por(z)= —p(adt " oy(z)).
We have

Bindt yinat -(0)(2) = @0 Y@y — 7(p(2?))) + ad,, op ()
— poy(zl) + p(adh, ! oy(2))
o p(@)P — 7o ()
— 2P Hpoy(z) — 1o p(x)+ad, ogp(a?))
=0.

This result together with Proposition 3.11 and properties of ind' imply that 92 09! = 0. L]
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Deformations of restricted morphisms

Let (L, [, -], (-)P'£) and (M, [-, s, (-)P1¢7) be restricted Lie algebras and ¢ : L — M be a restricted
morphism. We recall that the restricted Lie algebra M has a restricted L-module structure given for all
r € Lym € Mbyxz-m = [p(x),m|p. Let (u,ws) (resp. (4, €:)) be a restricted deformation of L
(resp. M). A restricted deformation of ¢ is a restricted morphism ¢, : (L[[t]], pe,wi) — (M[[t]], v4, &)
given by

oi(T) = Ztigoi(a:), @i : L — M linear maps, Vx € L.
i>0

Since ¢y is a restricted morphism, it must satisfy the following conditions, for all z,y € L:

wr o ez, y) = vi(ee(x), 0e(y)); (28)
o1 o wi(T) = € 0 py(). (29)

Expanding Eq.(28) modulo ¢2 implies that (11, v1, ¢1) € 38g (0, ¢), see [NR67b]. Let 2 € L. Expanding
Eq.(29) modulo t2 leads to

0=y (x[p] + twi(z)) —e(() + tor(z))

= () + t(p(wi(@)) + p1(2P) —p(2)P — tey(p(2)) — > si(p(@), ter ().
Modulo #2, we have
> si(p(o). ta(w) = gl [pla) (o). @) .

pt?
Thus, by collecting the coefficients of ¢, we obtain the identity

o(w1(2)) + @1 () = e1(p(x)) + ad ) o (a). (30)

Therefore, ((ul, w1), (v1, €1), 901) € 35(%07 ©)-

Obstructions. Let (L, [+, ], (-)P'¢) and (L, [-, ], (-)P17) be restricted Lie algebras. Let (1}, w?') (resp.
(v}, €/')) be order n restricted deformation of L (resp. M). Let ¢ : L — M be a restricted morphism and

n
let ¢} be order n restricted deformation of ¢, that is, ¢} = Z t'w;. Forall z,y € L, we define
i>0

n

0bs' (p)(w,y) = Z(Vz‘(@nﬂi(ﬂf),@(y))—%(unﬂi(Iay))+ZVj(90ij(I)790n+1z‘(y))) (31)

i=1 §=0

Suppose that the deformations are infinitesimal, that is, n = 1. We will investigate the obstructions to
extend the deformations to order 2. Let ¢? = (-)P) + to) + 209, with oy : L — M. Letx € L. We
define

obsy) () (x) 1= 2" pi(2) —powi(x) — Y. ' [o(x), 2 ()], (32)

itj=p—2
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The following computations are made modulo 3.

(p(2) + tor(z) + 2oa(2) P = (@) + (o1 (x) + tipa(2))P + Z ), t1(z) + 2o ()
= @)+ ol b o) i1 (0) + Popaa) o)
1 22 "
+ m ;[gp(az), T [tgo.l.(x?7 T [t@l(x)a gp(:p)] e ]
= go(a:)[p] + tadile) op(z) + adile) oy ()
o ;[@0( ), ,[g\(’/_l, er(@), (@) -]
pOSlthn'L
— o) — tad”} oy (2)
+2(ad} opa(e) — 2 3wt [pa(a). - a(a)]).
o(z) p—2 n=, ’
(33)
Moreover, we have that
e1(p(x) + o1 (z))= €1 0 p(x) — tad? | opi (). (34)

Suppose that ¢? is a restricted morphism. Then, from ¢? o w? = €2 o ? and using Eqs.(33) and (34), we
obtain that

@ o wa(x) + @1 0w (x) + o (al?h) = ad];z;) o(po — p1)() + €2 0 p(x) (35)
1 , .
 p—9 Z ' [p1(x), 27 - p1(z)], Vo € L.
p i+j=p—2

Therefore, we have the following result.

Proposition 3.13. Let (L, [, |1, (-)/P'2) and (L, [, "|s, (-)P11) be restricted Lie algebras. Let (yi; =
[ + tug,we = (P 4 twy) (resp. (v = [ + trn, e = ()P + te))) be an infinitesimal
restricted deformation of L (resp. M). Let ¢ : L — M be a restricted morphism and let o1 = ¢ + tp;
be an infinitesimal restricted deformation of . Suppose that there exists maps 12, V2, wWa, €2, 2 such that

(1) (g + t2po, wy +1% wo) is a restricted deformation of L,
(ii) (vy + t2vy, € + t2e) is a restricted deformation of M,

(ii1) @y + t2po is a restricted deformation of .

Then, 065" (9) = — 0, 11 (i02) and 0655 (@) = —Buy ey (2).

Proof. The proof follows from Eq.(35) and definitions of o and f3. 0]
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Equivalence. Let (L, [+, ], ()%) and (M, [+, ]as, (-)P'7) be restricted Lie algebras and let ¢ : L — M
be a restricted morphism. Let (¢, w;) and (fiz, ;) (resp. (v, €;) and (7, €)) be restricted deformations
of L (resp. M). Let ¢, (resp. ;) be an equivalence of deformations between (¢, w;) and (fiz, J;) (resp.
(v, €) and (77, €;)). Finally, let

ot (LI posn)— (M) v, e0) and = (L[], i)~ (M0, 2. @)
be deformations of the morphism ¢. In summary, we have the following diagram.

(LI, gy i) ——2— (MI[t]], 1, &)
. " (36)
(LU it 00) ——— (M8, 7, €)

For all z € L, we have the relations

¢r 0 () = fir (¢e(), Pe()), dr 0 wi(x) = Wy 0 Gr();
Py ov(x) = 0 (i(), Yu(x)), Yy o e(x) = €& o thy(x).

Definition 3.14. The deformations ¢; and ; are called equivalent if p; o ¢ = 1) 0 ;. A deformation
@y is called trivial if it is equivalent to the deformation ¢; = .
Expanding ¢; o ¢y = 1y o o, we obtain in particular
p1—p1=pod1— Y10y =agy(0). (37)
Therefore, 1 — oy is a coboundary.

Proposition 3.15. Let p; a deformation of ¢ : L — M. Let n > 1 and suppose that p; is given by
o = @ + t"p,, where @, is a coboundary, that is, there exists f : L — L and g : M — M such that
©n = o [+ go. Then the deformation p; is equivalent to a deformation @; such that p; = 0, ¥i < n.
Therefore, any deformation p; such that all p; are coboundaries is trivial.

Proof. Consider ¢; = id +t" f and v, = id +t"g. We build a deformation

Pt 1:¢t0¢t0¢;1:¢+zti@-

i>1
Let x € L. We have
i o i(w) = p(x) +t"po f(x) + Y I'Gi(w) + > 7" o f(x); (38)
i>1 i>1
Py o pi(x) = () + t"pn(x) + g 0 p(x) + 2" (). (39)

Since ¢ 0 ¢y = Y3 o ¢y, we obtain that p; = 0, Vi < n.
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3.5 Restricted Nijenhuis operators

We briefly consider the restricted version of Nijenhuis operators. Let (L, [-, -], (-)[?!) be a restricted Lie
algebra.

Definition 3.16. A linear map N : L. — L is called a restricted Nijenhuis operator on L if

N([N(x),y] + [#, N(y)] = N([z,9])) = [N(x), N(y)] (40)
N(N(zPly —ad?™ ' oN(2)) = N(2)P, Vr,y € L. (41)

We define two maps on L by
[z, yln = [N(2),y] + [z, N(y)] = N([z,y]) (42)
alPlv = —N(2Ph) + adP™ oN (). (43)

Proposition 3.17. The pair ([, |n, (-)?)) is a restricted 2-cocycle. Moreover; the restricted formal de-
formation given by

[z,y]e = [z,y] + tz,yly, P =2l 4 izl (44)

is trivial.

