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ABSTRACT. The main purpose of this paper is to study cohomology and develop a deformation theory of restricted Lie
algebras in positive characteristic p > 0. In the case p ≥ 3, it is shown that the deformations of restricted Lie algebras
are controlled by the restricted cohomology introduced by Evans and Fuchs. Moreover, we introduce a new cohomology
that controls the deformations of restricted morphisms of restricted Lie algebras. In the case p = 2, we provide a full
restricted cohomology complex with values in a restricted module and investigate its connections with formal deformations.
Furthermore, we introduce a full deformation cohomology that controls deformations of restricted morphisms of restricted
Lie algebras in characteristic 2. As example, we discuss restricted cohomology with adjoint coefficients of restricted
Heisenberg Lie algebras in characteristic p ≥ 2.
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1 Introduction

This paper includes the restricted Lie algebras results part of the Preprint [EM23], which is dedicated
to Lie-Rinehart algebras in positive characteristic. We consider here the study of cohomology and de-
formations of restricted Lie algebras in positive characteristic. Moreover, we consider deformations of
restricted morphisms of restricted Lie algebras.

Restricted Lie algebras. Lie algebras were historically introduced over the field of complex numbers,
then over arbitrary fields of characteristic zero. The origins of the study of Lie algebras in positive
characteristic p > 0 go back to the late 1930s, with the discovery by Witt in 1937 of a new simple Lie
algebra, named after him and generalized by Zassenhaus in 1939 ([Z39]). Many results and tools that
are valid in characteristic zero are no longer valid in positive characteristic, such as the Killing form, Lie
Theorem and Weyl Theorem. This makes the classification problem in characteristic p a difficult one. The
classification of simple Lie algebras in characteristic p has been investigated, for example by Strade in a
series of six articles published between 1989 and 1998, see [SH98] and references therein. More recently,
Bouarroudj and his collaborators considered superalgebras cases, see ([BGL09, BKLLS18, BLLS23]).
In characteristic p > 0, an additional structure appears naturally on certain Lie algebras, inspired by the
following fact. If A is an associative algebra over a field F of positive characteristic p, we can consider
its Lie algebra of derivations Der(A). Then the Frobenius morphism (·)p : Der(A) → End(A), D �→
Dp is actually an endomorphism of Der(A), which is in general not true in characteristic zero. This
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observation, together with the study of the properties arising from the interactions between this Frobenius
morphism and the structuring applications of Der(A), led to the definition of restricted Lie algebra
(Jacobson, [Ja37, Ja41], see Definition 2.1), which is a Lie algebra L equipped with a so-called p-map
(·)[p] : L → L satisfying some compatibility conditions with the Lie bracket and the additive law of L.
For example, Lie algebras associated with algebraic groups over fields of positive characteristic are also
restricted. Restricted Lie algebras are interesting to study in characteristic p because they allow us to
develop new techniques that partially overcome the problems mentioned above.

Restricted cohomology. The cohomology associated with restricted Lie algebras is much more compli-
cated than the ordinary Chevalley-Eilenberg cohomology in characteristic 0. In [Ho54, Ho55a, Ho55b],
Hochschild defines a restricted cohomology of a restricted Lie algebra L with values in a module M by

Hk
res(L,M) := ExtkUp(L)(F,M), k ∈ N,

where Up(L) denotes the restricted enveloping algebra of L. Although correct, this expression only
allows explicit calculations for k ∈ {0, 1}, in the context of certain extensions (see [Ho54]). For p ≥ 3,
Evans and Fuchs then proposed an explicit construction of a cochain complex in [Ev00, EF08], which
allows restricted cohomology groups to be computed up to order p if the Lie algebra is abelian and up to
order 2 in the general case. The complete cohomology is still a challenging problem, although work of
Evans and Fuchs has provided good cohomological interpretations of certain algebraic phenomena (see
[BE24, E23, EF08, EFP16, EF19, EF23, EFY24]).

Formal deformations. Formal deformations were introduced by Gerstenhaber in [Ge64] for associative
algebras, then generalized for various algebraic structures, most notably for Lie algebras by Nijenhuis
and Richardson ([NR66, NR67a]). The main tool is to consider formal power series. Roughly speaking,
a deformation of an algebraic structure (A, μ) consists in building a multiplicative operation μt on the
formal space A[[t]] of the form μt = μ +

∑
i≥1 t

iμi, where the maps μi : A × A → A are bilinear
and must satisfy a system of conditions called deformation equation. Formal deformations of A are
controlled by the second cohomology space with coefficients in A. Formal deformations of morphisms
were considered by Gerstenhaber and Schack for associative algebras in [GS83, GS85], by Nijenhuis and
Richardson for Lie algebras in [NR67a, NR67b] and by Mandal for Leibniz algebras in [Ma07]. Most
of the studies dealt with characteristic 0. In [EF08], Evans and Fuchs sketched a deformation theory
for restricted Lie algebras in characteristic p > 0 as an application of their cohomology formulas. In
this paper, we aim to develop a deformations theory of restricted Lie algebras and their morphisms. A
connection with the restricted cohomology is also explored.

Characteristic 2. In the specific case where the characteristic of the ground field is equal to 2, many
results fall short and new techniques are required. For example, the Lie algebra sl2(F) is the standard
example of a simple Lie algebra in characteristic p �= 2. But this is no longer the case in characteristic
2: this algebra admits a non-zero center and is nilpotent. Bouarroudj and his collaborators have made
major contributions to the study of the special case p = 2, about double extensions in [BB18], defor-
mations in [BLLS15] and classification of simple Lie superalgebras in [BGL09, BLLS23]. Recently,
Bouarroudj and Makhlouf have studied (Hom-)Lie superalgebras in characteristic 2 ([BM23]), where
a new cohomology is introduced. It appears that in the case p = 2, there are similarities between the
notions of restricted Lie algebra and Lie superalgebra. This observation motivated the construction of
a new cochain complex for restricted Lie algebras, which has no analogue for p �= 2 (see Section 4.4).
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This complex is complete in the sense that it allows the computation of restricted cohomology groups of
any order. However, this method remains specific to the case p = 2 and cannot be generalized to p > 2.

Outline of the paper. In this paper, we first recall basic notions about restricted Lie algebras in Section 2,
as well as restricted cohomology formulas introduced by Evans and Fuchs for p ≥ 3. Section 3 is devoted
to the deformation theory of restricted Lie algebras in characteristic p ≥ 3. We show that infinitesimals
of a restricted deformation are restricted 2-cocycle (Theorem 3.3). We investigate equivalence classes
of restricted deformations (Theorem 3.6 and Proposition 3.8) and study obstructions to the extension
of deformations of order n to order n + 1, see Section 3.3. We also introduce a (partial) deformation
cohomology for restricted morphisms and show that it fits with their restricted deformations, see Section
3.4. In Section 4, we investigate the particular case of characteristic 2. We provide a restricted cochain
complex and restricted differentials (Theorem 4.9), which allow to compute restricted cohomological
groups at any order. We then provide algebraic interpretations of this cohomology (Section 4.5) and study
restricted deformations in Section 4.6. Moreover, we introduce a (full) deformation cohomology for
restricted morphisms in Section 4.7. The restricted cohomology in characteristic p = 2 allows us to have
more general results than in characteristic p ≥ 3. Finally, we compute explicitly the second restricted
cohomology groups with adjoint coefficients for the restricted Heisenberg Lie algebras in Section 5. For
that purpose, we first classify all restricted structures on the Heisenberg Lie algebras of dimension 3

(Theorems 5.3 and 5.11), then compute basis for the restricted cohomology spaces (Theorems 5.7, 5.10
and 5.14).

Throughout the paper, “ordinary" shall be understood as “not restricted".

2 Restricted Lie Algebras

We first review some basics about restricted Lie algebras and their cohomology.

2.1 Basics

Let F denote a field of characteristic p �= 0. For a comprehensive introduction to the notions introduced
here, we refer to [SF88], see also [Ja41].

Definition 2.1 (Restricted Lie Algebra). A restricted Lie algebra over F is a Lie F-algebra
(
L, [·, ·])

endowed with a map (·)[p] : L −→ L such that

(i) (λx)[p] = λpx[p], ∀x ∈ L, ∀λ ∈ F;

(ii)
[
x, y[p]

]
= [[· · · [x,

p terms︷ ︸︸ ︷
y], y], · · · , y], ∀x, y ∈ L;

(iii) (x+ y)[p] = x[p] + y[p] +

p−1∑
i=1

si(x, y), ∀x, y ∈ L,

where isi(x, y) is the coefficient of Zi−1 in adp−1
Zx+y(x). Such a map (·)[p] : L −→ L is called a p-map.
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We have an explicit formula

isi(x, y) =
∑

xk∈{x,y}
�{k, xk=x}=i−1

[x1, [x2, [· · · , [xk, · · · , [xp−2, [y, x]] · · · ],

where �{k, xk = x} refers to the number of xk’s equal to x. We refer to a restricted Lie algebra by a
triple (L, [·, ·], (·)[p]).

Throughout the paper, we denote by �{x} the number of x’s among the xk’s. Then we have
p−1∑
i=1

si(x, y) =

p−1∑
i=1

1

i

∑
xk∈{x,y}

�{k, xk=x}=i−1

[x1, [x2, [· · · , [xk, · · · , [xp−2, [y, x]] · · · ]

=
∑

xk∈{x,y}
xp−1=y, xp=x

1

�{x} [x1, [x2, [· · · , [xk, · · · , [xp−1, xp]] · · · ], (1)

since 1
i

is exactly the inverse of the number of x’s among the xk’s.

We have the following particular cases:

• p = 2: for all x, y ∈ L, we have adZx+y(x) = [x, Zx + y] = [x, y]. Then s1(x, y) = [x, y]. Hence,

(x+ y)[2] = x[2] + y[2] + [x, y].

• p = 3: for all x, y ∈ L, we have ad2Zx+y(x) = [[x, Zx + y], Zx + y] = Z[[x, y], x] + [[x, y], y]. It
follows that s1(x, y) = [[x, y], y] and s2(x, y) = 2[[x, y], x]. Hence,

(x+ y)[3] = x[3] + y[3] + [[x, y], y] + 2[[x, y], x].

Remark. Recall that the center of a Lie algebra L is defined by Z(L) = {x ∈ L, adx = 0}. If the
adjoint representation ad : x �→ [x, ·] is faithful (or equivalently, if the Lie algebra is centerless), then
both Conditions (i) and (iii) in Definition 2.1 follow from Condition (ii).

Examples:

1. Let A be an associative algebra over F. Endowed with the bracket [x, y] = xy − yx, the vector
space A becomes a restricted Lie algebra with the map x �−→ xp, called Frobenius morphism.

2. Let L be an abelian Lie algebra. Then, any map f : L→ L satisfying

f(λx+ y) = λpf(x) + f(y), ∀x, y ∈ L, ∀λ ∈ F

is a p-map on L. A map satisfying such a property is called p-semilinear.

3. Let F be a field of characteristic p ≥ 5. We consider the Witt algebra W (1) =

Span
F
{e−1, e0, ..., ep−2} with the bracket

[ei, ej ] =

{
(j − i)ei+j if i+ j ∈ {−1, ..., p − 2};
0 otherwise;
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and the p-map

e
[p]
i =

{
e0 if i = 0.;

0 if i �= 0.

Then
(
W (1), [·, ·], (·)[p]) is a restricted Lie algebra (see [EFP16]). Moreover, this Lie algebra is

also simple, so the restricted structure is unique.

One can see the Witt algebra as the derivations algebra of the commutative associative algebra
A := F[x]/

(xp − 1) (see [EF02]). In this setting, the basis elements are ei = xi+1 d
dx , the bracket

being the commutator: if f ∈ A, we have[
xi+1 d

dx
, xj+1 d

dx

]
(f) = (j − i)xi+j+1 df

dx
if i+ j + 1 ∈ {−1, ..., p − 2} and 0 otherwise.

The p-map is then given by(
x
d

dx

)[p]

= x
d

dx
and

(
xk

d

dx

)[p]

= 0, k �= 1.

Definition 2.2. Let
(
L1, [·, ·]1, (·)[p]1

)
and

(
L2, [·, ·]2, (·)[p]2

)
be two restricted Lie algebras. A restricted

morphism (or p-morphism) ϕ : L1 −→ L2 is a Lie algebra morphism that satisfies ϕ
(
x[p]1

)
= ϕ(x)[p]2,

∀x ∈ L1.

Definition 2.3. LetM be an L-module over a restricted Lie algebra
(
L, [·, ·], (·)[p]), that is,M is endowed

with an action L ×M → M such that [x, y] · m = x · (y · m) − y · (x · m), for all x, y ∈ L and all

m ∈ M . The L-module is called restricted if we have, in addition, x[p] ·m =

p terms︷ ︸︸ ︷
x · (x · · · (x ·m) · · · ), for

all m ∈M and all x ∈ L.

Theorem 2.4 (Jacobson’s Theorem ([Ja62])). Let L be a n-dimensional Lie algebra over a field F of
characteristic p. Suppose that (ej)j∈{1,··· ,n} is a basis of L such that it exists yj ∈ L,

(
adej

)p
= adyj .

Then it exists exactly one p-map such that e[p]j = yj, ∀j = 1, · · · , n.

2.2 Cohomology of Restricted Lie Algebras, p ≥ 3

We assume here that the ground field F is of characteristic p > 2. We recall the Chevalley-Eilenberg
cohomology complex for ordinary Lie algebras ([CE48]) and the restricted cohomology for restricted
Lie algebras defined in [EF08], where restricted cochains are considered up to order 3 and restricted
coboundary maps up to order 2.

Ordinary Chevalley-Eilenberg Cohomology

Let L be a Lie algebra and M be an L-module. Let m ≥ 1, and TL =
⊕

TmL be the tensor algebra
of L. We set

ΛmL = TmL/ 〈x1 ⊗ · · · ⊗ xk ⊗ xk+1 ⊗ · · · ⊗ xm + x1 ⊗ · · · ⊗ xk+1 ⊗ xk ⊗ · · · ⊗ xm〉 , x1, · · · , xm∈L.
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We define the cochains

Cm
CE(L,M) = HomF(Λ

mL,M) for all m ≥ 1,

C0
CE(L,M) ∼= M.

We define a differential map dmCE : Cm
CE(L,M) −→ Cm+1

CE (L,M) by

dmCE(ϕ)(x1, · · · , xm+1) =
∑

1≤i<j≤m+1

(−1)i+jϕ ([xi, xj], x1, · · · x̂i, · · · , x̂j , · · · , xm+1)

+
m+1∑
i=1

(−1)i+1xiϕ(x1, · · · , x̂i, · · · , xm+1),

where x̂i means that the element is omitted. We have dm+1
CE ◦ dmCE = 0. We denote the m-cocycles

by ZmCE(L,M) = Ker(dmCE) and the m-coboundaries by Bm
CE(L,M) = Im(dm−1

CE ). Then we define the
ordinary Chevalley-Eilenberg cohomology of L with values in M by

Hm
CE(L,M) = ZmCE(L,M)/Bm

CE(L,M).