Proof. By definition, we have [z,y]y = dgN(z,y) and 2PV = ind" N (z). Therefore, ([-, v, (1)) is
a restricted 2-coboundary. O]

4 Restricted Lie algebras in characteristic 2

From now, [ denotes a field of characteristic p = 2. This section aims at studying the specific case of
restricted Lie algebras over a field of characteristic p = 2. We describe a cohomology for restricted Lie
algebras which turns to be different from that of Evans and Fuchs ([EF08]).

4.1 Definition

In characteristic p = 2, the Definition 2.1 of a restricted Lie algebra reduces to the following.

Definition 4.1. A restricted Lie algebra in characteristic p = 2 is a Lie algebra (L, |-, -]) endowed with a
map (-)1? : L — L (called 2-map) such that

1. (A\z) = X2z[3 for all 2 € L and for all \ € F;
2. [x,y?] = [[z,y],y], forall 2,y € L;
3. (x4 y)¥ = 2P 4y 4 [z, 9], forall z,y € L.

Proposition 4.2. Let L be a restricted Lie algebra in characteristic p = 2.
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e Letxy, -+ ,x, € L. Then we have the formula
n ]
(Z Iz) = ZI?} -+ Z (24, 2]
i=1 i=1 1<i<j<n

» Suppose that the adjoint representation on L is faithful. Then, Conditions 1. and 3. of Definition
4.1 follow from Condition 2.

Proof. The first point follows from a straightforward computation. Let x, y, 2 € L and suppose that the
adjoint representation ad : x — ad, = [z, -] is faithful. Let A € F. We have

ad g (y) = (M) P y] = e, D y]] = N[, [z, )] = N[ 5] = A% ad e (y).
Therefore, we have (Az)? = A22[2]. Then,

ad(:r:—i—y)[Q] (Z) =

=ad,m(z) + ady[z](z) + ad[x’y](z).

It follows that (2 4 )1 = 2 + ¢l + [z, y], Vz,y € L. O

4.2 Semi-direct product in characteristic 2

Let (L, [, ], (-)®) and (g, [, ]g, (-)®)%) be two restricted Lie algebras.

Proposition 4.3. Let 7w : L. — Der(g) be a restricted map such that

m(2)(g%°)= [r(2)(9): gl Yz € L, g € g. (45)
Then, the vector space L & g is a restricted Lie algebra with the bracket

[(z,9), (. 1)] = ([, 9], 7(x)(h) + 7(y)(9) + [g, h]g) (46)
and the 2-map

(,9) = (¢, 7(2)(g) + g). (47)

Proof. The proof that |-, -] is a Lie bracket follows from [CGL18, Section 2.2]. Let us show that the
map (-)?= is a 2-map with respect to the bracket [-, -];. Let A\ € F, x,y € L and g, h € g. We have

(A, 9)™ = ()2, 7(a)(Ag) + (Ag) )= (N(@), A7 (2)(g) + N2(9) e ) = No(a, )12,
Then, we have
(2, 9) + (4, 1) 2" = (2, 9)2 — (y, )12
=((+). (g + 1) ~(2.9) — (3. )"
=((x +y)& 7@ +y)(g+h) + (g+n)E)— (22, 7(2)(9) + (9)) — (v, 7(y)(h) + (h)He)
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=([z,y], 7(z)(g)+7(z) (h)+7(y)(9)+7(y) () +gZe+hPe+[g, hly — w(2)(g) — g% — 7(y)(h) — hPe)
=([z,y], 7(x)(h) + =(y)(g) + g, hlg)
=[(z,9), (v, h)] .

Finally, we obtain

[(z.9), [(x.9), (y. W]x] _—[(2.9), (y, h)]

=[(z,9), ([z,y], 7(@)(h) + 7(y)(9) + [g. h]g) ] .— [(z 7 () (g) + g%), (y. )] _

= ([, [z, y]], 7 (z) (7 (2)(h) + 7 (y)(9) + [g,h]g)+7f([ﬂ%y])(g) [ ( )(h) +7(y)(9) + (g, hlg] )
+ ([, ], w(@P) (1) + 7(9) (7@} (9) + g) + [(2) () + g7, 1] ).

The first component gives [z?], y] — [z, [z, y]] = 0. Moreover, we have:

7([z,y])(g) + m(x) o7 (y)(g) + 7(y) o w(x)(g) = 0 since 7 is a Lie morphism;

m(z)?(h) — ( ) 0 since 7 is restricted;
m(z)([g, hlg)+ [ x)(h)]g—l— [7(2)(g), h}g: 0 since () is a derivation of g for all z € g;
o (1) (g[2 ) (9), glg = 0 using Eq.(45);

o [gP, n]y — [g, [g, h]g]g —0.

Therefore, we obtain [(z, 9), [(z, 9), (v, h)]x] —[(z, )P, (y, h)]= 0. Therefore, (-) is a 2-map on
L @ g with respect to the bracket [-, | . ]

In the case where Proposition 4.3 holds, the restricted Lie algebra (L @ g, [, -], (-)12/7) is called the
semi-direct product of L and g.

4.3 2-mappings versus formal power series

Let (L, [, ], (-)®)) be arestricted Lie algebra. The formal space L[t]] := {Z thw;, x; € L} is a Lie

algebra with the bracket
[t S| = X e, Vo e L )
>0 j=>0

Now, we aim to extend the map (-)!! on L[[t]] in such a way that L[[t]] is endowed with a restricted Lie
algebra structure with respect to the extended bracket defined in (48). Letz; € L, n € Nand A € F. We
have

(z”: )\ia;) Z)\QZI[Z + Z Ny, 2. (49)
1=0 0<i<yi<n

Proposition 4.4. Let L be a Lie algebra. Then L[[t]] is a restricted Lie algebra with the extended bracket
(48) and the 2-mapping (-) given by

(Z tixl) Ztmaz + Zt’ﬂ (24, 2] (50)

>0 >0
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Proof. We check the three conditions of the Definition 4.1. Let A € IF and «;,y; € L. First, we have

()\ Z tixi) 2]+ _ (Z tl()\$1>) (2]¢
= a4+ Ay, ]
: i<j

= \? Z t%x?} + A2 Z 7 [, 4]

i<j
. (2]
= \? (Z tx) .
Then, we have

[Z ti;, (Z tjyj)[%] _ [Z ta;, thjyqu*'{; tia,, thﬂc[yj,yk]]

i<k
=Dt (a4 D [y )
i,j ) ) 1,5,k
i<k

_ Z 12 i, yj[?} + Z fititk (i [y )] + Z fititk (i [, 3]
i,j ) . i,k i,5,k
i<k i<k

. . I 2 1 . . . .
= i, v, }_ A IF R AR R N A RV TN
i,J

i,5,k i),k
i<k i<k
= Z g, yjm + Z tHjM[[l’z‘, yils yi) + Z ﬂﬂ%[[% Yils yr)
i,j ) T gk i),k
>k i<k
= > T eyl + Y T )
i,j 0,5,k
ik
i IR

ij,k
~ ([ Y] S
i J J
The following computation will be useful to prove the last remaining identity.

Zt”j[xi, y;] = Ztiﬂ[ﬂﬁi, yjl + Ztiﬂ[ﬂﬁia Y]

i#j i<j j<i

= > ]+ 3 e

i<j i<j

= Ztiﬂ'[%’ yj] + Zti“[yia ilfj]- (51)

1<J 1<J

Now we can prove the third condition:

(Z tha; + Z tjyj) A (Z t'(z; + yi)) ’

I
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+ Zti+j[$i + Yi, x; + yj]

= Zt%(ﬂ?i +:)
) i<j

—Zt% +Zt2’ +Zt21 zi, yil
+ Zt”] [z, 2] + Zt”] [z, y;]

1<j 1<j
Y gy Y [,y
i<j i<j

= Z 122 Z 2y 2 thi T, Yi
+ Ztlﬂ T, ;] + Ztlﬂ T, Y;)

1<j 1<j
+ Ytz y;]  (using Eq.(51))
i#j

= () () "
i i (2]

= (Sra) () [ T
i i i J

]
Remark. By expanding the formula (50) and by arranging the terms by monomials of the same degree
we obtain

()™= (et + Yo,
n>0 n>0 1<J

(52)
i+j=n

where | -] denotes the floor function, €(n) = 0 if n is odd and €(n) = 1 if n is even

4.4 Cohomology of restricted Lie algebras in characteristic 2

Let (L, [-,-], ()"?)) be a restricted Lie algebra and let M be a restricted L-module. We start by setting
CO (L, M) = Co%(L, M) and CL (L, M) := CLy(L, M)

Definition 4.5. Letn > 2, p € C2(L, M), w : L x A" 2L — M, X\ € F and z, 29,
pair (i, w) is a n-cochain of the restricted cohomology if

, Zn—1 € L. The
WAL, 29, -+ zp1) = Nw(T, 20, 4 20m1), (53)
w(x, 20, Az A 2 ane1) = Aw(®@, 2,0, 2y Zne1) Fw (@ 20, L 2 Zne)),
(54)
(,d($' + Y,z2, - 7271—1) - w($7 29yt ,Zn_1)+CU(y, 29yt 7271—1)—’_80(3:7 Y, 22, 7Zn—1)-
(55)
We denote by C' (L, M) the space of n-cochains of L with values in M/
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The coboundary maps d}, : C.(L,M) —

(dg (i), 0™(w)), where

Cf;l(L,M) for n > 2, are given by df (p,w)

n
0w (w, 29, 2m) = m oL, 29,y z) + Yz w(@, 2aye e By 2)
=2
n
+Q0($[2]7Z27"' ,Zn)‘f'ZQO([ﬂf Zl] X, 22, 722'7 7Zn)
=2
+ Z Zlazj 225t 722'7 7ZAj7 7Zn)-
1<i<g<n

Lemma 4.6. Let n > 2 and (p,w) € CI' (L, M). Then (dgg(p),0"(w))€ CLPH(L, M).

Proof. Letx,y, 2o, -+ , 2,41 € L. We show that

'w(r+y, 29, 2n-1) = 0"w(x, 29,y zn—1) +0"wW(Y, 29, , Zn—1) +depP(T, Y, 22, -+, Zn—1).
(56)
We have
n
5nw(x+y7z2,... 7zn) :x.gp(x_f_y,Zz’... ,Zn)+ZZi.w(x+y722,... ,ZAZ',"' 7Zn)
=2
' n
+90((33+y>[2]722; 7Zn)+zgo([$+y7zl]7$+y7z2a 722'7"' 7Zn)
=2
+ Z $+y Zl7zj]7z27”'7éi7"'72j7"'7zn)-
1<i<j<n
= I‘QO(I,ZQ,"' 7Zn>+$'90(y7227"' 7271)
+y'¢(I7227"' 7Zn>+y'90(y7227"' 7Zn)
n n
+Zzl w($7227 '72i7"'7zn)+zzi'w(y7227 '72i7"'7zn)
1=2 1=2
n
+ZQ0(377ZJ7227"' 721'7"' 7Zn)
=1
+ ¢($[2]7Z27 o 7zn) + Sﬁ(ym; 22y 7211) + @([$7y]7227 o 7zn)
n n
+ZQO([37,Z¢],$,22,"' 722'7"' 7Zn)+z%0([3772i]7y7327'” 722'7"' 7ZTL)
} =2
+ZQD y?’zl] Y, 22, 722'7 +Z§0 yazl] T, z2,-" 7£i7 7Zn>
1=2 1=2
+ Z w($7[zi7zj]7z27”'721'7"'72]'7 7zn)
2<i<j<n
+ Z w(y7[zi7zj]7227"' 7’%7'” 7éj7 7271)
9<i<j<n
+ Z QD(Q?,ZZ',Z]‘,ZQ,"' 72’i7"' 7ZAj7 7Zn)-
9<i<j<n
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We can now identify the desired terms in the above expression:

A

5nw(x7z2,... 7zn):$.¢($722,... 7zn)+2zi.w(x7227... 7zi7... 7ZTL)+Q0($[2]7227"'

+§ 90 IZZ X, 22, 7Zi7"'7zn)

+ E Zlazj] 227”'7Zi7"'7zj7"'7zn>;

2<i<j<n

5”&)(%227"' 7zn):y.go(y7227... 7Zn)+Zzi.w(y7Z2,... 7zi7... 7zn)+go(y[2]7227...

n
+ZQD yazl] Y,z2, 7£i7"' 7Zn>

+ E ZZ7ZJ] 22,"',Zi,"',Zj,"',Zn);

2<i<j<n

dgEQO($7y7227"' 7zn):37'S0(y,Z27"' 7zn)+y'@(377227"' 7Zn)+ZS0(377y7227"' 722'7"'

+Z¢([Iay]7227"' 7Zn)+zgo([$7zi]7y7227"' 7£i7"' 7Zn>

1=2

+Z¢([yazi]7$7227”' 7'ZAi7"' 7Z7L>
=2

+ Z 90($7Ziazj7227"'72i7"'7éj7"'7zn)-
9<i<j<n

Equation (56) is then satisfied.

Lemma 4.7. Let n > 2 and (¢, w) € CI' (L, M). We have §"*! 0 §" = 0.

Proof. Letx, zo, -+ , 2,41 € L. We have

n+1 n
0 00 W(w,ZQ,"' 7Zn+1>

n+1
n n ~
:x'dCEQD(:E?Z??"' 7Zn+1)+ § :ZZ(S w(xaz%"' y Riy 7Zn+1>
1=2
n+1
n 2 n A
+dCEQ0($[ ]7227"' y fn+1 + § dCE@([x7Zi]7$7227'” y Rgy 7Zn—|—1)
=2
n o “
+ E Sw(x, [z, 2], 22,y iyt s Zjy s Zngl)
2<i<j<n
n+1 n+1
:E Zi'(x'go(a;l)ZQ)"'7'Z’i7"'7’zn+1>)+E ZZE Zj'W(I;ZQ;"',Zi;"'zj,“‘;zn—i-l)
1=2 =2 i

i

, Zn)

) Zn,)
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2.

2<j<k<n+1
Ji.k#i

2<i<gj<n+1
n+1

+Z¢([I[2}7Zj]7227”' 7éj7"'72n+1> +IZZZQD($7227 7£i7"' 7Zn+1) +T- (I
=2 i=2

+x- Z

2<i<j<n+1
n+1 n+1

+ZZ’ZJ'§0([$,ZZ'],$,22,...

=2 j=2
J#i
n+1

+Z[Iazl] ’ 90($7227”' 7£i7"'
1=2

n+1

2

i=2 2<j<k<n+1
dikFi

n+1 n+1

£33 el 2, [ )

i=2 j=2
J#i
n+1 n+1

£33 wllle 24 2], 20,

=2 j=2
J#i
n+1

+ Z@([[m,zi],x],zg, sy Byt Znt)
1=2

n+1

+ Z sz-w(a;, (i, 25]), 22, - - -

2<<j<n+1 k=2

J k#i
2

2<i<j<n+1

)

2<i<j<n+1

S

2<i<j<n+1

2, 2] - w(z, 22 - -

g0(33[2}

ollzi, 2], 2, -

Qp([ziv Zj]?‘q’nv T

y Ryttt

) [zi7 Zj]7 22yt

W(I, [Zj7 Zk]7 22yt éi? o

A
7’Z’L.7“‘

A

s Ziy e

7ZTL+1)

A
.7Zi7...

.Zij...

@(['CU? [zi7 zj]7$7227 e 2i7 T

,Zj,...

» Ziy

7Zj7...

» Ziy

n+1

n+1

7Zj7...

7Zj7...

oz, ), [z, 21l 20,0 &y

A
7’Z’L.7“‘

7Zj7...

,Zj,...

‘7’Zj7“

7Zj7...

Ly

2<i<j<n+1

7Zj7...

n+1

J#i

A

‘;ZAk:"HZn—i—l)

L QO('IBL 22yttt 7zn+1) + x[Q} : @(227 e 7zn+1)

7ZTL+1)

n+1

7zn+1) +x- Z@([$7Zj]7z27' e

Jj=2
n+1

7Zn+1) + Zx ’ SO([xazi]7227 e

1=2

A

y Zjy 7ZA]€ 7Zn+1)>

9 Zn—i—l)

) Zn+1)

o, [z, 2],

7’Zj7"'7zl€"' 7Zn+1>

7'ZTL+1>

7ZTL+1)

) Zn+1)

© 2025 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr

A
,ZZ,...

7Zj7...

/T

A

7’Zj7...