Proposition 2.5. Let L be a Lie algebra over a field of characteristic p > 0 and suppose that
H1

CE(L,L) = 0. Then, L admits a p-map.

Proof. Since H1
CE(L,L) = 0, every derivation is inner. In particular, if {e1, · · · , en} is a basis of L,

the derivation (adei)
p, i = 1, · · · , n is inner. Therefore, it exists ui ∈ L, i = 1, · · · , n such that

(adei)
p = adui. The conclusion follows from Jacobson’s Theorem 2.4.

Restricted cohomology of restricted Lie algebras, p ≥ 3

Let (L, [·, ·], (·)[p]) be a restricted Lie algebra and M be a restricted L-module. We set C0∗(L,M) :=

C0
CE(L,M) and C1

∗(L,M) := C1
CE(L,M).

Definition 2.6. Let ϕ ∈ C2
CE(L,M) and let ω : L → M be a map. We say that ω has the (∗)-property

with respect to ϕ if 1

ω(λx) = λpω(x), ∀λ ∈ F, ∀x ∈ L; (2)

ω(x+ y) = ω(x) + ω(y)

+
∑

xi∈{x,y}
x1=x, x2=y

1

�{x}
p−2∑
k=0

(−1)kxp · · · xp−k+1ϕ([[· · · [x1, x2], x3] · · · , xp−k−1], xp−k), (3)

for all x, y ∈ L and �{x} is the number of factors xi equal to x. We set

C2
∗(L,M) =

{
(ϕ, ω), ϕ ∈ C2

CE(L,M), ω : L −→M has the (∗)-property w.r.t ϕ
}
.

Example. Let p = 3 and ϕ ∈ C2
CE(L,M). Then a map ω : L → M has the (∗)-property with respect to

ϕ if and only if

ω(λx) = λ3 ω(x), ∀λ ∈ F, ∀x ∈ L; (4)

1. In [EF23], the authors introduced the terminology “ω is ϕ-compatible"
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ω(x+ y) = ω(x) + ω(y) + ϕ([x, y], y) +
1

2
ϕ([x, y], x)− 1

2
x · ϕ(x, y)− y · ϕ(x, y), ∀x, y ∈ L.

(5)

Eq. (5) can be rewritten as

ω(x + y) = ω(x) + ω(y) + ϕ([x, y], y)− ϕ([x, y], x) + x · ϕ(x, y)− y · ϕ(x, y), ∀x, y ∈ L.

Definition 2.7. Let α ∈ C3
CE(L,M) and β : L×L −→M be a map. We say that β has the (∗∗)-property

with respect to α if

1. β(x, y) is linear with respect to x;

2. β(x, λy) = λpβ(x, y);

3. We have

β(x, y1 + y2) = β(x, y1) + β(x, y2)

−
∑

hi∈{y1,y2}
h1=y1, h2=y2

1

�{y1}
p−2∑
j=0

(−1)j

×
j∑

k=1

(
j

k

)
hp · · ·hp−k−1α ([· · · [x, hp−k], · · · , hp−j+1], [· · · [h1, h2], · · ·, hp−j−1], hp−j) ,

for all λ ∈ F, for all x, y, y1, y2 ∈ L and with �{y1} the number of factors hi equal to y1. We set

C3
∗(L,M) =

{
(α, β), α ∈ C3

CE(L,M), β : L× L −→M has the (∗∗)-property w.r.t α
}
.

An element ϕ ∈ C1
∗(L,M) induces a map2

ind1(ϕ) : L −→M

x �−→ −ϕ(x[p])+xp−1ϕ(x).

An element (α, β) ∈ C2
∗(L,M) induces a map

ind2(α, β) : L× L −→M

(x, y) �−→ −α(x, y[p])+ ∑
i+j=p−1

(−1)iyiα
(
[· · · [x,

j terms︷ ︸︸ ︷
y], · · · , y], y)−xβ(y).

Lemma 2.8 ([EF08]). The map ind1(ϕ) satisfies the (∗)-property with respect to d1CEϕ, and the map
ind2(α, β) satisfies the (∗∗)-property with respect to d2CEα.

Definition 2.9. The restricted differentials are defined as follows:

d0∗ : C
0
∗(L,M) −→ C1

∗(L,M), d0∗ = d0CE;

d1∗ : C
1
∗(L,M) −→ C2

∗(L,M), d1∗(ϕ) =
(
d1CEϕ, ind1(ϕ)

)
;

d2∗ : C
2
∗(L,M) −→ C3

∗(L,M), d2∗(α, β) =
(
d2CEα, ind2(α, β)

)
.

2. In [EF08], the maps ind1 and ind2 are of opposite sign. We use the present convention in order to deal with deformations of
restricted morphisms later.
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If m ∈ {1, 2}, we have dm∗ ◦ dm−1
∗ = 0. We denote by Zm∗ (L,M) = Ker(dm∗ ) the restricted m-cocycles

andBm∗ (L,M) = Im(dm−1∗ ) the restrictedm-coboundaries. We denote the restricted cohomology groups
by

Hm
∗ (L,M) := Zm∗ (L,M)/Bm

∗ (L,M).

Remark: H0
∗(L,M) = H0

CE(L,M).

3 Deformation theory of restricted Lie algebras, p ≥ 3

Let F be a field of characteristic p ≥ 3. In [EF08], Evans and Fuchs have sketched a deformation theory
of restricted Lie algebras. In this Section, we investigate formal restricted deformations of restricted Lie
algebras as well as equivalence of such deformations and restricted obstructions. We also introduce the
notion of deformation of restricted morphisms and an adapted (partial) deformation cohomology.

3.1 Restricted formal deformations

Let
(
L, [·, ·], (·)[p]) be a restricted Lie algebra. We aim to study deformations of both the Lie bracket

and the p-map.

Definition 3.1. A formal deformation of
(
L, [·, ·], (·)[p]) is given by two maps

mt : L× L −→ L[[t]] and ωt : L −→ L[[t]]

(x, y) �−→
∑
i≥0

timi(x, y) x �−→
∑
j≥0

tjωj(x),

where m0 = [·, ·], ω0 = (·)[p], and (mi, ωi) ∈ C2
∗(L,L). Moreover, the two following conditions must be

satisfied, for all x, y, z ∈ L:

mt(x,mt(y, z))t +mt(y,mt(z, x)) +mt(z,mt(x, y)) = 0; (6)

mt (x, ωt(y))t = mt(mt(· · ·mt(x,

p terms︷ ︸︸ ︷
y), y), · · · , y). (7)

Remarks.

1. The map mt extends to L[[t]] by F[[t]]-linearity.

2. The map ωt extends to L[[t]] by p-homogeneity and by using the formula

ωt(x + ty) = ωt(x) + tp ωt(y) +

p−1∑
k=1

s̃(x, ty),

with ks̃(x, ty) being the coefficient of Zp−1 in the formal expression mt(xZ + ty, x).

Notation. In the sequel, if f is a map with two variables and n ≥ 2, we will use the notation

f(x1, · · · , xn) := f(f(· · · f(x1, x2), x3), · · · , xn).
In particular, we have

[x1, · · · , xn] := [[· · · [x1, x2], x3], · · · , xn].
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Lemma 3.2. Let (mt, ωt) be a restricted deformation of
(
L, [·, ·], (·)[p]). Then ω1 has the (∗)-property

with respect to m1.

Proof. Let λ ∈ F, x ∈ L.

• ωt(λx) = λp ωt(x) ⇔ (λx)[p] + t ω1(λx) +
∑
i≥2

ti ωi(λx) = λp
(
x[p] + t ω1(x) +

∑
i≥2

ti ωi(x)
)
. By

collecting the coefficients of t in the above equation, we obtain ω1(λx) = λp ω1(x).

• The following computations are made modulo t2. We have

mt(x1, · · · , xp) = [x1, · · · , xp] + t

p−2∑
k=0

[m1([x1, · · · , xp−k−1], xp−k), xp−k+1, · · · , xp] . (8)

We denote by (�) the three conditions
(
xi ∈ {x, y}, x1 = x, x2 = y

)
. Using the definition of ωt

and Eq.(1), we have

ωt(x+ y) = ωt(x) + ωt(y) +
∑
(�)

1

�{x}mt(x1, x2, · · · , xp)

= x[p] + y[p] +
∑
(�)

1

�{x} [x1, x2, · · · , xp]

+ t
∑
(�)

p−2∑
k=0

[m1([x1, · · · , xp−k−1], xp−k), xp−k+1, · · · , xp] mod (t2).

We also have ωt(x+ y) = (x+ y)[p]+ t ω1(x+ y) mod (t2). If we compare the coefficients in the
above expressions, we obtain

(x+ y)[p] = x[p] + y[p] +
∑
(�)

1

�{x} [x1, · · · , xp]; (9)

ω1(x+ y) = ω1(x) + ω1(y) +
∑
(�)

p−2∑
k=0

[m1([x1, · · · , xp−k−1], xp−k), xp−k+1, · · · , xp]

= ω1(x) + ω1(y) +
∑
(�)

p−2∑
k=0

(−1)k (xpxp−1 · · · xp−k−1m1([x1, · · · , xp−k−1], xp−k)) .

(10)

We conclude that ω1 has the (∗)-property with respect to m1.

Example: The case p = 3. Let
(
L, [·, ·], (·)[p]) be a restricted Lie algebra. Consider an infinitesimal

deformation (mt, ωt) of
(
L, [·, ·], (·)[p]) given by mt = [·, ·] + tm1, ωt = (·)[p] + t ω1, and let x, y ∈ L.

ωt(x+ y)− ωt(x)− ωt(y) =
∑

xk∈{x,y}
x1=x, x2=y

1

�{x}mt(mt(x1, x2), x3)

= 2mt(mt(x, y), x) +mt(mt(x, y), y)
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= 2
(
[[x, y], x] + tm1([x, y], x) + t[m1(x, y), x]

)
+ [[x, y], y] + tm1([x, y], y) + t[m1(x, y), y].

Collecting the coefficients of t on both sides, we obtain

ω1(x+ y)− ω1(x)− ω1(y) = 2m1([x, y], x) + 2[m1(x, y), x] +m1([x, y], y) + [m1(x, y), y],

which exactly means that ω1 satisfies the (∗)-property with respect to m1.

Theorem 3.3. Let (mt, ωt) be a restricted deformation of
(
L, [·, ·], (·)[p]). Then (m1, ω1) is a 2-cocyle of

the restricted cohomology.

Proof. By Lemma 3.2, (m1, ω1) ∈ C2
∗(L,L). By the ordinary deformation theory, we already have

m1 ∈ Z2
CE(L,L). It remains to show that ind2(m1, ω1) vanishes. We expand the equation

mt (x, ωt(y)) = mt(mt(· · ·mt(x,

p terms︷ ︸︸ ︷
y), y), · · · , y). (11)

On one hand,

mt (x, ωt(y)) = [x, ωt(y)] + tm1(x, ωt(y)) +
∑
i≥2

timi(x, ωt(y))

= [x, y[p]] + tm(x, ω1(y)) + tm1(x, y
[p]) mod (t2).

On the other hand,

mt(mt(· · ·mt(x,

p terms︷ ︸︸ ︷
y), y), · · · , y) =

∑
ip

· · ·
∑
i1

ti1+···+ipmip

(
mi(p−1)(· · · (mi1(x, y), y), · · · , y), y

)
= [x, y, · · · , y] + t

∑
ik=0 or 1

�{k, ik=1}=1

mip (· · · (mi1(x, y), y), · · · , y), y) mod (t2)

= [x, y, · · · , y] + t
∑

i+j=p−1

[
m1([x,

j︷ ︸︸ ︷
y, · · · , y], y),

i︷ ︸︸ ︷
y, · · · , y

]
mod (t2)

= [x, y, · · · , y] + t
∑

i+j=p−1

(−1)iyim1([x,

j︷ ︸︸ ︷
y, · · · , y], y) mod (t2).

We finally obtain the equation

[x, y[p]] + t
(
[x, ω1(y)] +m1(x, y

[p])
)
= [x, y, · · · , y] + t

∑
i+j=p−1

(−1)iyim1([x,

j︷ ︸︸ ︷
y, · · · , y], y). (12)

By collecting the coefficients of t0 and t, we recover the usual identity [x, y[p]] = [x, y, · · · , y] and obtain
a new identity

[x, ω1(y)] +m1(x, y
[p]) =

∑
i+j=p−1

(−1)iyim1([x,

j︷ ︸︸ ︷
y, · · · , y], y). (13)

Therefore, we have ind2(m1, ω1) = 0.
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3.2 Equivalence of restricted formal deformations

Let φt : L[[t]] −→ L[[t]] be a formal automorphism defined on L by

φt(x) =
∑
i≥0

tiφi(x), φi : L −→ L F -linear , φ0 = id,

and then extended by F[[t]]-linearity.

Definition 3.4. Let (mt, ωt) and (m′
t, ω

′
t) be two formal deformations of

(
L, [·, ·], (·)[p]). They are called

equivalent if there is a formal automorphism φt such that

m′
t(φt(x), φt(y)) = φt (mt(x, y)) (14)

and

ω′
t (φt(x)) = φt (ωt(x)) . (15)

Lemma 3.5. Let (mt, ωt) and (m′
t, ω

′
t) be two equivalent formal deformations of

(
L, [·, ·], (·)[p]). Then

there exists ψ : L→ L such that, for all x, y ∈ L,

m′
1(x, y)−m1(x, y) = ψ ([x, y])− [(x, ψ(y))]− [(ψ(x), y)] (16)

and

ω′
1(x)− ω1(x) = ψ(x[p])− [ψ(x),

p−1︷ ︸︸ ︷
x, · · · , x]. (17)

If the equivalence is given by φt =
∑
i≥0

tiφi, then ψ = φ1.

Proof. Let x, y ∈ L. Since
m′
t

(
φt(x), φt(y)

)
= φt (mt(x, y)) ,

we have ∑
k≥0

tkm′
t(φt(x), φt(y)) =

∑
k≥0

tkφt (mt(x, y)) .

We deduce that

[φt(x), φt(y)] + tm′
1(φt(x), φt(y) = φt([x, y]) + tφt(m1(x, y)) mod (t2).

Therefore,[∑
i≥0

tiφi(y),
∑
j≥0

tjφj(y)
]
+ tm′

1

(∑
i≥0

tiφi(y),
∑
j≥0

tjφj(y)
)

=
∑
i≥0

tiφi([x, y]) + t
∑
j≥0

tjφj(m1(x, y)) mod (t2).

Hence,

[x, y] + t
(
[x, φ1(y)] + [φ1(x), y] +m′

1(x, y)
)
= [x, y] + t

(
φ1([x, y]) +m1(x, y)

)
mod (t2).

By collecting the coefficients of t, we obtain the first identity. Then, expanding the relation φt (ωt(x)) =
ω′
t (φt(x)) yields

φt

(∑
i>0

ti ωi(x)
)
= ω′

t

(
x+ tφ1(x)

)
mod (t2)

© 2025 ISTE OpenScience – Published by ISTE Ltd. London, UK – openscience.fr Page | 36



and it follows that

x[p] + t
(
ω1(x) + φ1(ω(x))

)
= ω′

t (x+ tφ1(x)) mod (t2). (18)

We compute the right hand side of Eq.(18). We denote once again by (�) the conditions (xi ∈
{x, y}, x1 = x, x2 = y), where we temporarily denote y := tφ1(x). Then, we have

ω′
t (x+ tφ1(x)) = ω′

t(x) + ω′
t(y) +

∑
(�)

1

�{x}mt(x1, · · · , xp)

= ω′
t(x) + ω′

t(y) +
∑
(�)

1

�{x} [x1, · · · , xp] mod (t2)

= ω′
t(x) + ω′

t(tφ1(x)) +
1

p− 1
[x, tφ1(x), x, x, · · · , x] mod (t2)

= ω′
t(x)− t[x, φ1(x), x, x, · · · , x] mod (t2)

= x[p] + t
(
ω′
1(x)− [x, φ1(x), x, x, · · · , x]

)
mod (t2).

Therefore, Eq.(18) gives

x[p] + t
(
ω1(x) + φ1(x

[p])
)
= x[p] + t

(
ω′
1(x)− [x, φ1(x), x, x, · · · , x]

)
mod (t2).

Collecting the coefficients of t in the previous equation, we obtain

ω1(x)− ω′
1(x) = [φ1(x),

p−1︷ ︸︸ ︷
x, · · · , x]− φ1(x

[p]),

which is the desired identity.

Remark. Lemma 3.5 allows to recover the definitions given in [EF08] and [Ev00] in the case of in-
finitesimal deformations of restricted Lie algebras.

Theorem 3.6. Let (mt, ωt) and (m′
t, ω

′
t) be two equivalent formal deformations of

(
L, [·, ·], (·)[p]). Then,

their infinitesimal elements are in the same cohomology class.

Proof. Let (mt, ωt) and (m′
t, ω

′
t) be two equivalent formal deformations via φ =

∑
i≥0

tiφi. Let x, y ∈ L.

By Lemma 3.5, we have

m′
1(x, y)−m1(x, y) = φ1 ([x, y])− [(x, φ1(y))]− [(φ1(x), y)] and (19)

ω1(x)− ω′
1(x) = [φ1(x),

p−1︷ ︸︸ ︷
x, · · · , x]− ψ(x[p]). (20)

The map φ1 belongs to C1
CE(L,L). We have

d1CE(φ1)(x, y) = − (φ1([x, y])− [x, φ1(y)]− [φ1(x), y]) .
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Using Equation (19), we deduce that m′
1(x, y) − m1(x, y) = −d1φ1(x, y), therefore (m′

1 −m1) ∈
B2

CE(L,L). Moreover, we have

ind1(φ1) = −φ1(x[p]) + [φ1(x), x, x, · · · , x]
= ω1(x)− ω′

1(x).

Finally, (m′
1 −m1, ω

′
1−ω1) = −d1∗φ1 ∈ B2

∗(L,L). We conclude that (m1, ω1) and (m′
1, ω

′
1) are equal

up to a coboundary.

Definition 3.7. Let (mt, ωt) be a restricted deformation of
(
L, [·, ·], (·)[p]). The deformation is called

trivial if there is a formal automorphism φt such that

φt ([x, y]) = mt(φt(x), φt(y)) (21)

and

φt (ωt(x)) = φt(x)
[p]. (22)

Expanding Eq.(21) mod (t2) yields m1 = −d1CE(φ1). Now, we focus on the right-hand side of Eq.(22).
The following computations are made mod t2, for all x ∈ L:

φ(x)[p] =
(∑

i

tiφi(x)
)[p]

= x[p] + (tφ1(x))
[p]

+
∑

xi∈{x, tφ1(x)}
xp−1=tφ1(x), xp=x

1

�{x} [x1, [· · · , [xp−1, xp] · · · ].

= x[p] + (tφ1(x))
[p] +

1

p− 1
[x, [x, · · · [tφ1(x), x] · · · ]

= x[p] + (tφ1(x))
[p]

+ t adp−1
x ◦φ1(x).

For the left-hand side, we have (mod t2):

φ (ωt(x)) =
∑
i

tiφi (ωt(x))

=
∑
i

∑
j

ti+jφi (ωj(x))

= x[p] + t
(
ω1(x) + φ1(x

[p])
)
.

We deduce that

ω1(x) + φ1(x
[p]) = adp−1

x ◦φ1(x), (23)

which can be rewritten

ω1(x) = −φ1(x[p]) + adp−1
x ◦φ1(x) = − ind1(φ1)(x). (24)

Hence, we proved the following result.

Proposition 3.8. The deformation
(
[·, ·] + tm1, (·)[p] + t ω1

)
is trivial if and only if (m1, ω1) is a re-

stricted coboundary.
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3.3 Obstructions

Let
(
L, [·, ·], (·)[p]) be a restricted Lie algebra and n ≥ 1. A deformation of

(
L, [·, ·], (·)[p]) is said of

order n if it is of the form

mn
t =

n∑
i=0

timi; ωnt =
n∑
i=0

ti ωi .

Definition 3.9. Let (mn
t , ω

n
t ) be a n-order deformation of

(
L, [·, ·], (·)[p]). We define for all x, y, z ∈ L,

the maps

obs
(1)
n+1(x, y, z) = −

n∑
i=1

(mi(x,mn+1−i(y, z)) +mi(y,mn+1−i(z, x)) +mi(z,mn+1−i(x, y))) ;

obs
(2)
n+1(x, y) =

n∑
i=1

mi(x, ωn+1−i(y))−
∑

0≤ik≤n
i1+···+ip=n+1

mip

(
mip−1(· · · (mi1(x, y), y), · · · , y), y

)
.

Proposition 3.10. Let (mn
t , ω

n
t ) be a n-order deformation of

(
L, [·, ·], (·)[p]). Let (mn+1, ωn+1) ∈

C2
∗(L,L). Suppose that

(
mn
t + tn+1mn+1, ω

n
t +t

n+1 ωn+1

)
is a (n + 1)-order deformation of(

L, [·, ·], (·)[p]). Then (
obs

(1)
n+1, obs

(2)
n+1

)
= d2∗ (mn+1, ωn+1) .

Proof. Let
(
mn
t + tn+1mn+1, ω

n
t +t

n+1 ωn+1

)
be a (n + 1)-order deformation of

(
L, [·, ·], (·)[p]). The

deformed operation mn
t + tn+1mn+1 should satisfy the Jacobi identity, that is,

n+1∑
k=0

tk
k∑
i=0

(mi(x,mk−i(y, z)) +mi(y,mk−i(z, x)) +mi(z,mk−i(x, y))) = 0 (mod tn+2), ∀x, y, z ∈ L.

By collecting the coefficients of tn+1, we obtain

n+1∑
i=0

(mi(x,mn+1−i(y, z)) +mi(y,mn+1−i(z, x)) +mi(z,mn+1−i(x, y))) = 0,

which can be written

[x,mn+1(y, z)] + [y,mn+1(z, x)] + [z,mn+1(x, y)]

+mn+1(x, [y, z]) +mn+1(y, [z, x]) +mn+1(z, [x, y]) (25)

+
n∑
i=1

(mi(x,mn+1−i(y, z)) +mi(y,mn+1−i(z, x)) +mi(z,mn+1−i(x, y))) = 0. (26)

Hence

−d2CEmn+1(x, y, z) =
n∑
i=1

(mi(x,mn+1−i(y, z)) +mi(y,mn+1−i(z, x)) +mi(z,mn+1−i(x, y))) .

Therefore, we have d2CEmn+1(x, y, z) = obs
(1)
n+1(x, y, z).
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Denote by ωnt +t
n+1 ωn+1 := ωn+1

t . Suppose that ωn+1
t is a deformation of order (n+1), then we have

mn+1
t

(
x, ωn+1

t (y)
)
= mn+1

t (mn+1
t (· · ·mn+1

t (x,

p terms︷ ︸︸ ︷
y), y), · · · , y), ∀x, y ∈ L. (27)

By expanding and collecting the coefficients of tn+1, we obtain
n+1∑
i=0

mi(x, ωn+1−i(y)) =
∑

0≤ik≤n+1
i1+···+ip=n+1

mip

(
mi(p−1)(· · · (mi1(x, y), y), · · · , y), y

)
,

which can be rewritten

[x, ωn+1(y)] +mn+1(x, ω(y))−
∑

i+j=p−1

[
mn+1([x,

j︷ ︸︸ ︷
y, · · · , y], y),

i︷ ︸︸ ︷
y, · · · , y]

=
∑

0≤ik≤n
i1+···+ip=n+1

mip

(
mi(p−1)(· · · (mi1(x, y), y), · · · , y), y

)− n∑
i=1

mi(x, ωn+1−i(y)).

Using the definition of ind2(mn+1, ωn+1), we finally obtain

d2∗ (mn+1, ωn+1) =
(
d2CEmn+1, ind2(mn+1, ωn+1)

)
=
(
obs

(1)
n+1, obs

(2)
n+1

)
.

In the usual algebraic deformation theory, the obstructions are 3-cocycles. Since we do not yet have a
definition for d3∗, we cannot assert that

(
obs

(1)
n+1, obs

(2)
n+1

)
is a 3-cocycle of the deformation cohomology.

3.4 Deformation of restricted morphisms

In this section, we investigate restricted deformations of restricted morphisms. We introduce new
restricted cohomology spaces controlling those deformations. Our approach follows [Ma07].

Deformation cohomology of restricted morphisms

Let (L, [·, ·]L, (·)[p]L) and (M, [·, ·]M , (·)[p]M ) be restricted Lie algebras and let ϕ : L → M be
a restricted morphism. The restricted Lie algebra M has a restricted L-module structure given by
x ·m := [ϕ(x),m]M . Let n ≥ 1. We define

CnCE(ϕ,ϕ) := Cn
CE(L,L)× Cn

CE(M,M)× Cn−1
CE (L,M),

and C0
CE(ϕ,ϕ) := 0. We define differential maps

dnCE : CnCE(ϕ,ϕ) → Cn+1
CE (ϕ,ϕ)

(μ, ν, θ) �→ (
dnCEμ, d

n
CEν, αμ,ν(θ)

)
,

with αμ,ν(θ) := ϕ ◦ μ− ν ◦ (ϕ⊗n)− dn−1
CE θ.

We denote ZnCE(ϕ,ϕ) := Ker(dnCE) and Bn
CE(ϕ,ϕ) := Im(dn−1

CE ).
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Proposition 3.11 (see [NR67b, Ma07]). We have dn+1
CE ◦ dnCE = 0 and the quotient spaces

Hn
CE(ϕ,ϕ) := ZnCE(ϕ,ϕ)/B

n
CE(ϕ,ϕ)

are well defined.

Furthermore, we define the restricted cochain spaces

C0
∗(ϕ,ϕ) := 0;

C1
∗(ϕ,ϕ) := C1

∗(L,L)× C1
∗(M,M)× C0

∗(L,M);

C2
∗(ϕ,ϕ) := C2

∗(L,L)× C2
∗(M,M)× C1

∗(L,M);

C3
∗(ϕ,ϕ) := C3

∗(L,L)× C3
∗(M,M)× C̃2

∗(L,M),

where C̃2
∗(L,M) :=

{
(ϕ, ω), ϕ ∈ C2

CE(L,M), ω : L→M, ω is p-homogeneous
}
. We define the re-

stricted differentials

d0∗ : C
0
∗(L,M) → C1

∗(L,M), d0∗ := d0CE;

d1∗ : C
1
∗(L,M) → C2

∗(L,M), d1∗(γ, τ,m) :=

⎛⎝
(
d1CEγ, ind1(γ)

)(
d1CEτ, ind1(τ)

)
αγ,τ (m)

⎞⎠ ;

d2∗ : C
2
∗(L,M) → C3

∗(L,M), d2∗
(
(μ, ω), (ν, ε), θ

)
:=

⎛⎝
(
d2CEμ, ind2(μ, ω)

)(
d2CEν, ind2(ν, ε)

)(
αμ,ν(θ), βω,ε(θ)

)
⎞⎠ ,

with βω,ε(θ)(x) := θ(x[p]) + ϕ(ω(x))− ε(ϕ(x))− xp−1 · θ(x), ∀x ∈ L.
We denote Zn∗(ϕ,ϕ) := Ker(dn∗) and Bn∗ (ϕ,ϕ) := Im(dn−1

∗ ), for n = 1, 2.

Proposition 3.12. We have d2∗ ◦ d1∗ = 0 and d1∗ ◦ d0∗ = 0. Therefore, the quotient spaces Hn
∗(ϕ,ϕ) :=

Zn∗(ϕ,ϕ)/B
n
∗(ϕ,ϕ) are well defined, for n ∈ {1, 2}.

Proof. Let x ∈ L,m ∈M,γ ∈ C1
∗(L,L) and τ ∈ C1

∗(M,M). Consider the map θ : L→M given by

θ(x) = ϕ ◦ γ(x)− τ(ϕ(x)) + adm ◦ϕ(x).
Since

−xp−1 adm ◦ϕ(x) = adpϕ(x)(m) = [ϕ(x)[p],m]M = −[m,ϕ(x[p])]

and
−xp−1ϕ ◦ γ(x) = − adp−1

ϕ(x)

(
ϕ ◦ γ(x))= −ϕ(adp−1

x ◦γ(x)).
We have

βind1 γ,ind1 τ (θ)(x) = ϕ ◦ γ(x[p])− τ(ϕ(x[p])) + adm ◦ϕ(x[p])
− ϕ ◦ γ(x[p]) + ϕ

(
adp−1

m ◦γ(x))
+ τ ◦ ϕ(x)[p] − xp−1τ ◦ ϕ(x)
− xp−1

(
ϕ ◦ γ(x)− τ ◦ ϕ(x) + adm ◦ϕ(x)

)
= 0.