'QD(LE[Q]?Z%' te 721'7' e 7Zn+1) + Zzl : ZSO([:E?ZJ']VIVZQ?' : '721'7' : '7’5]7' : '7ZTL+1)
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n+1

+ E E @([Iazk]wxa[thj]?ZZ?"'7£i7"'7£j7"'72k"'7Zn+1>
2<i<j<ntl k=2
Jik#i

+ Z Z w(xa[zlwzl]?ZZa"'7£i7"'7£j7"'72k"'7£l7"'7zn+1>

2<i<j<n+l 2<k<li<n+1
kl#4,5

+ Z Zw($7[[zi7zj]7zk]7227"'721'7"'7ZAj7"'7ZAk"'7zn+l)=O-

2<i<j<n+1l k=2
ki, j

O

Thus, we have obtained a cochain complex (C7,(L, M), d?,) _, . Forn = 0,1, we define d?, = d¢
and -

1.l 2
d : CL (L, M) — C2 (L, M)
o — (digp,w), w(z) = gp(mp])—f—x ~p(x), Vo € L.
Lemma 4.8. The map d, is well-defined. We have d;, o d2, = 0 and d2, o d;,, = (0,0).

Our cochain complex is now complete.

Theorem 4.9. Let (L, -], (-)[2]) be a restricted Lie algebra and M be a restricted L-module. The
complex (C?. (L, M), dz'}2)n>0
algebra L in characteristic 2 is defined by

H(L,M):=Z] (L,M)/B} (L, M),

with ZfQ(L,]\/é ) = Ker(d?) the restricted n-cocycles and B! (L, M) = Im(d ') the restricted n-

is a cochain complex. The n'"* restricted cohomology group of the Lie

coboundaries.
Remark. H? (L, M) = H(L, M).

Remark. This cohomology has no analogue in characteristic different from 2. Very similar cohomology
formulas have been considered in [BM23], in the slightly different context of (Hom-) Lie superalgebras
of characteristic 2.

4.5 Computations in small degrees

Hereafter, we give some applications of the cohomology of restricted Lie algebras in characteristic 2
defined above.

First conomology group with adjoint coefficients and restricted derivations.

We recall that a restricted derivation D of a restricted Lie algebra (L, [+, ], (-)?) in characteristic 2 is
a linear map D : L — L that satisfies D([x,y]) = [D(x),y] + [z, D(y)] and D(z?) = [z, D(«)] for all
x,y € L. Let o be a restricted 1-cocycle, that reads, for z,y € L:

3. Apparently, an earlier instance of those formulae can be found in May’s papers [Ma66, for example] and are known by experts, but
we did not found them written in the above explicit way.
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{mx,y]) = [p(). 4] + [z, ¢ (y)); and

p(a?) = [z, p(2)].

It is clear that any 1-cocyle ¢ with values in L is a restricted derivation. We have
B,,(L,L) = B{g(L, L) = Im(dgg) = {ad,, x € L}.

Every derivation of the form ad, is restricted. Those derivations are called inner derivations. Therefore,
we have

H! (L,L)=Z! (L,L)/B,,(L,L) = {restricted derivations} / {inner derivations} .

This is a well-known result in the case where p > 2 (see [Ev00, EF08]).

Second cohomology group with scalar coefficients and central extensions.

Let (L, [ )L, (-)[2]L) be a restricted Lie algebra and let g := L & F ¢, where c is a parameter. Here, ¥
is viewed as a trivial L-module. A restricted scalar 2-cocycle is a pair (¢,w) € CZ, (L, F) that satisfies
forall x,y,z € L,

90($7 [y7 Z]L) + 90(% ['Z? I]L) + gO(Z, [I, y]L> =0 (57)
and
oz, y0)= o([z,y]1,y). (58)

Let x,y € L and u,v € F. We define a bracket on g by

[z 4+ uc,y + vd]g = [z, y]L + p(z,y)c (59)
and amap ()@ : g — g by

(2 + uc) o = 2B 4 y(2)e. (60)
Proposition 4.10. Let ¢ = L & Fc equipped with the bracket (59) and the 2-map (60). Then,

(g, [, g (.)[2}5) is a restricted Lie algebra if and only if (p,w) is a restricted 2-cocycle.

Proof. Ttis well-known in the ordinary case that (g, [, -]5) is a Lie algebra if and only if ¢ is a Chevalley-
Eilenberg 2-cocycle. It remains to show that (.)[2}9 1s a 2-mapping on g if and only if Eq.(58) is satisfied.
Let x,y € L and u,v € F. We have

(x4 u)+ (y +v)Pe = (2 + )P + w(x +y)c
= 2% 4 [, 4] + w(z)e + wly)e + (. y)e
= (v +uc)?o + (y + ve)e + [(z + ue), (y + ve)] .

Moreover, we have
[(z + uc), (y +ve)Pe)g = [(z + uc), yP* + w(y)c]
[l 4]+, 41?5 )

g
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= [[=,9l, 9], +o([z, 9]0, v)e
= [[z, 9] + ¢z, y)e,y +oc]
= [[33 + uc,y + vclg, y + vc}g.

Finally, it is clear that (\(z +uc))s = \2(2 + uc)!@e. Therefore, we conclude that (-)!ls is a 2-mapping
on g if and only if Eq.(58) is satisfied. 0]

4.6 Restricted formal deformations

The aim of this section is to consider restricted formal deformations of restricted Lie algebras in char-
acteristic p = 2. In particular, we show that the deformation theory is controlled by the cohomology
introduced in Section 4.4.

Definition 4.11. Let (L, -], (-)[2]) be a restricted Lie algebra. A restricted formal deformation of
(L, [, ], (-)®) is given by two maps

my: L x L — L[[t]] and  w;: L — L[[t]]
(x,y) — Ztimi(az,y) T — thwj(a:)
i>0 >0

where mg = m, wg = w, m; : L x L — L antisymmetric and w; : L — L satisfying w(\zx) =
Nw(z), VAeTF,x € L.

Moreover, m; and w; must satisfy the following equations, for all z,y, z € L,

me(x,mi(y, 2)) + me(y, me(z, ) + me(z,me(x,y)) = 0; (61)
my(z, wi(y)) = mu(me(z, y),y); (62)
wi(z +y) = we(x) + wi(y) + my(z, y); (63)
Remark.

1. The map m; extends to L[[t]] by F|[[t]]-linearity.
2. The map w; extends to L[[¢]] using Eqs.(50) and (63).

Lemma 4.12. Let (my,w;) be a restricted deformation of (L[], (-)®).  Then (my,wy) €
C2(L,L)Vk > 0.

Proof. Let x,y € L. Expanding Eq.(63) yields

Y twile+y) =) twi(z) + ) twily) + ) tm(x)

120 >0 >0 120

Then, for every k > 0, we have

wi(z +y) = wi(x) + wi(y) + mr(z,y),
which is the desired identity. Moreover, for A € [F, we have

wi(Ax) thwz (A\x) = )\221%)2 ), 50 w;(Ar) = Nw;(x), Vi > 0.

1>0 >0
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Proposition 4.13. Let (my,w;) be a restricted deformation of (L,[-,-],(-)¥). Then (my,w:) is a 2-
cocycle of the restricted cohomology, that reads

d2gmi = 0 and §* w, = 0.

Proof. The ordinary theory ensures that d&gm; = 0. It remains to check that 6% w; = 0. By expanding
Eq.(62), we obtain

Dt mi(zwi(y) = Y mi(my(,y),y). (64)
i,j i,J
Collecting the coefficients of ¢ yields

mi (2, y) + [z, w1 (y)] = [z, ),y +ma(z, 9], y),

which is equivalent to 62 w; = 0. O

Equivalence of restricted formal deformations

Let ¢; : L[[t]] — L][[t]] be a formal automorphism defined on L by
¢r(x) = tigi(x), with ¢; : L — L and ¢ = id,

i>0
then extended by F[[t]]-linearity.

Definition 4.14. Two formal deformations (my,w;) and (mj, w}) of (L, [+, ], (-)1?) are equivalent if there
exists a formal automorphism ¢; such that

my (¢(2), ¢:(y)) = ¢¢ (me(x,y))  and (65)
¢t (wi(2)) = wy (¢e(x)),  Va,y € L. (66)
Lemma 4.15. With the above data, we have
my(z,y) +mh(z,y) = ¢1([z,y]) + [z, 01 (y)] + [o1(2), y); (67)
wi(z) + wi(z) = [¢1(), 2] + ¢1 (W(z)), Vo,y € L. (68)

Proof. Equation (65) is equivalent to
my (30 ton(@), > 005(0)) = S Fonlmu(z, ) = 0.
i>0 5>0 k>0

Therefore, we have

D7 e R (6i(@),65(0) = Y 46;(mi(a.y).
i a0 1,520

By collecting the coefficients of ¢, we obtain

[P1(2), 9] + [, ()] + ma(z,y) = d1([z, y]) +mi (2, y),

which is equivalent to the first desired equation. The following computations are made mod 2. Eq.(66)
gives

$i(D_ 1 wilw))=wi (x + 1o (2))

i>0
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which implies

Y touwilz)) = wi(x) + wi(tér(2)) +my(z, tér (x)).