This result together with Proposition 3.11 and properties of ind1 imply that d2∗ ◦ d1∗ = 0.
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Deformations of restricted morphisms

Let
(
L, [·, ·]L, (·)[p]L

)
and

(
M, [·, ·]M , (·)[p]M

)
be restricted Lie algebras and ϕ : L→M be a restricted

morphism. We recall that the restricted Lie algebra M has a restricted L-module structure given for all
x ∈ L,m ∈ M by x · m := [ϕ(x),m]M . Let (μt, ωt) (resp. (νt, εt)) be a restricted deformation of L
(resp. M ). A restricted deformation of ϕ is a restricted morphism ϕt :

(
L[[t]], μt, ωt

)→ (
M [[t]], νt, εt

)
given by

ϕt(x) :=
∑
i≥0

tiϕi(x), ϕi : L→M linear maps, ∀x ∈ L.

Since ϕt is a restricted morphism, it must satisfy the following conditions, for all x, y ∈ L:

ϕt ◦ μt(x, y) = νt(ϕt(x), ϕt(y)); (28)

ϕt ◦ ωt(x) = εt ◦ ϕt(x). (29)

Expanding Eq.(28) modulo t2 implies that (μ1, ν1, ϕ1) ∈ Z2
CE(ϕ,ϕ), see [NR67b]. Let x ∈ L. Expanding

Eq.(29) modulo t2 leads to

0 = ϕt
(
x[p] + t ω1(x)

)−εt(ϕ(x) + tϕ1(x)
)

= ϕ(x[p]) + t
(
ϕ(ω1(x)) + ϕ1(x

[p]
)−ϕ(x)[p] − tε1(ϕ(x))−

p−1∑
i=1

si
(
ϕ(x), tϕ1(x)

)
.

Modulo t2, we have
p−1∑
i=1

si
(
ϕ(x), tϕ1(x)

)
=

1

p− 1
[ϕ(x), · · · , [ϕ(x)︸ ︷︷ ︸

p−2

, [tϕ1(x), ϕ(x)] · · · ].

Thus, by collecting the coefficients of t, we obtain the identity

ϕ(ω1(x)) + ϕ1(x
[p]) = ε1(ϕ(x)) + adp−1

ϕ(x) ◦ϕ1(x). (30)

Therefore,
(
(μ1, ω1), (ν1, ε1), ϕ1

)∈ Z2
∗(ϕ,ϕ).

Obstructions. Let
(
L, [·, ·]L, (·)[p]L

)
and

(
L, [·, ·]M , (·)[p]M

)
be restricted Lie algebras. Let (μnt , ω

n
t ) (resp.

(νnt , ε
n
t )) be order n restricted deformation of L (resp. M ). Let ϕ : L→M be a restricted morphism and

let ϕnt be order n restricted deformation of ϕ, that is, ϕnt =
n∑
i≥0

tiϕi. For all x, y ∈ L, we define

obs(1)n (ϕ)(x, y) :=
n∑
i=1

(
νi(ϕn+1−i(x), ϕ(y))−ϕi(μn+1−i(x, y))+

i∑
j=0

νj(ϕi−j(x), ϕn+1−i(y))
)
. (31)

Suppose that the deformations are infinitesimal, that is, n = 1. We will investigate the obstructions to
extend the deformations to order 2. Let ϕ2

t = (·)[p] + tϕ1 + t2ϕ2, with ϕ2 : L → M . Let x ∈ L. We
define

obs
(2)
2 (ϕ)(x) := xp−1 · ϕ1(x)− ϕ ◦ ω1(x)−

∑
i+j=p−2

xi · [ϕ1(x), x
j · ϕ1(x)]. (32)
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The following computations are made modulo t3.

(
ϕ(x) + tϕ1(x) + t2ϕ2(x)

)[p]
= ϕ(x)[p] + tp(ϕ1(x) + tϕ2(x))

[p] +

p−1∑
i=1

(
ϕ(x), tϕ1(x) + t2ϕ2(x)

)
= ϕ(x)[p] +

1

p− 1
[ϕ(x), [· · · , [ϕ(x)︸ ︷︷ ︸

p−2

, [tϕ1(x) + t2ϕ2(x), ϕ(x)] · · · ]

+
1

p− 2

p−2∑
i=1

[ϕ(x), · · · , [tϕ1(x)︸ ︷︷ ︸
position i

, · · · , [tϕ1(x), ϕ(x)] · · · ]

= ϕ(x)[p] + t adp−1
ϕ(x) ◦ϕ1(x) + t2 adp−1

ϕ(x) ◦ϕ2(x)

+ t2
1

p− 2

p−2∑
i=1

[ϕ(x), · · · , [ϕ1(x)︸ ︷︷ ︸
position i

, · · · , [ϕ1(x), ϕ(x)] · · · ]

= ϕ(x)[p] − t adp−1
ϕ(x) ◦ϕ1(x)

+ t2
(
adp−1

ϕ(x) ◦ϕ2(x)− 1

p− 2

∑
i+j=p−2

xi · [ϕ1(x), x
j · ϕ1(x)]

)
.

(33)

Moreover, we have that

ε1
(
ϕ(x) + tϕ1(x)

)
= ε1 ◦ ϕ(x)− t adp−1

ϕ(x) ◦ϕ1(x). (34)

Suppose that ϕ2
t is a restricted morphism. Then, from ϕ2

t ◦ ω2
t = ε2t ◦ ϕ2

t and using Eqs.(33) and (34), we
obtain that

ϕ ◦ ω2(x) + ϕ1 ◦ ω1(x) + ϕ2(x
[p]) = adp−1

ϕ(x) ◦(ϕ2 − ϕ1)(x) + ε2 ◦ ϕ(x) (35)

− 1

p− 2

∑
i+j=p−2

xi · [ϕ1(x), x
j · ϕ1(x)], ∀x ∈ L.

Therefore, we have the following result.

Proposition 3.13. Let
(
L, [·, ·]L, (·)[p]L

)
and

(
L, [·, ·]M , (·)[p]M

)
be restricted Lie algebras. Let (μt =

[·, ·]L + tμ1, ωt = (·)[p]L + t ω1) (resp. (νt = [·, ·]M + tν1, εt = (·)[p]M + tε1)) be an infinitesimal
restricted deformation of L (resp. M ). Let ϕ : L → M be a restricted morphism and let ϕt = ϕ + tϕ1

be an infinitesimal restricted deformation of ϕ. Suppose that there exists maps μ2, ν2, ω2, ε2, ϕ2 such that

(i) (μt + t2μ2, ωt+t
2 ω2) is a restricted deformation of L;

(ii) (νt + t2ν2, εt + t2ε2) is a restricted deformation of M ;

(iii) ϕt + t2ϕ2 is a restricted deformation of ϕ.

Then, obs(1)2 (ϕ) = −αμ1,ν1(ϕ2) and obs
(2)
2 (ϕ) = −βω1,ε1(ϕ2).

Proof. The proof follows from Eq.(35) and definitions of α and β.
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Equivalence. Let
(
L, [·, ·]L, (·)[p]L

)
and

(
M, [·, ·]M , (·)[p]M

)
be restricted Lie algebras and let ϕ : L→M

be a restricted morphism. Let (μt, ωt) and (μ̃t, ω̃t) (resp. (νt, εt) and (ν̃t, ε̃t)) be restricted deformations
of L (resp. M ). Let φt (resp. ψt) be an equivalence of deformations between (μt, ωt) and (μ̃t, ω̃t) (resp.
(νt, εt) and (ν̃t, ε̃t)). Finally, let

ϕt :
(
L[[t]], μt, ωt

)→ (
M [[t]], νt, εt

)
and ϕ̃t :

(
L[[t]], μ̃t, ω̃t

)→ (
M [[t]], ν̃t, ε̃t

)
be deformations of the morphism ϕ. In summary, we have the following diagram.(

L[[t]], μt, ωt
) (

M [[t]], νt, εt
)

(
L[[t]], μ̃t, ω̃t

) (
M [[t]], ν̃t, ε̃t

)
φt

ϕt

ψt

ϕ̃t

(36)

For all x ∈ L, we have the relations

φt ◦ μt(x) = μ̃t
(
φt(x), φt(x)

)
, φt ◦ ωt(x) = ω̃t ◦ φt(x);

ψt ◦ νt(x) = ν̃t
(
ψt(x), ψt(x)

)
, ψt ◦ εt(x) = ε̃t ◦ ψt(x).

Definition 3.14. The deformations ϕt and ϕ̃t are called equivalent if ϕ̃t ◦ φt = ψt ◦ ϕt. A deformation
ϕt is called trivial if it is equivalent to the deformation ϕ̃t ≡ ϕ.

Expanding ϕ̃t ◦ φt = ψt ◦ ϕt, we obtain in particular

ϕ1 − ϕ̃1 = ϕ ◦ φ1 − ψ1 ◦ ϕ = αφ1,ψ1(0). (37)

Therefore, ϕ1 − ϕ̃1 is a coboundary.

Proposition 3.15. Let ϕt a deformation of ϕ : L → M . Let n ≥ 1 and suppose that ϕt is given by
ϕt = ϕ + tnϕn, where ϕn is a coboundary, that is, there exists f : L → L and g : M → M such that
ϕn = ϕ◦ f + g ◦ϕ. Then the deformation ϕt is equivalent to a deformation ϕ̃t such that ϕ̃i = 0, ∀i ≤ n.
Therefore, any deformation ϕt such that all ϕi are coboundaries is trivial.

Proof. Consider φt = id+tnf and ψt = id+tng. We build a deformation

ϕ̃t := ψt ◦ ϕt ◦ φ−1
t = ϕ+

∑
i≥1

tiϕ̃i.

Let x ∈ L. We have

ϕ̃t ◦ φt(x) = ϕ(x) + tnϕ ◦ f(x) +
∑
i≥1

tiϕ̃i(x) +
∑
i≥1

ti+nϕ̃i ◦ f(x); (38)

ψt ◦ ϕt(x) = ϕ(x) + tnϕn(x) + tng ◦ ϕ(x) + t2nϕn(x). (39)

Since ϕ̃t ◦ φt = ψt ◦ ϕt, we obtain that ϕ̃i = 0, ∀i ≤ n.
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3.5 Restricted Nijenhuis operators

We briefly consider the restricted version of Nijenhuis operators. Let (L, [·, ·], (·)[p]) be a restricted Lie
algebra.

Definition 3.16. A linear map N : L→ L is called a restricted Nijenhuis operator on L if

N
(
[N(x), y] + [x,N(y)]−N([x, y])

)
= [N(x), N(y)] (40)

N
(
N(x[p])− adp−1

x ◦N(x)
)
= N(x)[p], ∀x, y ∈ L. (41)

We define two maps on L by

[x, y]N := [N(x), y] + [x,N(y)]−N([x, y]) (42)

x[p]N := −N(x[p]) + adp−1
x ◦N(x). (43)

Proposition 3.17. The pair
(
[·, ·]N , (·)[p]

)
is a restricted 2-cocycle. Moreover, the restricted formal de-

formation given by

[x, y]t = [x, y] + t[x, y]N , x
[p]t = x[p] + tx[p]N (44)

is trivial.

Proof. By definition, we have [x, y]N = d1CEN(x, y) and x[p]N = ind1N(x). Therefore,
(
[·, ·]N , (·)[p]

)
is

a restricted 2-coboundary.

4 Restricted Lie algebras in characteristic 2

From now, F denotes a field of characteristic p = 2. This section aims at studying the specific case of
restricted Lie algebras over a field of characteristic p = 2. We describe a cohomology for restricted Lie
algebras which turns to be different from that of Evans and Fuchs ([EF08]).

4.1 Definition

In characteristic p = 2, the Definition 2.1 of a restricted Lie algebra reduces to the following.

Definition 4.1. A restricted Lie algebra in characteristic p = 2 is a Lie algebra (L, [·, ·]) endowed with a
map (·)[2] : L −→ L (called 2-map) such that

1. (λx)[2] = λ2x[2], for all x ∈ L and for all λ ∈ F;

2.
[
x, y[2]

]
= [[x, y], y], for all x, y ∈ L;

3. (x+ y)[2] = x[2] + y[2] + [x, y], for all x, y ∈ L.

Proposition 4.2. Let L be a restricted Lie algebra in characteristic p = 2.
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• Let x1, · · · , xn ∈ L. Then we have the formula(
n∑
i=1

xi

)[2]

=
n∑
i=1

x
[2]
i +

∑
1≤i<j≤n

[xi, xj ].

• Suppose that the adjoint representation on L is faithful. Then, Conditions 1. and 3. of Definition
4.1 follow from Condition 2.

Proof. The first point follows from a straightforward computation. Let x, y, z ∈ L and suppose that the
adjoint representation ad : x �→ adx = [x, ·] is faithful. Let λ ∈ F. We have

ad(λx)[2](y) = [(λx)[2], y] = [λx, [λx, y]] = λ2[x, [x, y]] = λ2[x[2], y] = λ2 adx[2](y).

Therefore, we have (λx)[2] = λ2x[2]. Then,

ad(x+y)[2](z) = [x+ y, [x + y, z]]

= [x, [x, z]] + [y, [y, z]] + [x, [y, z]] + [y, [x, z]]

= [x[2], z] + [y[2], z] + [[x, y], z]

= adx[2](z) + ady[2](z) + ad[x,y](z).

It follows that (x+ y)[2] = x[2] + y[2] + [x, y], ∀x, y ∈ L.

4.2 Semi-direct product in characteristic 2

Let
(
L, [·, ·], (·)[2]) and

(
g, [·, ·]g, (·)[2]g

)
be two restricted Lie algebras.

Proposition 4.3. Let π : L −→ Der(g) be a restricted map such that

π(x)
(
g[2]g

)
= [π(x)(g), g]g, ∀x ∈ L, g ∈ g . (45)

Then, the vector space L⊕ g is a restricted Lie algebra with the bracket[
(x, g), (y, h)

]
π
:=
(
[x, y], π(x)(h) + π(y)(g) + [g, h]g

)
(46)

and the 2-map

(x, g)[2]π :=
(
x[2], π(x)(g) + g[2]g

)
. (47)

Proof. The proof that [·, ·]π is a Lie bracket follows from [CGL18, Section 2.2]. Let us show that the
map (·)[2]π is a 2-map with respect to the bracket [·, ·]π. Let λ ∈ F, x, y ∈ L and g, h ∈ g. We have(

λ(x, g)
)[2]π

=
(
(λx)[2], π(λx)(λg) + (λg)[2]g

)
=
(
λ2(x)[2], λ2π(x)(g) + λ2(g)[2]g

)
= λ2(x, g)[2]π .

Then, we have(
(x, g) + (y, h)

)[2]π−(x, g)[2]π − (y, h)[2]π

=
(
(x+ y), (g + h)

)[2]π−(x, g)[2]π − (y, h)[2]π

=
(
(x+ y)[2], π(x+ y)(g + h) + (g + h)[2]g

)−(x[2], π(x)(g) + (g)[2]g
)−(y[2], π(y)(h) + (h)[2]g

)
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=
(
[x, y], π(x)(g)+π(x)(h)+π(y)(g)+π(y)(h)+g[2]g+h[2]g+[g, h]g − π(x)(g)− g[2]g − π(y)(h)− h[2]g

)
=
(
[x, y], π(x)(h) + π(y)(g) + [g, h]g

)
=
[
(x, g), (y, h)

]
π
.

Finally, we obtain[
(x, g), [(x, g), (y, h)]π

]
π
−[(x, g)[2]π , (y, h)]

=
[
(x, g), ([x, y], π(x)(h) + π(y)(g) + [g, h]g)

]
π
−[(x[2], π(x)(g) + g[2]g

)
, (y, h)

]
π

=
(
[x, [x, y]], π(x)

(
π(x)(h) + π(y)(g) + [g, h]g

)
+π([x, y])(g) +

[
g, π(x)(h) + π(y)(g) + [g, h]g

]
g

)
+
([
x[2], y

]
, π(x[2])

(
h) + π(y)

(
π(x)(g) + g[2]g

)
+
[
π(x)(g) + g[2]g, h

]
g

)
.

The first component gives [x[2], y]− [x, [x, y]] = 0. Moreover, we have:

• π([x, y])(g) + π(x) ◦ π(y)(g) + π(y) ◦ π(x)(g) = 0 since π is a Lie morphism;

• π(x)2(h)− π
(
x[2]
)
= 0 since π is restricted;

• π(x)([g, h]g)+[g, π(x)(h)]g+[π(x)(g), h]g= 0 since π(x) is a derivation of g for all x ∈ g;

• π(x)(g[2]g)−[π(x)(g), g]g = 0 using Eq.(45);

• [g[2]g, h]g − [g, [g, h]g]g = 0.

Therefore, we obtain
[
(x, g), [(x, g), (y, h)]π

]
π
−[(x, g)[2]π , (y, h)]= 0. Therefore, (·)[2]π is a 2-map on

L⊕ g with respect to the bracket [·, ·]π .

In the case where Proposition 4.3 holds, the restricted Lie algebra
(
L ⊕ g, [·, ·]π, (·)[2]π

)
is called the

semi-direct product of L and g.

4.3 2-mappings versus formal power series

Let
(
L, [·, ·], (·)[2]) be a restricted Lie algebra. The formal space L[[t]] :=

{∑
i

tixi, xi ∈ L
}

is a Lie

algebra with the bracket[∑
i≥0

tixi,
∑
j≥0

tjyj

]
=
∑
i,j

ti+j[xi, yj ], ∀xi, yj ∈ L. (48)

Now, we aim to extend the map (·)[2] on L[[t]] in such a way that L[[t]] is endowed with a restricted Lie
algebra structure with respect to the extended bracket defined in (48). Let xi ∈ L, n ∈ N and λ ∈ F. We
have ( n∑

i=0

λixi

)[2]
=

n∑
i=0

λ2ix
[2]
i +

∑
0≤i<j≤n

λi+j[xi, xj ]. (49)

Proposition 4.4. Let L be a Lie algebra. Then L[[t]] is a restricted Lie algebra with the extended bracket
(48) and the 2-mapping (·)[2]t given by

(∑
i≥0

tixi

)[2]t
:=
∑
i≥0

t2ix
[2]
i +

∑
i,j

ti+j[xi, xj ]. (50)
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Proof. We check the three conditions of the Definition 4.1. Let λ ∈ F and xi, yj ∈ L. First, we have(
λ
∑
i

tixi

)[2]t
=
(∑

i

ti(λxi)
)[2]t

=
∑
i

t2i(λxi)
[2] +

∑
i<j

ti+j[λxi, λxj]

= λ2
∑
i

t2ix
[2]
i + λ2

∑
i<j

ti+j [xi, xj]

= λ2
(∑

i

tixi

)[2]t
.

Then, we have[∑
i

tixi,
(∑

j

tjyj

)[2]t]
=
[∑

i

tixi,
∑
j

t2jy
[2]
j

]
+
[∑

i

tixi,
∑
j<k

tj+k[yj, yk]
]

=
∑
i,j

ti+2j
[
xi, y

[2]
j

]
+
∑
i,j,k
j<k

ti+j+k[xi, [yj , yk]]

=
∑
i,j

ti+2j
[
xi, y

[2]
j

]
+
∑
i,j,k
j<k

ti+j+k[yj, [yk, xi]] +
∑
i,j,k
j<k

ti+j+k[yk, [xi, yj]]

=
∑
i,j

ti+2j
[
xi, y

[2]
j

]
+
∑
i,j,k
j<k

ti+j+k[[xi, yk], yj ] +
∑
i,j,k
j<k

ti+j+k[[xi, yj], yk]

=
∑
i,j

ti+2j
[
xi, y

[2]
j

]
+
∑
i,j,k
j>k

ti+j+k[[xi, yj], yk] +
∑
i,j,k
j<k

ti+j+k[[xi, yj], yk]

=
∑
i,j

ti+j+j [[xi, yj], yj ] +
∑
i,j,k
j �=k

ti+j+k[[xi, yj], yk]

=
∑
i,j,k

ti+j+k[[xi, yj], yk]

=
[[∑

i

tixi,
∑
j

tjyj

]
,
∑
j

tjyj
]
.

The following computation will be useful to prove the last remaining identity.∑
i �=j

ti+j[xi, yj ] =
∑
i<j

ti+j[xi, yj ] +
∑
j<i

ti+j[xi, yj]

=
∑
i<j

ti+j[xi, yj ] +
∑
i<j

ti+j[xj , yi]

=
∑
i<j

ti+j[xi, yj ] +
∑
i<j

ti+j[yi, xj]. (51)

Now we can prove the third condition:(∑
i

tixi +
∑
j

tjyj

)[2]t
=
(∑

i

ti(xi + yi)
)[2]t
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=
∑
i

t2i(xi + yi)
[2] +

∑
i<j

ti+j[xi + yi, xj + yj]

=
∑
i

t2ix
[2]
i +

∑
i

t2iy
[2]
i +

∑
i

t2i[xi, yi]

+
∑
i<j

ti+j[xi, xj ] +
∑
i<j

ti+j [xi, yj]

+
∑
i<j

ti+j[xj , yi] +
∑
i<j

ti+j[xj , yj]

=
∑
i

t2ix
[2]
i +

∑
i

t2iy
[2]
i +

∑
i

t2i[xi, yi]

+
∑
i<j

ti+j[xi, xj ] +
∑
i<j

ti+j [xj, yj]

+
∑
i �=j

ti+j[xi, yj] (using Eq.(51))

=
(∑

i

tixi

)[2]t
+
(∑

i

tiyi

)[2]t
+
∑
i,j

ti+j[xi, yj]

=
(∑

i

tixi

)[2]t
+
(∑

i

tiyi

)[2]t
+
[∑

i

tixi,
∑
j

tjyj

]
.

Remark. By expanding the formula (50) and by arranging the terms by monomials of the same degree,
we obtain(∑

n≥0

tnxn

)[2]t
=
∑
n≥0

tn
(
ε(n)x

[2]
	n
2 
 +

∑
i<j

i+j=n

[xi, xj ]
)
, (52)

where �·� denotes the floor function, ε(n) = 0 if n is odd and ε(n) = 1 if n is even.

4.4 Cohomology of restricted Lie algebras in characteristic 2

Let
(
L, [·, ·], (·)[2]) be a restricted Lie algebra and let M be a restricted L-module. We start by setting

C0
∗2(L,M) := C0

CE(L,M) and C1
∗2(L,M) := C1

CE(L,M).

Definition 4.5. Let n ≥ 2, ϕ ∈ Cn
CE(L,M), ω : L× ∧n−2L → M , λ ∈ F and x, z2, · · · , zn−1 ∈ L. The

pair (ϕ, ω) is a n-cochain of the restricted cohomology if

ω(λx, z2, · · · , zn−1) = λ2ω(x, z2, · · · , zn−1), (53)

ω(x, z2, · · · , λzi + z′i, · · · , zn−1) = λω(x, z2, · · · , zi, · · · , zn−1) + ω(x, z2, · · · , z′i, · · · , zn−1),

(54)

ω(x+ y, z2, · · · , zn−1) = ω(x, z2, · · · , zn−1)+ω(y, z2, · · · , zn−1)+ϕ(x, y, z2, · · · , zn−1).

(55)

We denote by Cn
∗2(L,M) the space of n-cochains of L with values in M .
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The coboundary maps dn∗2 : Cn
∗2(L,M) → Cn+1

∗2 (L,M) for n ≥ 2, are given by dn∗2(ϕ, ω) =(
dnCE(ϕ), δ

n(ω)
)
, where

δnω(x, z2, · · · , zn) := x · ϕ(x, z2, · · · , zn) +
n∑
i=2

zi · ω(x, z2, · · · , ẑi, · · · , zn)

+ ϕ(x[2], z2, · · · , zn) +
n∑
i=2

ϕ ([x, zi], x, z2, · · · , ẑi, · · · , zn)

+
∑

1≤i<j≤n
ω (x, [zi, zj ], z2, · · · , ẑi, · · · , ẑj , · · · , zn) .

Lemma 4.6. Let n ≥ 2 and (ϕ, ω) ∈ Cn
∗2(L,M). Then

(
dnCE(ϕ), δ

n(ω)
)∈ Cn+1

∗2 (L,M).

Proof. Let x, y, z2, · · · , zn+1 ∈ L. We show that

δnω(x+y, z2, · · · , zn−1) = δnω(x, z2, · · · , zn−1)+δ
nω(y, z2, · · · , zn−1)+d

n
CEϕ(x, y, z2, · · · , zn−1).

(56)

We have

δnω(x+ y, z2, · · · , zn) = x · ϕ(x+ y, z2, · · · , zn) +
n∑
i=2

zi · ω(x+ y, z2, · · · , ẑi, · · · , zn)

+ ϕ((x+ y)[2], z2, · · · , zn) +
n∑
i=2

ϕ ([x + y, zi], x+ y, z2, · · · , ẑi, · · · , zn)

+
∑

1≤i<j≤n
ω (x+ y, [zi, zj ], z2, · · · , ẑi, · · · , ẑj , · · · , zn) .

= x · ϕ(x, z2, · · · , zn) + x · ϕ(y, z2, · · · , zn)
+ y · ϕ(x, z2, · · · , zn) + y · ϕ(y, z2, · · · , zn)

+
n∑
i=2

zi · ω(x, z2, · · · , ẑi, · · · , zn) +
n∑
i=2

zi · ω(y, z2, · · · , ẑi, · · · , zn)

+
n∑
i=1

ϕ(x, y, z2, · · · , ẑi, · · · , zn)

+ ϕ(x[2], z2, · · · , zn) + ϕ(y[2], z2, · · · , zn) + ϕ([x, y], z2, · · · , zn)

+
n∑
i=2

ϕ ([x, zi], x, z2, · · · , ẑi, · · · , zn) +
n∑
i=2

ϕ ([x, zi], y, z2, · · · , ẑi, · · · , zn)

+
n∑
i=2

ϕ ([y, zi], y, z2, · · · , ẑi, · · · , zn) +
n∑
i=2

ϕ ([y, zi], x, z2, · · · , ẑi, · · · , zn)

+
∑

2≤i<j≤n
ω (x, [zi, zj ], z2, · · · , ẑi, · · · , ẑj , · · · , zn)

+
∑

2≤i<j≤n
ω (y, [zi, zj], z2, · · · , ẑi, · · · , ẑj, · · · , zn)

+
∑

2≤i<j≤n
ϕ(x, zi, zj, z2, · · · , ẑi, · · · , ẑj , · · · , zn).
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We can now identify the desired terms in the above expression:

δnω(x, z2, · · · , zn) = x · ϕ(x, z2, · · · , zn) +
n∑
i=2

zi · ω(x, z2, · · · , ẑi, · · · , zn) + ϕ(x[2], z2, · · · , zn)

+
n∑
i=2

ϕ ([x, zi], x, z2, · · · , ẑi, · · · , zn)

+
∑

2≤i<j≤n
ω (x, [zi, zj ], z2, · · · , ẑi, · · · , ẑj , · · · , zn) ;

δnω(y, z2, · · · , zn) = y · ϕ(y, z2, · · · , zn) +
n∑
i=2

zi · ω(y, z2, · · · , ẑi, · · · , zn) + ϕ(y[2], z2, · · · , zn)

+
n∑
i=2

ϕ ([y, zi], y, z2, · · · , ẑi, · · · , zn)

+
∑

2≤i<j≤n
ω (y, [zi, zj ], z2, · · · , ẑi, · · · , ẑj , · · · , zn) ;

dnCEϕ(x, y, z2, · · · , zn) = x · ϕ(y, z2, · · · , zn) + y · ϕ(x, z2, · · · , zn) +
n∑
i=1

ϕ(x, y, z2, · · · , ẑi, · · · , zn)

+
n∑
i=1

ϕ([x, y], z2, · · · , zn) +
n∑
i=2

ϕ ([x, zi], y, z2, · · · , ẑi, · · · , zn)

+
n∑
i=2

ϕ ([y, zi], x, z2, · · · , ẑi, · · · , zn)

+
∑

2≤i<j≤n
ϕ(x, zi, zj , z2, · · · , ẑi, · · · , ẑj , · · · , zn).

Equation (56) is then satisfied.

Lemma 4.7. Let n ≥ 2 and (ϕ, ω) ∈ Cn
∗2(L,M). We have δn+1 ◦ δn = 0.