120

Therefore,

S g5 (wi(e)) = 2+ t(uh (2) + [, 61())).

i,j>0
By collecting the coefficients of ¢, we obtain

wi(@) + ¢1(2?) = Wi () + [z, ¢ (@),
which is equivalent to the second desired equation. 0]
Proposition 4.16. If (m, w;) and (m,w}) are two equivalent deformations of (L, [-,], (-))), then their

infinitesimals (my,w1) and (m), w}) are cohomologous.

Proof. Notice that
o1([z,9]) + [z, 01(y)] + [¢1(2), y] = degor(@,y)
and
[61(2), 2] + p1(l?)) = 6" ¢
in Lemma 4.15. O

Definition 4.17. A formal deformation (my,w;) of (L, [-,-], (-)®) is called trivial if there is a formal
automorphism ¢; satisfying

1 (ma(2,y)) = [de(@), e(y)]; (69)
&1 (wi(z)) = (¢e(2)?, Va,y € L. (70)

Proposition 4.18. Suppose that (mi,w1) € BZ?(L,L). Then the infinitesimal deformation of
(L, [, (')[2}) given by m; = [, -] + tmy and w; = () + twy is trivial.

Proof. Suppose that m; € B? (L, L), thatis, there exists ¢ : L — L such that my = dggp andw; = 6.
We consider a formal automorphism ¢; = id +tp. Since m; is a Chevalley-Eilenberg 2-coboundary, we
have

mi(z,y) = e[z, y]) + [z, 0(y)] + [»(2), y]. (71)

Thus, we can write
z.9) + ¢ (e ) + () ) = 9] + ¢ ([ 0] + [0(), 9]

which is equivalent (mod #?) to

([, 9] + tma(,9) ) = [60(), du(y)].
Finally, we obtain (mod t?)

Ge(mu(r,y)) = [¢e(z), Pe(y)]- (72)
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Then, using the identity w; = §'¢, we have

wi(e) + o(a?) = [z, p(x)]. (73)

Thus, we can write
A t(wl(ﬂf) + ¢(37[2])): o 4tz o)),

which implies (mod #?) that
o (W(ﬂf) + twl(ﬂf)) = (z + tp(x))?.

Finally, we obtain (mod t?)

Gr (wi(x)) = (). (74)
Eqs.(72) and (74) together implies that the deformation is trivial. ]
Obstructions

Let (L, [-, -], (-)®) be arestricted Lie algebra. A restricted deformation (m}, w}) of (L, [+, ], (-)) of
order n € N is given by truncated formal power series

n n
my = E t*my and W} = E trwy..

Definition 4.19. For all x, y, z € L, we define the following quantities:

obsi)y (5, 2) = Y (ma(@, mus1-i(y, 2)) + My, Mug1—i(z, ) + mi(z, my1-i(2, y)));
=1
obs'”) (2,9) = 3 (mi(y warr—i(@)) + mi(mas—i(y, x), 7).
=1

Lemma 4.20. (obs\, obs'”),) € C3 (L, L).

Proof. Letxy, x5,y € L.

Obsq(z24)rl(x1 +29,y) = i (mi(y, wntr—i(z1 + 22)) + M4 (M1 (Y, 21 + T2), 21 + 22))
i=1
= z”: (mi (Y, wnr1-i(21)) + mi (Y, wpg1-i(x2)) + mi (Y, Mpy1-i(21, 72)))
i=1
+ i (771Z (mn+17i(y, $1>, Il) + m; (mn+1—i(y7 xl); $2)>
i=1
+ i (mi (Mp1-i(y, 2), 1) +mi (Mpg1-4(y, T2), T2))
i=1
= i (mi (y, wnt1—i(x1)) + mi (Mpy1-i(y, 1), 1))
i=1
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n

+ Z (ml (y7 wn—i—l—i(IZ)) + m; (mn+1_i(y, :Ez), $2>)

+ > (i (may, mn1-i(21, ) +ma (M1 (y, 1), 22) +ma (M g1 (Y, 22), 71))
=1
= obsﬁl(agl, y) + Obsﬁﬂxm y) + Obsq(zlJ)rl(Ih 2,Y).
L]

Proposition 4.21. Let (m}',w}) be a n-order deformation of (L,[-,-],(-)®). Let (mys1, wns1) €
C2 (L, L). Suppose that (m + t"'my, 1, wi +t"" wyiq) is a (n + 1)-order deformation of L. Then

(Obsgzl—i)—b Obsgzz—i)—l) = dzg (mn+17 wn+1) :

Proof. Suppose that m}® + t"*lm,, 1 satisfies the Jacobi identity. Then, we obtain for x,y, z € L that
n+1

> (i, mpsa—i(y, 2)) + mi(y, mpsa—i(z, ) + mi(z, mpga-i(2,y))) =0, (75)
i=0

which can be rewritten

> (mi(w, maa iy, 2)) + ma(y, mugai(z, ) +mi(z, mai(@,9) = dggmai (z,y,2). (76)
i=1

Conversely, suppose that obs,(lll1 = dZgmy 1. Then m} + ¢""1m,, ., satisfies the Jacobi identity. Now

suppose that w? +t"*1 w,, . is a 2-map with respect to m? + t"*1m,,, ;. The following equation is then
satisfied:

mp (w0 (y)) = mp T (my (), y) (77)
where we have denoted m?™! := m? + t"*lm,; and WP = WP +¢""' w, ;1. By expanding Eq.(77),
we obtain

n+1 k n+1 k

Z tk Z mi(z, wr—i(y)) = Z tF Z mi(mi—i(z,9),y). (78)
k=0 =0 k=0 =0

By collecting the coefficients of t"*1, we obtain
n+1 n+1

Z mi(xv Wn+1—i (y)) = Z m; (anrl*i ([17, y)7 y)?
=0 1=0

which can be rewritten
[377 Wn+1 (y)] + My <$7 ym) + [anrl(xv y)7 y] + anrl([x? y]? y)
= (mi(x, wnr1-i(y)) + mi(mns1-i(z,9),y)) -
i=1

We conclude that

n

ObS1(12J)rl (I7 y) = Z (ml (:E? wn—i-l—i(y)) -+ my; (mn—i—l—i (:E7 y>7 y)) = 532("}714-1 (:E7 y)
=1
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4.7 Deformation of restricted morphisms in characteristic 2

In this section, we investigate restricted deformations of restricted morphisms in characteristic p = 2.
We provide a cohomology controlling those deformations which is specific of the characteristic 2 case.

Deformation cohomology of restricted morphisms in characteristic 2

Let (L, [-,-]z, ()P) and (M, [-,-]ar, (-)@) be two restricted Lie algebras. Let ¢ : L — M be a
restricted morphism and let n > 1. We define

622(907 gD) = C:LQ(L7 L) X CSQ(M7 M) X C:fg_l(L7 M)7
and Q:SQ(QD, @) := 0. For n > 3, the differential maps are given by

oL, € (0, 0) = €, )

(/“67 W) <d%EM7 o" W)
(v,e) | — (dgy, 6™€) : (79)
(0, p) (i (8), Bue(p))

where v, (0) == p o p+ v o @® 4+ dip 0 and B, (p) = ¢ o w+e o "D 4 5771 p Moreover, we
have

o' €L (. 0) = €L (0, 0) (80)
(1, v,m) 1 (b, 0'1), (dg, 8'0), ()

and

%1 €, (0, 0) = €0, 9) 81)
((1,), (,€),0) > ((dgp, 02w), (A, 6%6), (000 (0), B(6) ).

We denote by 37, (¢, ¢) := Ker(07,) and B” (¢, ) := Im(97; 1), the n-cocycles and n-coboundaries,

*2
respectively.

Theorem 4.22. For all n € N, the maps 0}, are well defined and satisfy 0. Lo 0y, =0.

Proof. Let ((u,w),(u, €), (0, p))e ¢, (v, @) and let x,y, 2, ,2,—2 € L. We denote by z :=

A

(227"' ,Zn_2>, <q = (Z27"' 722‘7"'271—2) and éi,j = (Z27"' ,ZA,‘,"' 7ZAj>"'Zn—2)-

Buoep)(w+y,2) =pouw(x, 2z) +pouw(y,2) +vopulxy,=2)
+eop(w,2) +eop(y,z) +vop(r,y,z2)
+x-0(x,2)+2-0(y,2)+y-0(x,2)+y-0(y, 2)

n—2

1=2

+ 9(33[2}, z) + Q(ym, 2) 4+ 0([z,y], 2)
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n—2 n—2
+ Ze<[$7 Zi]a x, ZAZ)“‘Z 9([@/, ZZ'],I, 2?1)
i=2 i=2

n—2 n—2
+ Zquﬁzz]?x;@) + Zﬂ[y,zl],y,z})
+Zp Z“Z] ZZ] +Zpy7 Zlazj] Z’L] +Z€xy, ZZ,Z]] Zzy)

1<j 1<J 1<J

The underlined terms correspond to o, ,(0)(z,y,2) and the unadorned terms to [, (p)(z,z) +
Bue(p)(y, 2). Therefore, the pair (a,, (), Bu.c(p)) belongs to the space €7, (¢, ¢) and the maps d7
are well-defined. Moreover, we have

Bsw,se (6%6(/))): (SO 08" tw+d"teo ©+ 5”_1(g0 ocw+teop+ 5”_2p))= 0.

Therefore, 2t 07, = 0. O

Let n > 0. Theorem 4.22 allows us to consider the restricted cohomology groups defined by

95, (0, 0) = 3%, (0, 0) /B, (0, ). (82)

Deformation of restricted morphisms in characteristic 2

Let (L, [, ]r, (-)®%) and (M, [, ]ar, (-)¥) be two restricted Lie algebras and ¢ : L — M be a
restricted morphism. Let (1, w;) (resp. (14, €;)) be a restricted deformation of L (resp. M). A restricted
deformation of ¢ is a restricted morphism ¢; : (L[[t]], e, wi)— (M[[t]], 14, &) given by

= Ztigoi(a:), ©; : L — M linear maps, Vx € L.
i>0
Since ¢y 1s a restricted morphism, it has to satisfy

pr oz, y) = vi(p(x), oe(y)) Yo,y € L (83)
prow(r) =€ 0p(x) Vo € L. (84)

By computations similar to those in Section 3.4, we obtain that ((ul, w1), (11, €1), 901) € 352(90, ©).

Obstructions. Let (L, [ ]z, (-)[2]L) and (M, [, ], (-)[2]M) be two restricted Lie algebras. Let (u}', w})
(resp. (v, €}')) be a restricted deformation of L (resp. M) of order n > 0, let ¢ : L — M be a restricted

morphism and let ©}’ be an order n restricted deformation of ¢, that is, ¢} = Z t';. This paragraph is
i>0
devoted to investigate the obstructions to the extension of the deformation at order n + 1. Consider

n+l __ 1 n+l __ 1 .
(™ = " g, Wi = W T wnga);
1 1
(=t + "y, g =t e, ) (85)

op T = + "M ony,
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where (fn41,wnt1) € C2(L, L), (Vpi1,€n1) € C2 (M, M) and ¢, 1 € CL(L,M). Letz,y € L.
Consider the maps

obs,, Z%Ounﬂ @y + Y v 2i(y)) (86)
1<:]iklj:<nn:kl
0bs )y (0)(@) = Y piowani(@) + Y [w(@), en(a)]
i=1 jHk=n+1
0<j<k
+Z D v (). (87)
1=1 i<k
jt+k=n+1—1

Lemma 4.23. Let n > 0. Then (obsf}ll, 0[1552_1)6 C2 (L, M).

Proof. Letx,y € L.

0[’51(1211(%0)(37 +y) Z% Wht—i(x + y)) (88)
oy (Les@). @) + Tes@, olo)] + o ) n(a)) [0, 0u0)] )
Jj+k= Z}j—l
| (89)
+ Z > (Vz (), pi()) +Vi(¢j($)7s0k(y))) (90)
1=1 j<k
+Z > (Vz i (y), r(x ))+Vi(<ﬁj(y,sok(y)))- (91)
1=1 j<k

Moreover, expanding the right-hand side term of (88) gives

n

Z Vi wn+1 i(z+ y Z Vi wn+1 i )) + Z Pi (Wn—i-l—i(y)) + Z i (Mn+1—i($7 y)) (92)
i=1 i=1 i=1
The underlined terms are equal to obsﬁl(

For the remaining terms, we have that

> ulei@) @)= > ([eiw) en@)]+[4i), o))

¢)(x) while the over-lined terms are equal to 0[151(1211 (©)(y)-

i+j+k=n+1 0<j<k
+z > (wleiw) en@) 1 (ei(y o) ).
=1 i<k
Jj+k=n+1—1t
Therefore, 0bs'-) (@) (z + y) = 0bs') 1 () () + 065, (0)(y) + 0bs') () (2, ), Va,y € L. O
n+1 n n+1

Proposition 4.24. Suppose that (i 2t o't is a restricted deformation of the morphism . Then,

aﬂn+1,Vn+1((pn+1> = 0[’51(111(90)7 and Bwn+17en+1(80n+1> = 06551?1(@)' 93)
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Proof. We will prove the second part of (93). Suppose that go”“ is a restricted morphism. Then

n+1 n+1 n+1 n+1
$r OWy =& O@y . %94)

Expanding the left-hand side of Eq.(94) modulo t"*2 gives

n+1

S+ ol = Ztkz% i 95)

Therefore, the coefficient of t"*1 is

@ (wn+1(2)) +@ni1 (:1:[2]L)+ Z ¢i(wnt1-i(z)), Vo € L. (96)

We focus on the right-hand side of Eq.(94). First, we mention that similar to Eq.(49), we have for all
x e M,

ek(z )\ixl) Z)\mek (x;) + Z 1/’“ (zi,25), Y(vg,ex) € CEQ(M, M). (97)
=0 0<i<j<n

Expanding the right-hand side of Eq.(94) modulo ¢"2, we obtain

n+1 . n+1 . n+1 Ln-‘rl_lJ n+1

3 r(00)- 503 alotos 520 Sttt o

i=0 =0 il=0  j=0

where |- | denotes the floor function. Therefore, the coefficient of "1 of the right-hand side of Eq.(94)
is given by

cop(@)+ Y [eila), }+Z S i) purimisy(@)). (99)

i<k 1=1 i<k
Jjt+k=n+1 Jj+k=n+1—1t

Putting (94), (96) and (99) together, we obtain

Bunirener (Pni1) = 005 (¢0).

O

Equivalence. Equivalence of deformations of restricted morphisms in characteristic p = 2 can be han-
dled as the p > 3 case, see Definition 3.14 and Proposition 3.15.

5 Restricted Heisenberg algebras

In this section, we investigate examples based on the Heisenberg Lie algebra of dimension 3. We
study restricted structures of the Heisenberg algebra, then we give an explicit description of the second
restricted cohomology spaces with adjoint coefficients. Restricted p-nilpotent Heisenberg algebras have
also been considered in [SU16], and the general case of restricted Heisenberg Lie algebras of dimension
2n + 1 has been recently investigated in [EFY?24], where the authors provide explicit descriptions of the
restricted cohomology with scalar coefficients in order to compute central extensions. For background
material on Heisenberg algebras, see [Wol7].
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5.1 Restricted structures on the Heisenberg Lie algebra and restricted cohomology in charac-
teristicp > 3

Let F be a field of characteristic p > 3. We consider the Heisenberg algebra H = Spang{z,y, z}
defined by the bracket [z,y] = z. This Lie algebra is nilpotent of order 2, therefore all the p-folds
brackets on { vanish. Let (-)”) be a p-map on . We then have (u + v)P! = ulPl + vlP!, for all u,v € H.
Hence, any p-map on H is p-semilinear.