Proof. Let x, z2, · · · , zn+1 ∈ L. We have

δn+1 ◦ δn ω(x, z2, · · · , zn+1)

= x · dnCEϕ(x, z2, · · · , zn+1) +
n+1∑
i=2

zi · δn ω(x, z2, · · · , ẑi, · · · , zn+1)

+ dnCEϕ(x
[2], z2, · · · , zn+1 +

n+1∑
i=2

dnCEϕ([x, zi], x, z2, · · · , ẑi, · · · , zn+1)

+
∑

2≤i<j≤n
δn ω(x, [zi, zj ], z2, · · · , ẑi, · · · , ẑj , · · · , zn+1)

=
n+1∑
i=2

zi · (x · ϕ(x, z2, · · · , ẑi, · · · , zn+1)) +
n+1∑
i=2

zi ·
∑
j=2
j �=i

zj · ω(x, z2, · · · , ẑi, · · · ẑj , · · · , zn+1)
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+
n+1∑
i=2

zi · ϕ(x[2], z2, · · · , ẑi, · · · , zn+1) +
n+1∑
i=2

zi ·
n+1∑
j=2
j �=i

ϕ([x, zj ], x, z2, · · ·, ẑi, · · ·, ẑj , · · ·, zn+1)

+
n+1∑
i=2

zi ·
∑

2≤j<k≤n+1
j,k �=i

ω(x, [zj , zk], z2, · · ·, ẑi, · · ·, ẑj , · · ·, ẑk · · ·, zn+1)

+
n+1∑
i=2

zi · ϕ(x[2], z2, · · · , zn+1) + x[2] · ϕ(z2, · · · , zn+1)

+
∑

2≤i<j≤n+1

ϕ([zi, zj], x
[2], · · · , ẑi, · · · , ẑj, · · · , zn+1)

+
n+1∑
j=2

ϕ([x[2], zj ], z2, · · · , ẑj, ..., zn+1) + x ·
n+1∑
i=2

zi · ϕ(x, z2, · · · , ẑi, · · · , zn+1) + x · (x · ϕ(z2, · · · , zn+1))

+ x ·
∑

2≤i<j≤n+1

ϕ([zi, zj], x, · · · , ẑi, · · · , ẑj, · · · , zn+1) + x ·
n+1∑
j=2

ϕ([x, zj ], z2, · · · , ẑj, · · · , zn+1)

+
n+1∑
i=2

n+1∑
j=2
j �=i

zj · ϕ([x, zi], x, z2, · · · , ẑi, · · · , ẑj , · · · , zn+1) +
n+1∑
i=2

x · ϕ([x, zi], z2, · · · , ẑi, · · · , zn+1)

+
n+1∑
i=2

[x, zi] · ϕ(x, z2, · · · , ẑi, · · · , zn+1)

+
n+1∑
i=2

∑
2≤j<k≤n+1

j,k �=i

ϕ([zj , zk], [x, zi], x, z2, · · · , ẑi, · · · , ẑj , · · · , ẑk · · · , zn+1))

+
n+1∑
i=2

n+1∑
j=2
j �=i

ϕ([x, zj ], [x, zi], · · · , ẑi, · · · , ẑj, · · · , zn+1)

+
n+1∑
i=2

n+1∑
j=2
j �=i

ϕ([[x, zi], zj ], x, z2, · · · , ẑi, · · · , ẑj , · · · , zn+1)

+
n+1∑
i=2

ϕ([[x, zi], x], z2, · · · , ẑi, · · · , zn+1) +
∑

2≤i<j≤n+1

x · ϕ(x, [zi, zj ], · · · , ẑi, · · · , ẑj, · · · , zn+1)

+
∑

2≤i<j≤n+1

n+1∑
k=2
j,k �=i

zk · ω(x, [zi, zj ]), z2, · · · , ẑi, · · · , ẑj , · · · , ẑk · · · , zn+1)

+
∑

2≤i<j≤n+1

[zi, zj ] · ω(x, z2 · · · , ẑi, · · · , ẑj, · · · , zn+1)

+
∑

2≤i<j≤n+1

ϕ(x[2], [zi, zj ], z2, · · · ẑi, · · · , ẑj, · · · , zn+1)

+
∑

2≤i<j≤n+1

ϕ([x, [zi, zj ], x, z2, · · · ẑi, · · · , ẑj , · · · , zn+1)
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+
∑

2≤i<j≤n+1

n+1∑
k=2
j,k �=i

ϕ([x, zk], x, [zi, zj ], z2, · · · , ẑi, · · · , ẑj , · · · , ẑk · · · , zn+1)

+
∑

2≤i<j≤n+1

∑
2≤k<l≤n+1

k,l �=i,j

ω(x, [zk, zl], z2, · · · , ẑi, · · · , ẑj , · · · , ẑk · · · , ẑl, · · · , zn+1)

+
n+1∑

2≤i<j≤n+1

n+1∑
k=2
k �=i,j

ω(x, [[zi, zj ], zk], z2, · · · , ẑi, · · · , ẑj , · · · , ẑk · · · , zn+1) = 0.

Thus, we have obtained a cochain complex
(
Cn

∗2(L,M), dn∗2
)
n≥2

. For n = 0, 1, we define d0∗2 = d0CE
and

d1∗2 : C
1
∗2(L,M) −→ C2

∗2(L,M)

ϕ �−→ (
d1CEϕ, ω

)
, ω(x) := ϕ

(
x[2]
)
+x · ϕ(x), ∀x ∈ L.

Lemma 4.8. The map d1∗2 is well-defined. We have d1∗2 ◦ d0∗2 = 0 and d2∗2 ◦ d1∗2 = (0, 0).

Our cochain complex is now complete.

Theorem 4.9. Let
(
L, [·, ·], (·)[2]) be a restricted Lie algebra and M be a restricted L-module. The

complex
(
Cn

∗2(L,M), dn∗2
)
n≥0

is a cochain complex. The nth restricted cohomology group of the Lie
algebra L in characteristic 2 is defined by

Hn
∗2(L,M) := Zn∗2(L,M)/Bn

∗2(L,M),

with Zn∗2(L,M) = Ker(dn∗2) the restricted n-cocycles and Bn
∗2(L,M) = Im(dn−1

∗2 ) the restricted n-
coboundaries.3

Remark. H0
∗2(L,M) = H0

CE(L,M).

Remark. This cohomology has no analogue in characteristic different from 2. Very similar cohomology
formulas have been considered in [BM23], in the slightly different context of (Hom-) Lie superalgebras
of characteristic 2.

4.5 Computations in small degrees

Hereafter, we give some applications of the cohomology of restricted Lie algebras in characteristic 2
defined above.

First cohomology group with adjoint coefficients and restricted derivations.

We recall that a restricted derivation D of a restricted Lie algebra
(
L, [·, ·], (·)[2]) in characteristic 2 is

a linear map D : L → L that satisfies D([x, y]) = [D(x), y] + [x,D(y)] and D(x[2]) = [x,D(x)] for all
x, y ∈ L. Let ϕ be a restricted 1-cocycle, that reads, for x, y ∈ L:

3. Apparently, an earlier instance of those formulae can be found in May’s papers [Ma66, for example] and are known by experts, but
we did not found them written in the above explicit way.
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{
ϕ([x, y]) = [ϕ(x), y] + [x, ϕ(y)]; and

ϕ(x[2]) = [x, ϕ(x)].

It is clear that any 1-cocyle ϕ with values in L is a restricted derivation. We have

B1
∗2(L,L) = B1

CE(L,L) = Im(d0CE) = {adx, x ∈ L} .
Every derivation of the form adx is restricted. Those derivations are called inner derivations. Therefore,
we have

H1
∗2(L,L) = Z1

∗2(L,L)/B
1
∗2(L,L) = {restricted derivations} / {inner derivations} .

This is a well-known result in the case where p > 2 (see [Ev00, EF08]).

Second cohomology group with scalar coefficients and central extensions.

Let
(
L, [·, ·]L, (·)[2]L

)
be a restricted Lie algebra and let g := L⊕ F c, where c is a parameter. Here, F

is viewed as a trivial L-module. A restricted scalar 2-cocycle is a pair (ϕ, ω) ∈ C2
∗2(L,F) that satisfies

for all x, y, z ∈ L,

ϕ(x, [y, z]L) + ϕ(y, [z, x]L) + ϕ(z, [x, y]L) = 0 (57)

and

ϕ
(
x, y[2]L

)
= ϕ([x, y]L, y). (58)

Let x, y ∈ L and u, v ∈ F. We define a bracket on g by

[x + uc, y + vc]g := [x, y]L + ϕ(x, y)c (59)

and a map (·)[2]g : g → g by

(x+ uc)[2]g := x[2]L + ω(x)c. (60)

Proposition 4.10. Let g = L ⊕ F c equipped with the bracket (59) and the 2-map (60). Then,(
g, [·, ·]g, (·)[2]g

)
is a restricted Lie algebra if and only if (ϕ, ω) is a restricted 2-cocycle.

Proof. It is well-known in the ordinary case that (g, [·, ·]g) is a Lie algebra if and only if ϕ is a Chevalley-
Eilenberg 2-cocycle. It remains to show that (·)[2]g is a 2-mapping on g if and only if Eq.(58) is satisfied.
Let x, y ∈ L and u, v ∈ F. We have

((x+ u) + (y + v))[2]g = (x+ y)[2]L + ω(x + y)c

= x[2]L + [x, y]L + ω(x)c+ ω(y)c+ ϕ(x, y)c

= (x+ uc)[2]g + (y + vc)[2]g +
[
(x+ uc), (y + vc)

]
g
.

Moreover, we have[
(x+ uc), (y + vc)[2]g]g = [(x + uc), y[2]L + ω(y)c

]
g

=
[
[x, y[2]L

]
L
+ϕ
(
x, y[2]L

)
c
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=
[
[x, y]L, y

]
L
+ϕ([x, y]L, y)c

=
[
[x, y]L + ϕ(x, y)c, y + vc

]
g

=
[
[x + uc, y + vc]g, y + vc

]
g
.

Finally, it is clear that (λ(x+uc))[2]g = λ2(x+uc)[2]g. Therefore, we conclude that (·)[2]g is a 2-mapping
on g if and only if Eq.(58) is satisfied.

4.6 Restricted formal deformations

The aim of this section is to consider restricted formal deformations of restricted Lie algebras in char-
acteristic p = 2. In particular, we show that the deformation theory is controlled by the cohomology
introduced in Section 4.4.

Definition 4.11. Let
(
L, [·, ·], (·)[2]) be a restricted Lie algebra. A restricted formal deformation of(

L, [·, ·], (·)[2]) is given by two maps

mt : L× L −→ L[[t]] and ωt : L −→ L[[t]]

(x, y) �−→
∑
i≥0

timi(x, y) x �−→
∑
j≥0

tjωj(x),

where m0 = m, ω0 = ω, mi : L × L → L antisymmetric and ωi : L �→ L satisfying ω(λx) =

λ2 ω(x), ∀λ ∈ F, x ∈ L.

Moreover, mt and ωt must satisfy the following equations, for all x, y, z ∈ L,

mt(x,mt(y, z)) +mt(y,mt(z, x)) +mt(z,mt(x, y)) = 0; (61)

mt(x, ωt(y)) = mt(mt(x, y), y); (62)

ωt(x+ y) = ωt(x) + ωt(y) +mt(x, y); (63)

Remark.

1. The map mt extends to L[[t]] by F[[t]]-linearity.

2. The map ωt extends to L[[t]] using Eqs.(50) and (63).

Lemma 4.12. Let (mt, ωt) be a restricted deformation of
(
L, [·, ·], (·)[2]). Then (mk, ωk) ∈

C2
∗2(L,L) ∀k ≥ 0.

Proof. Let x, y ∈ L. Expanding Eq.(63) yields∑
i≥0

tiωi(x+ y) =
∑
i≥0

tiωi(x) +
∑
i≥0

tiωi(y) +
∑
i≥0

timi(x).

Then, for every k ≥ 0, we have

ωk(x+ y) = ωk(x) + ωk(y) +mk(x, y),

which is the desired identity. Moreover, for λ ∈ F, we have

ωt(λx) =
∑
i≥0

tiωi(λx) = λ2
∑
i≥0

tiωi(x), so ωi(λx) = λ2ωi(x), ∀i ≥ 0.
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Proposition 4.13. Let (mt, ωt) be a restricted deformation of
(
L, [·, ·], (·)[2]). Then (m1, ω1) is a 2-

cocycle of the restricted cohomology, that reads

d2CEm1 = 0 and δ2 ω1 = 0.

Proof. The ordinary theory ensures that d2CEm1 = 0. It remains to check that δ2 ω1 = 0. By expanding
Eq.(62), we obtain∑
i,j

ti+jmi(x, ωj(y)) =
∑
i,j

ti+jmi(mj(x, y), y). (64)

Collecting the coefficients of t yields

m1(x, y
[2]) + [x, ω1(y)] = [m1(x, y), y] +m1([x, y], y),

which is equivalent to δ2 ω1 = 0.

Equivalence of restricted formal deformations

Let φt : L[[t]] −→ L[[t]] be a formal automorphism defined on L by

φt(x) =
∑
i≥0

tiφi(x), with φi : L→ L and φ0 = id,

then extended by F[[t]]-linearity.

Definition 4.14. Two formal deformations (mt, ωt) and (m′
t, ω

′
t) of

(
L, [·, ·], (·)[2]) are equivalent if there

exists a formal automorphism φt such that

m′
t (φt(x), φt(y)) = φt (mt(x, y)) and (65)

φt (ωt(x)) = ω′
t (φt(x)) , ∀x, y ∈ L. (66)

Lemma 4.15. With the above data, we have

m1(x, y) +m′
1(x, y) = φ1([x, y]) + [x, φ1(y)] + [φ1(x), y]; (67)

ω1(x) + ω′
1(x) = [φ1(x), x] + φ1 (ω(x)) , ∀x, y ∈ L. (68)

Proof. Equation (65) is equivalent to

m′
t

(∑
i≥0

tiφi(x),
∑
j≥0

tjφj(y)
)
−
∑
k≥0

tkφk(mt(x, y)) = 0.

Therefore, we have ∑
i,j,k≥0

ti+j+km′
k (φi(x), φj(y)) =

∑
i,j≥0

ti+jφj(mi(x, y)).

By collecting the coefficients of t, we obtain

[φ1(x), y] + [x, φ(y)] +m1(x, y) = φ1([x, y]) +m′
1(x, y),

which is equivalent to the first desired equation. The following computations are made mod t2. Eq.(66)
gives

φt
(∑
i≥0

ti ωi(x)
)
= ω′

t (x+ tφ1(x)) ,
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which implies ∑
i≥0

tiφt(ωi(x)) = ω′
t(x) + ω′

t(tφ1(x)) +m′
t(x, tφ1(x)).

Therefore, ∑
i,j≥0

ti+jφj(wi(x)) = x[2] + t
(
ω′
1(x) + [x, φ1(x)]

)
.

By collecting the coefficients of t, we obtain

ω1(x) + φ1(x
[2]) = ω′

1(x) + [x, φ1(x)],

which is equivalent to the second desired equation.

Proposition 4.16. If (mt, ωt) and (m′
t, ω

′
t) are two equivalent deformations of

(
L, [·, ·], (·)[2]), then their

infinitesimals (m1, ω1) and (m′
1, ω

′
1) are cohomologous.

Proof. Notice that
φ1([x, y]) + [x, φ1(y)] + [φ1(x), y] = d1CEφ1(x, y)

and
[φ1(x), x] + φ1(x

[2]) = δ1φ1

in Lemma 4.15.