Proposition 5.1. Any p-structure on H is given by 2P) = 0(z)z, yP = 0(y)z, 2P} = 0(2)z, with
0 : H — T a linear form on H.
Proof. Using Jacobson’s Theorem 2.4, it is enough to check that

(ady)” — 0(z) ad, = (ad,)” — O(y) ad, = (ad,)’ — 0(z)ad, =0

to obtain the first claim. The above identities are always true, because z lies in the center of . Con-
versely, let ()P be a p-map on H. Because of the second condition of Definition 2.1, the image of (-)!
lies in the center of H, which is one-dimensional and spanned by z. Therefore, there exists § : H — T
linear such that P! = 0(z)z, yP) = 0(y)z, P! = 0(2)=. ]

Notation. We will denote a restricted Heisenberg algebra whose p-map is given by the linear form 6 by
(H,0).
Remark. Letv € (H,0), v=ax + By + vz, a, 3,7 € F. Then, we have

ol = (ozpﬁ(a:) + BPO(y) + ’ype(z))z.

Lemma 5.2. Let (H,60) and (H,¢') be two restricted Heisenberg algebras. Then, any Lie isomorphism
¢:(H,0) = (H,0) is of the form

o(r) =ax+by+cz
o(y) =dr+ey+ fz (100)
¢(z) = (ae —bd)z, ae —bd # 0,

with a,b,c,d, e, f € F. Moreover, ¢ is a restricted Lie isomorphism if and only if
O(x)u = aPd'(z) + PO (y) + P0'(2)
O(y)u = dPO'(z) + ePO' (y) + fPO(2) (101)
0(z)u = uPb(z),

where u := ae — bd # 0.

Proof. A Lie isomorphism ¢ : H — H must satisfy ¢([v, w]) = [¢(v), ¢p(w)], forall v,w € H, as well
as det(¢) = 0. Applying these conditions to an arbitrary linear map ¢ : H — H, we obtain Conditions
(100). Then, ¢ is a restricted map on H if and only if ¢ (vl!!) = ¢(v)P', for all v € H and with (-)P)" the
p-map on H given by the linear form #’. We obtain Conditions (101) by evaluating this equation on the
basis elements of 7. For example, ¢ (z1)= o(x)P" is equivalent to 0(x)u = 0 (x) + b0’ (y)z + P0'(2).
The two other equations are obtained in a similar way. ]
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Theorem 5.3. There are three non-isomorphic restricted Heisenberg algebras, respectively given by the
linear forms 0 = 0,60 = x* and 6 = z*.

Proof. e First, we will show that (#, x*) is isomorphic to (H,y*). By setting § = x* and ' = y*,
Conditions (101) reduce to {u = b°, ¢? = 0}. We choose e = 0,0 # 0 and d = —bP~! to build a
restricted isomorphism between (#, z*) and (#, y*).

e Let) = 0and @ = z*. Then, Conditions (101) reduce to {a” = 0, d” = 0}. But, this is impossible
since u = ae — bd # 0. Therefore, (#,0) and (#, 2*) are not isomorphic.

e Let# = 0 and @' = z*. Then, Conditions (101) reduce to {¢? = 0, fP = 0, u? = 0}. But, this is
impossible since u # 0. Therefore, (H,0) and (#, z*) are not isomorphic.

e Let = z* and 0’ = z*. Then, Conditions (101) reduce to {¢? = u, fP =0, u? = 0}. But, this is
impossible since u # 0. Therefore, (H,2*) and (#, z*) are not isomorphic.

O

Remark. The restricted algebras (74, 0) and (7, z*) appeared in [SU16] and are p-nilpotent.

In the sequel, we compute the second restricted cohomology groups of the restricted Heisenberg Lie
algebras with adjoint coefficients. Let # be a linear form on the (ordinary) Heisenberg Lie algebra.
We denote by (#, ) the restricted Heisenberg Lie algebra obtained with 6 (see Proposition 5.1). We
also denote by H2(H,0) := H2((H,0), (H,0)) the second restricted cohomology group of (#, #) with
adjoint coefficients.

Restricted cohomology, case p > 3

Let F be a field of characteristic p > 3 and let ¢ € C%5(H,H). Since the (ordinary) Heisenberg Lie
algebra H is nilpotent of order 2 and p > 3, any p-semilinear map w : H — H satisfies the (x)-property
with respect to (.

Lemma 5.4. Let H be the ordinary Heisenberg Lie algebra. Let p € Cz(H,H) given by

plz,y) =ar+by+cz
olr,z) =dr+ey+ fz (102)
p(y,z) =gx+hy+iz

with parameters a,b,c,d, e, f, g, h, belonging to F. Then, ¢ is a 2-cocycle of the Chevalley-Eilenberg
cohomology if and only if h = —d.

Proof. The only non-trivial 2-cocycle condition on the basis {z,y, z} of H is

p(lz,y],2) = ollz, 2] 9) + @y, 2], 2) = [, 0y, 2)] = [y, (2, 2)] + |2, (2, y)], (103)
which reduces to (h + d)z = 0. ]
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Let (¢,w) € C%(H,H). As the k-folds brackets vanish for k > 2 and p > 3, we have
ind* (¢, w) (v, w) = go(v,w[p])—i—[v,w(w)], Vo, we H.

Lemma 5.5. The restricted 2-cocycles for (H,0) are given by pairs (p,w), where

e Case ) =0:
o(r,y) =azr+by+cz w(x) =9z
p(r,z) =dvtey+ [z wly) =ez
ply,z) =gz —dy+iz w(z) =Kz

o(r,y) =azr+by+cz w(xr) =ix— fy+yz
p(z,z) =fz wly) =ez
ely,z) =iz w(z) =Kz

e Case ) = z*:

o(x,y) =ax+by+cz w(xr) =z
plr,z) = [z wly) =ez
ply,z) =iz w(z) =iz — fy+ k2,

where all the parameters a,b,c,d, e, f, h,i,7, €, k belong to IF.

(104)

(105)

(106)

(107)

Proof. Let ¢ € ZZ:(H,H) given by Lemma 5.4, let 6 be a linear form on # and let w : H — F be a

map having the (x)-property w.r.t ¢, given on the basis of H by

w(r) =ax+ pPy+yz
w(y) = Ar+puy+ez
w(z) =o0x+ny+ Kz,

with v, 3,7, \, i1, €, 6,1, k coefficients in IF. Moreover, suppose that (p,w) € Z2(H, 0).

(108)

 Let # = 0. By evaluating Eq.(104) on basis elements {x,y, z} of (H,0), we obtain § = A = u =

v=90=a=>0.

e Let # = z*. By evaluating Eq.(104) on elements of the basis {z,y, 2z} of (H,z*), we obtain

f=—f,a=tandd=e=g=A=pu=v=0=0.

* The case § = z* is analog to the case 6 = z*.
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Lemma 5.6. The restricted 2-coboundaries for (H,0) are given by pairs (p,w), where

with A, B,C,G, H belonging to F and

e Case) =0: w=0;

o Case ) = x*: w(zr) =Gr + Hy+ Iz, w(y) = w(z) = 0;

o Case = 2*: w(zx) =w(y) =0, w(z) =Gr+ Hy + I=.
Proof. Let p € CZ;(H,H), given on the basis of H by Eq.(102). Suppose that ¢ = digy), with 1
‘H — ‘H given by

v(x,y) =Az+ By+Cz
Y(xr,z) =Dx+ Ey+Fz (109)
Y(y,z) =Gx+ Hy+ Iz,

with A, B,C, D, E, F,G, H,I € F. Using the coboundary condition ¢ = déEw, we show that d = e =
g=h=0,a=1=G, b=—f=H, c=C,withC = [ — E — A. For the restricted part, suppose
that (¢, w) € B2(H, 0). The coboundary condition is then given by

w(u) = ¢ (ulf)—adl " op(u), Yu € H. (110)
By evaluating Eq.(110) on the basis of H, we obtain

w(z) =6(z)(Gex+ Hy+ 1z2)
w(y) =0(y)(Gx+ Hy+1z) (111)
w(z) =06(2)(Gx+ Hy+ Iz).