Definition 4.17. A formal deformation (mt, ωt) of
(
L, [·, ·], (·)[2]) is called trivial if there is a formal

automorphism φt satisfying

φt (mt(x, y)) = [φt(x), φt(y)]; (69)

φt (ωt(x)) = (φt(x))
[2]
, ∀x, y ∈ L. (70)

Proposition 4.18. Suppose that (m1, ω1) ∈ B2
∗2(L,L). Then the infinitesimal deformation of(

L, [·, ·], (·)[2]) given by mt = [·, ·] + tm1 and ωt = (·)[2] + tω1 is trivial.

Proof. Suppose thatm1 ∈ B2
∗2(L,L), that is, there exists ϕ : L→ L such thatm1 = d2CEϕ and ω1 = δ1ϕ.

We consider a formal automorphism φt = id+tϕ. Since m1 is a Chevalley-Eilenberg 2-coboundary, we
have

m1(x, y) = ϕ([x, y]) + [x, ϕ(y)] + [ϕ(x), y]. (71)

Thus, we can write

[x, y] + t
(
ϕ([x, y]) +m1(x, y)

)
= [x, y] + t

(
[x, ϕ(y)] + [ϕ(x), y]

)
,

which is equivalent (mod t2) to

φt

(
[x, y] + tm1(x, y)

)
= [φt(x), φt(y)].

Finally, we obtain (mod t2)

φt(mt(x, y)) = [φt(x), φt(y)]. (72)
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Then, using the identity ω1 = δ1ϕ, we have

ω1(x) + ϕ(x[2]) = [x, ϕ(x)]. (73)

Thus, we can write
x[2] + t

(
ω1(x) + φ(x[2])

)
= x[2] + t[x, ϕ(x)],

which implies (mod t2) that
φt

(
ω(x) + t ω1(x)

)
= (x+ tϕ(x))[2].

Finally, we obtain (mod t2)

φt (ωt(x)) = φt(x)
[2]. (74)

Eqs.(72) and (74) together implies that the deformation is trivial.

Obstructions

Let
(
L, [·, ·], (·)[2]) be a restricted Lie algebra. A restricted deformation (mn

t , ω
n
t ) of

(
L, [·, ·], (·)[2]) of

order n ∈ N is given by truncated formal power series

mn
t =

n∑
k=0

tkmk and ωnt =
n∑
k=0

tkωk.

Definition 4.19. For all x, y, z ∈ L, we define the following quantities:

obs
(1)
n+1(x, y, z) =

n∑
i=1

(
mi(x,mn+1−i(y, z)) +mi(y,mn+1−i(z, x)) +mi(z,mn+1−i(x, y))

)
;

obs
(2)
n+1(x, y) =

n∑
i=1

(
mi(y, ωn+1−i(x)) +mi(mn+1−i(y, x), x)

)
.

Lemma 4.20.
(
obs

(1)
n+1, obs

(2)
n+1

) ∈ C3
∗2(L,L).

Proof. Let x1, x2, y ∈ L.

obs
(2)
n+1(x1 + x2, y) =

n∑
i=1

(mi(y, ωn+1−i(x1 + x2)) +mi (mn+1−i(y, x1 + x2), x1 + x2))

=
n∑
i=1

(mi (y, ωn+1−i(x1)) +mi (y, ωn+1−i(x2)) +mi (y,mn+1−i(x1, x2)))

+
n∑
i=1

(mi (mn+1−i(y, x1), x1) +mi (mn+1−i(y, x1), x2))

+
n∑
i=1

(mi (mn+1−i(y, x2), x1) +mi (mn+1−i(y, x2), x2))

=
n∑
i=1

(mi (y, ωn+1−i(x1)) +mi (mn+1−i(y, x1), x1))
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+
n∑
i=1

(mi (y, ωn+1−i(x2)) +mi (mn+1−i(y, x2), x2))

+
n∑
i=1

(mi (mi(y,mn+1−i(x1, x2))+m1 (mn+1−i(y, x1), x2)+m1 (mn+1−i(y, x2), x1))

= obs
(2)
n+1(x1, y) + obs

(2)
n+1(x2, y) + obs

(1)
n+1(x1, x2, y).

Proposition 4.21. Let (mn
t , ω

n
t ) be a n-order deformation of

(
L, [·, ·], (·)[2]). Let (mn+1, ωn+1) ∈

C2
∗2(L,L). Suppose that

(
mn
t + tn+1mn+1, ω

n
t +t

n+1 ωn+1

)
is a (n+ 1)-order deformation of L. Then(

obs
(1)
n+1, obs

(2)
n+1

)
= d2∗2 (mn+1, ωn+1) .

Proof. Suppose that mn
t + tn+1mn+1 satisfies the Jacobi identity. Then, we obtain for x, y, z ∈ L that

n+1∑
i=0

(mi(x,mn+1−i(y, z)) +mi(y,mn+1−i(z, x)) +mi(z,mn+1−i(x, y))) = 0, (75)

which can be rewritten
n∑
i=1

(mi(x,mn+1−i(y, z)) +mi(y,mn+1−i(z, x)) +mi(z,mn+1−i(x, y))) = d2CEmn+1(x, y, z). (76)

Conversely, suppose that obs(1)n+1 = d2CEmn+1. Then mn
t + tn+1mn+1 satisfies the Jacobi identity. Now

suppose that ωnt +t
n+1 ωn+1 is a 2-map with respect to mn

t + tn+1mn+1. The following equation is then
satisfied:

mn+1
t

(
x, ωn+1

t (y)
)
= mn+1

t

(
mn+1
t (x, y), y

)
, (77)

where we have denoted mn+1
t := mn

t + tn+1mn+1 and ωn+1
t = ωnt +t

n+1 ωn+1. By expanding Eq.(77),
we obtain
n+1∑
k=0

tk
k∑
i=0

mi(x, ωk−i(y)) =
n+1∑
k=0

tk
k∑
i=0

mi(mk−i(x, y), y). (78)

By collecting the coefficients of tn+1, we obtain
n+1∑
i=0

mi(x, ωn+1−i(y)) =
n+1∑
i=0

mi(mn+1−i(x, y), y),

which can be rewritten

[x, ωn+1(y)] +mn+1(x, y
[2]) + [mn+1(x, y), y] +mn+1([x, y], y)

=
n∑
i=1

(mi(x, ωn+1−i(y)) +mi(mn+1−i(x, y), y)) .

We conclude that

obs
(2)
n+1(x, y) =

n∑
i=1

(
mi(x, ωn+1−i(y)) +mi(mn+1−i(x, y), y)

)
= δ2∗2ωn+1(x, y).
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4.7 Deformation of restricted morphisms in characteristic 2

In this section, we investigate restricted deformations of restricted morphisms in characteristic p = 2.
We provide a cohomology controlling those deformations which is specific of the characteristic 2 case.

Deformation cohomology of restricted morphisms in characteristic 2

Let (L, [·, ·]L, (·)[2]L) and (M, [·, ·]M , (·)[2]M ) be two restricted Lie algebras. Let ϕ : L → M be a
restricted morphism and let n ≥ 1. We define

Cn∗2(ϕ,ϕ) := Cn
∗2(L,L)× Cn

∗2(M,M) × Cn−1
∗2 (L,M),

and C0
∗2(ϕ,ϕ) := 0. For n ≥ 3, the differential maps are given by

dn∗2 : C
n
∗2(ϕ,ϕ) → Cn+1

∗2 (ϕ,ϕ)⎛⎝(μ, ω)

(ν, ε)

(θ, ρ)

⎞⎠ �→
⎛⎝

(
dnCEμ, δ

n ω
)(

dnCEν, δ
nε
)(

αμ,ν(θ), βω,ε(ρ)
)
⎞⎠ , (79)

where αμ,ν(θ) := ϕ ◦ μ + ν ◦ ϕ⊗n + dn−1
CE θ and βω,ε(ρ) := ϕ ◦ ω+ε ◦ ϕ⊗(n−1) + δn−1ρ. Moreover, we

have

d1 : C1
∗2(ϕ,ϕ) → C2

∗2(ϕ,ϕ) (80)

(μ, ν,m) �→
(
(d1CEμ, δ

1μ), (d1CEν, δ
1ν), αμ,ν(m)

)
and

d2 : C2
∗2(ϕ,ϕ) → C3

∗2(ϕ,ϕ) (81)(
(μ, ω), (ν, ε), θ

)
�→
(
(d2CEμ, δ

2 ω), (d2CEν, δ
2ε),

(
αμ,ν(θ), βμ,ν(θ)

))
.

We denote by Zn∗2(ϕ,ϕ) := Ker(dn∗2) and Bn
∗2(ϕ,ϕ) := Im(dn−1

∗2 ), the n-cocycles and n-coboundaries,
respectively.

Theorem 4.22. For all n ∈ N, the maps dn∗2 are well defined and satisfy dn+1
∗2 ◦ dn∗2 = 0.

Proof. Let
(
(μ, ω), (ν, ε), (θ, ρ)

)
∈ Cn∗2(ϕ,ϕ) and let x, y, z2, · · · , zn−2 ∈ L. We denote by z :=

(z2, · · · , zn−2), ẑi := (z2, · · · , ẑi, · · · zn−2) and ˆ̂zi,j := (z2, · · · , ẑi, · · · , ẑj , · · · zn−2).

βω,ε(ρ)(x+ y, z) = ϕ ◦ ω(x, z) + ϕ ◦ ω(y, z) + ϕ ◦ μ(x, y, z)
+ ε ◦ ϕ(x, z) + ε ◦ ϕ(y, z) + ν ◦ ϕ(x, y, z)
+ x · θ(x, z) + x · θ(y, z) + y · θ(x, z) + y · θ(y, z)

+
n−2∑
i=2

zi ·
(
ρ(x, ẑi) + ρ(y, ẑi) + θ(x, y, ẑi)

)
+ θ(x[2], z) + θ(y[2], z) + θ([x, y], z)
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+
n−2∑
i=2

θ
(
[x, zi], x, ẑi

)
+
n−2∑
i=2

θ
(
[y, zi], x, ẑi

)
+

n−2∑
i=2

θ
(
[y, zi], x, ẑi

)
+

n−2∑
i=2

θ
(
[y, zi], y, ẑi

)
+
∑
i<j

ρ(x, [zi, zj ], ˆ̂zi,j) +
∑
i<j

ρ(y, [zi, zj ], ˆ̂zi,j) +
∑
i<j

θ(x, y, [zi, zj ], ˆ̂zi,j).

The underlined terms correspond to αμ,ν(θ)(x, y, z) and the unadorned terms to βω,ε(ρ)(x, z) +

βω,ε(ρ)(y, z). Therefore, the pair
(
αμ,ν(θ), βω,ε(ρ)

)
belongs to the space Cn+1

∗2 (ϕ,ϕ) and the maps dn∗2
are well-defined. Moreover, we have

βδ ω,δε
(
βω,ε(ρ)

)
=
(
ϕ ◦ δn−1 ω+δn−1ε ◦ ϕ+ δn−1(ϕ ◦ ω+ε ◦ ϕ+ δn−2ρ)

)
= 0.

Therefore, dn+1
∗2 ◦ dn∗2 = 0.

Let n ≥ 0. Theorem 4.22 allows us to consider the restricted cohomology groups defined by

Hn
∗2(ϕ,ϕ) := Zn∗2(ϕ,ϕ)/B

n
∗2(ϕ,ϕ). (82)

Deformation of restricted morphisms in characteristic 2

Let
(
L, [·, ·]L, (·)[2]L

)
and

(
M, [·, ·]M , (·)[2]M

)
be two restricted Lie algebras and ϕ : L → M be a

restricted morphism. Let (μt, ωt) (resp. (νt, εt)) be a restricted deformation of L (resp. M ). A restricted
deformation of ϕ is a restricted morphism ϕt :

(
L[[t]], μt, ωt

)→ (
M [[t]], νt, εt

)
given by

ϕt(x) :=
∑
i≥0

tiϕi(x), ϕi : L→M linear maps, ∀x ∈ L.

Since ϕt is a restricted morphism, it has to satisfy

ϕt ◦ μt(x, y) = νt(ϕt(x), ϕt(y)) ∀x, y ∈ L; (83)

ϕt ◦ ωt(x) = εt ◦ ϕt(x) ∀x ∈ L. (84)

By computations similar to those in Section 3.4, we obtain that
(
(μ1, ω1), (ν1, ε1), ϕ1

)∈ Z2
∗2(ϕ,ϕ).

Obstructions. Let
(
L, [·, ·]L, (·)[2]L

)
and

(
M, [·, ·]M , (·)[2]M

)
be two restricted Lie algebras. Let (μnt , ω

n
t )

(resp. (νnt , ε
n
t )) be a restricted deformation of L (resp. M ) of order n > 0, let ϕ : L→M be a restricted

morphism and let ϕnt be an order n restricted deformation of ϕ, that is, ϕnt =
n∑
i≥0

tiϕi. This paragraph is

devoted to investigate the obstructions to the extension of the deformation at order n+ 1. Consider⎧⎪⎪⎨⎪⎪⎩
(μn+1

t = μnt + tn+1μn+1, ωn+1
t = ωnt +t

n+1 ωn+1);

(νn+1
t = νnt + tn+1νn+1, εn+1

t = εnt + tn+1εn+1);

ϕn+1
t = ϕnt + tn+1ϕn+1,

(85)
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where (μn+1, ωn+1) ∈ C2
∗2(L,L), (νn+1, εn+1) ∈ C2

∗2(M,M) and ϕn+1 ∈ C1
∗2(L,M). Let x, y ∈ L.

Consider the maps

obs
(1)
n+1(ϕ)(x, y) :=

n∑
i=1

ϕi ◦ μn+1−i(x, y) +
∑
i,j,k≤n

i+j+k=n+1

νk
(
ϕi(x), ϕj(y)

)
(86)

obs
(2)
n+1(ϕ)(x) :=

n∑
i=1

ϕi ◦ ωn+1−i(x) +
∑

j+k=n+1
0<j<k

[
ϕj(x), ϕk(x)

]

+
n∑
i=1

∑
j<k

j+k=n+1−i

νi
(
ϕj(x), ϕk(x)

)
. (87)

Lemma 4.23. Let n ≥ 0. Then
(
obs

(1)
n+1, obs

(2)
n+1

)
∈ C2

∗2(L,M).