Choosing 6 in {0, z*, 2*}, we get the result. ]

Theorem 5.7. Let F be a field of characteristic p > 3. We have dimy (H2(H,0)) = 8 and

e A basis for Hf(Hv O) is given by {(@17 O)? (@27 O)? (@37 0)7 (@47 O)? (@57 0)7 <07 wl)v (07 w2)7 (07 w3)}’
with

01(x,2) = 23 (Y, 2) = 25 p3(w,2) = —p3(y, 2) = ; a2, 2) = y; ©5(y,2) = ¥;

wi(z) = z; way) = 25 ws(z) = z.
(We only write non-zero images).
e A basis for H2(H, x*) is given by {(¢1,0), (¢2,0), (0,w1), (0,ws)}, with
p1(z,y) = 5 pa(x,y) = y; wiy) = 25 wa(z) = 2.
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e A basis for H2(H, 2*) is given by {(1,0), (¢2,0), (0,w1), (0, ws)}, with
pr(,y) = 5 a(7,y) = y; wily) = 25 wa(z) = 2.
Proof. With Lemma 5.6, we deduce that {(¢g,0), (7, 0), (¢s,0)} is a basis of B2(H,0), with

po(@,y) =, vy, 2) = 2 wr(,y) =y, pr(z,2) = —2; ws(a,y) = 2.
Using Lemma 5.5, we complete the above basis in a basis for Z2(?,0) and therefore we find the basis

of H2(H,0). The two other cases with § = x* or § = z* are similar. [

An example of computation of morphism cocycles. Let L = (#,2*) and M = (#, z*). Consider the
restricted morphism ¢ : L — M given by

plx) =2 oly) =z+y; »(z)=0.

The general form of the elements of Z2(L, L) and Z2(M, M) are given in Lemma 5.5. Consider (p, w) €
Z2(L,L) and (v,€) € Z2(M, M) given on the basis {x,y, 2} by

p(x, z) =z, w(y) = z; vix,y) =x, ey) = 2.
Proposition 5.8. With the above data, the space Ker(ozu,,,) N Ker(ﬁw,e) is spanned by {01, 05,03}, where
O1(y) =z, 01(2) = z; b2(y) =y; O3(y) = 2.

(We only write non-zero images.)

Restricted cohomology, case p = 3

Let I be a field of characteristic 3 and let o € C2(H,H). Then, a map w : H — H has the (x)-
property with respect to ¢ if and only if

w(u+v) = wu) +w©) + 2 (p([u, vl u) + [p(u, v),ul) + @([u, v}, v) + [p(u, v),v], Yu,v € H. (112)

Let # be a linear form on # and let (p,w) € C2(H, #). We recall that H is endowed with a 3-map (-)!’!
given by 6 (see Proposition 5.1). Since p = 3, we have

ind(p, w) (u,v) = ¢(u, v[?’})— [o([u, v],v), v] +[u,w(v)]. (113)

Lemma 5.9. The restricted 2-cocycles for (H,0) are given by pairs (p,w), where

o Case =0:
ez, y) =ar+by+cz w(r) = —ex+yz
p(r,2) =dvtey+ fz wly) =dy+ez (114)
oy, z) =gx—dy+iz w(z) =kz

o Case § = x*: same as Lemma 5.5;
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o Case § = z*: same as Lemma 5.5;

where all the parameters a, b, c,d, e, f, h,i,7, €, k belong to TF.

Proof. Similar to Lemma 5.5, but using Eq.(113). ]
A similar computation shows that the restricted 2-coboundaries are the same as in Lemma 5.6. The
(x)-property is given by Eq.(112) if p = 3.
Theorem 5.10. Let I be a field of characteristic p = 3. We have dimpg (HE(H, 0)) = 8 and
dimg (HZ(H,z*)) = dimg (H2(H, 2*)) = 4.
e A basis for HE(H7 O) is given by {(Qola wl)a (@27 wQ)a (@37 0)7 (@47 0)7 (@57 0)7 <07 w3)7 (07 UJ4), (07 UJ5)},
with

p1(z,2) = —p1(y, 2) =z, wi(y) = ; p2(z,2) =y, wa(x) = x5 P3(y,2) = 2;
pa(,2) = 2; @5(y,2) = y; w3(x) = waly) = ws(2) = 2

(We only write non-zero identities).
o A basis for H*(H, x*) is given by {(¢1,0), (¢2,0), (0,w1), (0,ws)}, with
pr(z,y) = 25 o2(x,y) = y; wiy) = 2 walz) = 2.
e A basis for H*(H, z*) is given by {(1,0), (2,0), (0,w1), (0, ws)}, with
p1(z,y) = z; pa(x,y) = y; wily) = 25 wa(z) = 2.

5.2 Restricted structures on the Heisenberg Lie algebra and restricted cohomology in charac-
teristic p = 2

Let [F be an algebraically closed field of characteristic 2. Recall that the Heisenberg algebra H is
spanned by elements x, y, z with bracket given by [z, y| = z. In characteristic p = 2, H is isomorphic to
sly. Let () be a 2-mapping on #. Then, we have

(p4 0B = 2B B 4
(4 2) = 22 4 512, (115)

Therefore, the 2-mapping is not 2-semilinear. Let u = ax 4+ by + cz € H, a,b,c € F. Then
u? = (az + by + c2)¥ = ®2 4 2y 4 22 4 abe. (116)
Because of the second condition of the Definition 4.1, the image of (-)? lies in the center of #, which

is one-dimensional and spanned by z. Therefore, it exists § : H — T linear such that 2 = 6(z)z, y/? =
0(y)z, 213 = 0(2)z. We deduce the following result.

Theorem 5.11. There are two non-isomorphic restricted Heisenberg algebras in characteristic 2, re-
spectively given by the linear forms 0 = 0 and 6 = z*.
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We compute the second restricted cohomology groups of the restricted Heisenberg algebras with ad-
joint coefficients. Let u,v € H and (p,w) € C2 (H,6). The restricted part of the 2-cocycle condition is
given by

p (u,0(0)z) + [u,w(v)] + [p(u, v), ] + ([u, v],v) = 0. (117)
The restricted part of the 2-coboundary condition is given for ¢ € Ciz (L, L) by

w(u) = [¥(u),u] + P (0(u)2). (118)

By applying Eqs.(117) and (118) to an arbitrary pair (¢, w) € CZg(H, 6), we obtain the general form
of the 2-cocycles and 2-coboundaries.

Lemma 5.12. The restricted 2-cocycles for (H,0) are given by pairs (p,w), where

e Case ) =0:
o(x,y) =ar+by+cz wx) =0+ flz+vz
olr,z) = fz w(y) =(a+i)y+ez (119)
o(y,z) =iz w(z) =Kz

o Case ) = z*:

o(r,y) =azr+by+cz w(x) =0+ flr+vz
olx,z) = fz wy) =(a+i)y+ez (120)
oly,z) =1z w(z) =ix+ fy+kz,

where all the parameters a, b, c,d, e, f, h,i,7, €,k belong to .

Lemma 5.13. The restricted 2-coboundaries for (H, 0) are given by pairs (p,w), where

o(x,y) = Az + By+Cz
o(r,z) =Hz
oy, z) =Gz,

where A, B,C, D, E, G, H belong to F and

e Case 0 =0: w(x) = Ez, w(y) = Dz, w(z) = 0;

o Case ) = z*: w(x) = Ez, w(y) = Dy, w(z) = Gx + Hy + I z.

Using Lemmas 5.12 and 5.13, we are able to compute a basis for the second cohomology spaces.

Theorem 5.14. We have dimp (HZ,(H,0)) = 3 and dimg (HZ,(H,z%)) = 2.
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e A basis for HZ (H,0) is given by {(01,w1), (02, w2), (0,w3)}, with
P1(y,2) = 23 p2(x,2) = 2z wi(y) = y; walz) = z; w3(2) = 2.
(We only write non-zero images).
e A basis for H2 (H, z*) is given by { (1, w1), (a2, w2)}, with

e1(w,y) = x5 p2(r,y) = y; wiy) = y; wa(z) = .

Example of deformations (p = 2). Consider the restricted Lie algebra (74, 0). The non trivial 2-cocycle
are {(¢1,w1), (p2,w2), (0,ws)}, see Thm. 5.14. First, using the 2-cocycle (0,ws), the algebra (H,0)
deforms into (#, z*). Then, using the 2-cocycle (y2,ws), a deformation of order 1 is given by the
bracket

[z, yly = 2, [z, 2] =tz, [y, 2]t =0; (121)
and the 2-map

gl = tx, ym" =% = . (122)
One can readily check that the deformed algebra is indeed a restricted Lie algebra, for example, we have

[Q}t]t'

[[y,ﬂf]t, x]t = [2737]75 =tz = [y7tx]t = [:%37
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