Proof. Let x, y ∈ L.

obs
(2)
n+1(ϕ)(x + y) =

n∑
i=1

ϕi
(
ωn+1−i(x+ y)

)
(88)

+
∑

j+k=n+1
0<j<k

([
ϕj(x), ϕk(x)

]
+
[
ϕj(x), ϕk(y)

]
+
[
ϕj(y), ϕk(x)

]
+
[
ϕj(y), ϕk(y)

])
(89)

+
n∑
i=1

∑
j<k

j+k=n+1−i

(
νi
(
ϕj(x), ϕk(x)

)
+ νi

(
ϕj(x), ϕk(y)

))
(90)

+
n∑
i=1

∑
j<k

j+k=n+1−i

(
νi
(
ϕj(y), ϕk(x)

)
+νi
(
ϕj(y, ϕk(y)

))
. (91)

Moreover, expanding the right-hand side term of (88) gives
n∑
i=1

ϕi
(
ωn+1−i(x + y)

)
=

n∑
i=1

ϕi
(
ωn+1−i(x)

)
+

n∑
i=1

ϕi
(
ωn+1−i(y)

)
+

n∑
i=1

ϕi
(
μn+1−i(x, y)

)
. (92)

The underlined terms are equal to obs
(2)
n+1(ϕ)(x) while the over-lined terms are equal to obs

(2)
n+1(ϕ)(y).

For the remaining terms, we have that∑
i,j,k≤n

i+j+k=n+1

νk
(
ϕi(x), ϕj(y)

)
=

∑
j+k=n+1

0<j<k

([
ϕj(y), ϕk(x)

]
+
[
ϕj(y), ϕk(y)

])

+
n∑
i=1

∑
j<k

j+k=n+1−i

(
νi
(
ϕj(y), ϕk(x)

)
+νi
(
ϕj(y, ϕk(y)

))
.

Therefore, obs(2)n+1(ϕ)(x+ y) = obs
(2)
n+1(ϕ)(x) + obs

(2)
n+1(ϕ)(y) + obs

(1)
n+1(ϕ)(x, y), ∀x, y ∈ L.

Proposition 4.24. Suppose that (μn+1
t , νn+1

t , ϕn+1
t ) is a restricted deformation of the morphism ϕ. Then,

αμn+1,νn+1(ϕn+1) = obs
(1)
n+1(ϕ), and βωn+1,εn+1(ϕn+1) = obs

(2)
n+1(ϕ). (93)
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Proof. We will prove the second part of (93). Suppose that ϕn+1
t is a restricted morphism. Then

ϕn+1
t ◦ ωn+1

t = εn+1
t ◦ ϕn+1

t . (94)

Expanding the left-hand side of Eq.(94) modulo tn+2 gives

ϕn+1
t ◦ ωn+1

t =
n+1∑
k=0

tk
k∑
i=0

ϕi
(
ωk−i(x)

)
. (95)

Therefore, the coefficient of tn+1 is

ϕ
(
ωn+1(x)

)
+ϕn+1

(
x[2]L

)
+

n∑
i=1

ϕi
(
ωn+1−i(x)

)
, ∀x ∈ L. (96)

We focus on the right-hand side of Eq.(94). First, we mention that similar to Eq.(49), we have for all
x ∈M,

εk

( n∑
i=0

λixi

)
=

n∑
i=0

λ2iεk(xi) +
∑

0≤i<j≤n
νi+jk (xi, xj), ∀(νk, εk) ∈ C2

∗2(M,M). (97)

Expanding the right-hand side of Eq.(94) modulo tn+2, we obtain

n+1∑
i=0

tiεi

(n+1∑
j=0

tjϕj(x)
)
=

n+1∑
l=0

tl
	n+1−l

2 
∑
j=0

εl
(
ϕj(x)

)
+

n+1∑
i,l=0

ti+l
l∑

j=0

νi
(
ϕj(x), ϕl−j(x)

)
, (98)

where �·� denotes the floor function. Therefore, the coefficient of tn+1 of the right-hand side of Eq.(94)
is given by

εn+1 ◦ ϕ(x) +
∑
j<k

j+k=n+1

[
ϕj(x), ϕk(x)

]
+

n∑
i=1

∑
j<k

j+k=n+1−i

νi
(
ϕj(x), ϕn+1−i−j(x)

)
. (99)

Putting (94), (96) and (99) together, we obtain

βωn+1,εn+1(ϕn+1) = obs
(2)
n+1(ϕ).

Equivalence. Equivalence of deformations of restricted morphisms in characteristic p = 2 can be han-
dled as the p ≥ 3 case, see Definition 3.14 and Proposition 3.15.

5 Restricted Heisenberg algebras

In this section, we investigate examples based on the Heisenberg Lie algebra of dimension 3. We
study restricted structures of the Heisenberg algebra, then we give an explicit description of the second
restricted cohomology spaces with adjoint coefficients. Restricted p-nilpotent Heisenberg algebras have
also been considered in [SU16], and the general case of restricted Heisenberg Lie algebras of dimension
2n+ 1 has been recently investigated in [EFY24], where the authors provide explicit descriptions of the
restricted cohomology with scalar coefficients in order to compute central extensions. For background
material on Heisenberg algebras, see [Wo17].
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5.1 Restricted structures on the Heisenberg Lie algebra and restricted cohomology in charac-
teristic p ≥ 3

Let F be a field of characteristic p ≥ 3. We consider the Heisenberg algebra H = Span
F
{x, y, z}

defined by the bracket [x, y] = z. This Lie algebra is nilpotent of order 2, therefore all the p-folds
brackets on H vanish. Let (·)[p] be a p-map on H. We then have (u+ v)[p] = u[p] + v[p], for all u, v ∈ H.
Hence, any p-map on H is p-semilinear.

Proposition 5.1. Any p-structure on H is given by x[p] = θ(x)z, y[p] = θ(y)z, z[p] = θ(z)z, with
θ : H → F a linear form on H.

Proof. Using Jacobson’s Theorem 2.4, it is enough to check that

(adx)
p − θ(x) adz = (ady)

p − θ(y) adz = (adz)
p − θ(z) adz = 0

to obtain the first claim. The above identities are always true, because z lies in the center of H. Con-
versely, let (·)[p] be a p-map on H. Because of the second condition of Definition 2.1, the image of (·)[p]
lies in the center of H, which is one-dimensional and spanned by z. Therefore, there exists θ : H → F

linear such that x[p] = θ(x)z, y[p] = θ(y)z, z[p] = θ(z)z.

Notation. We will denote a restricted Heisenberg algebra whose p-map is given by the linear form θ by
(H, θ).
Remark. Let v ∈ (H, θ), v = αx+ βy + γz, α, β, γ ∈ F . Then, we have

v[p] =
(
αpθ(x) + βpθ(y) + γpθ(z)

)
z.

Lemma 5.2. Let (H, θ) and (H, θ′) be two restricted Heisenberg algebras. Then, any Lie isomorphism
φ : (H, θ) → (H, θ′) is of the form⎧⎪⎪⎨⎪⎪⎩
φ(x) = ax + by + cz

φ(y) = dx+ ey + fz

φ(z) = (ae− bd)z, ae− bd �= 0,

(100)

with a, b, c, d, e, f ∈ F. Moreover, φ is a restricted Lie isomorphism if and only if⎧⎪⎪⎨⎪⎪⎩
θ(x)u = apθ′(x) + bpθ′(y) + cpθ′(z)

θ(y)u = dpθ′(x) + epθ′(y) + f pθ′(z)

θ(z)u = upθ′(z),

(101)

where u := ae− bd �= 0.

Proof. A Lie isomorphism φ : H → H must satisfy φ([v, w]) = [φ(v), φ(w)], for all v, w ∈ H, as well
as det(φ) = 0. Applying these conditions to an arbitrary linear map φ : H → H, we obtain Conditions
(100). Then, φ is a restricted map on H if and only if φ

(
v[p]
)
= φ(v)[p]

′
, for all v ∈ H and with (·)[p]′ the

p-map on H given by the linear form θ′. We obtain Conditions (101) by evaluating this equation on the
basis elements of H. For example, φ

(
x[p]
)
= φ(x)[p]

′
is equivalent to θ(x)u = θ′(x)+ bpθ′(y)z+ cpθ′(z).

The two other equations are obtained in a similar way.
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Theorem 5.3. There are three non-isomorphic restricted Heisenberg algebras, respectively given by the
linear forms θ = 0, θ = x∗ and θ = z∗.

Proof. • First, we will show that (H, x∗) is isomorphic to (H, y∗). By setting θ = x∗ and θ′ = y∗,
Conditions (101) reduce to {u = bp, ep = 0}. We choose e = 0, b �= 0 and d = −bp−1 to build a
restricted isomorphism between (H, x∗) and (H, y∗).

• Let θ = 0 and θ′ = x∗. Then, Conditions (101) reduce to {ap = 0, dp = 0}. But, this is impossible
since u = ae− bd �= 0. Therefore, (H, 0) and (H, x∗) are not isomorphic.

• Let θ = 0 and θ′ = z∗. Then, Conditions (101) reduce to {cp = 0, f p = 0, up = 0}. But, this is
impossible since u �= 0. Therefore, (H, 0) and (H, z∗) are not isomorphic.

• Let θ = x∗ and θ′ = z∗. Then, Conditions (101) reduce to {cp = u, f p = 0, up = 0}. But, this is
impossible since u �= 0. Therefore, (H, x∗) and (H, z∗) are not isomorphic.

Remark. The restricted algebras (H, 0) and (H, x∗) appeared in [SU16] and are p-nilpotent.

In the sequel, we compute the second restricted cohomology groups of the restricted Heisenberg Lie
algebras with adjoint coefficients. Let θ be a linear form on the (ordinary) Heisenberg Lie algebra.
We denote by (H, θ) the restricted Heisenberg Lie algebra obtained with θ (see Proposition 5.1). We
also denote by H2∗(H, θ) := H2∗((H, θ), (H, θ)) the second restricted cohomology group of (H, θ) with
adjoint coefficients.

Restricted cohomology, case p > 3

Let F be a field of characteristic p > 3 and let ϕ ∈ C2
CE(H,H). Since the (ordinary) Heisenberg Lie

algebra H is nilpotent of order 2 and p > 3, any p-semilinear map ω : H → H satisfies the (∗)-property
with respect to ϕ.

Lemma 5.4. Let H be the ordinary Heisenberg Lie algebra. Let ϕ ∈ C2
CE(H,H) given by⎧⎪⎪⎨⎪⎪⎩

ϕ(x, y) = ax + by + cz

ϕ(x, z) = dx+ ey + fz

ϕ(y, z) = gx+ hy + iz

(102)

with parameters a, b, c, d, e, f, g, h, belonging to F. Then, ϕ is a 2-cocycle of the Chevalley-Eilenberg
cohomology if and only if h = −d.

Proof. The only non-trivial 2-cocycle condition on the basis {x, y, z} of H is

ϕ([x, y], z)− ϕ([x, z], y) + ϕ([y, z], x) = [x, ϕ(y, z)]− [y, ϕ(x, z)] + [z, ϕ(x, y)], (103)

which reduces to (h+ d)z = 0.
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Let (ϕ, ω) ∈ C2
∗(H,H). As the k-folds brackets vanish for k > 2 and p > 3, we have

ind2(ϕ, ω)(v, w) = ϕ
(
v, w[p]

)
+[v, ω(w)], ∀v, w ∈ H . (104)

Lemma 5.5. The restricted 2-cocycles for (H, θ) are given by pairs (ϕ, ω), where

• Case θ = 0:⎧⎪⎪⎨⎪⎪⎩
ϕ(x, y) = ax + by + cz

ϕ(x, z) = dx+ ey + fz

ϕ(y, z) = gx− dy + iz

⎧⎪⎪⎨⎪⎪⎩
ω(x) = γz

ω(y) = εz

ω(z) = κz;

(105)

• Case θ = x∗:⎧⎪⎪⎨⎪⎪⎩
ϕ(x, y) = ax + by + cz

ϕ(x, z) = fz

ϕ(y, z) = iz

⎧⎪⎪⎨⎪⎪⎩
ω(x) = ix− fy + γz

ω(y) = εz

ω(z) = κz;

(106)

• Case θ = z∗:⎧⎪⎪⎨⎪⎪⎩
ϕ(x, y) = ax + by + cz

ϕ(x, z) = fz

ϕ(y, z) = iz;

⎧⎪⎪⎨⎪⎪⎩
ω(x) = γz

ω(y) = εz

ω(z) = ix− fy + κz,

(107)

where all the parameters a, b, c, d, e, f, h, i, γ, ε, κ belong to F.

Proof. Let ϕ ∈ Z2
CE(H,H) given by Lemma 5.4, let θ be a linear form on H and let ω : H → F be a

map having the (∗)-property w.r.t ϕ, given on the basis of H by⎧⎪⎪⎨⎪⎪⎩
ω(x) = αx+ βy + γz

ω(y) = λx+ μy + εz

ω(z) = δx+ ηy + κz,

(108)

with α, β, γ, λ, μ, ε, δ, η, κ coefficients in F. Moreover, suppose that (ϕ, ω) ∈ Z2∗(H, θ).

• Let θ = 0. By evaluating Eq.(104) on basis elements {x, y, z} of (H, 0), we obtain β = λ = μ =

ν = δ = α = 0.

• Let θ = x∗. By evaluating Eq.(104) on elements of the basis {x, y, z} of (H, x∗), we obtain
β = −f, α = i and d = e = g = λ = μ = ν = δ = 0.

• The case θ = z∗ is analog to the case θ = x∗.
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Lemma 5.6. The restricted 2-coboundaries for (H, θ) are given by pairs (ϕ, ω), where⎧⎪⎪⎨⎪⎪⎩
ϕ(x, y) = Ax +By + C̃z

ϕ(x, z) = −Hz
ϕ(y, z) = Gz,

with A,B, C̃,G,H belonging to F and

• Case θ = 0: ω = 0;

• Case θ = x∗: ω(x) = Gx+Hy + Iz, ω(y) = ω(z) = 0;

• Case θ = z∗: ω(x) = ω(y) = 0, ω(z) = Gx +Hy + Iz.

Proof. Let ϕ ∈ C2
CE(H,H), given on the basis of H by Eq.(102). Suppose that ϕ = d1CEψ, with ψ :

H → H given by⎧⎪⎪⎨⎪⎪⎩
ψ(x, y) = Ax+By + Cz

ψ(x, z) = Dx+ Ey + Fz

ψ(y, z) = Gx+Hy + Iz,

(109)

with A,B,C,D,E, F,G,H, I ∈ F. Using the coboundary condition ϕ = d1CEψ, we show that d = e =

g = h = 0, a = i = G, b = −f = H, c = C̃, with C̃ = I − E − A. For the restricted part, suppose
that (ϕ, ω) ∈ B2

∗(H, θ). The coboundary condition is then given by

ω(u) = ψ
(
u[p]
)− adp−1

u ◦ ψ(u), ∀u ∈ H . (110)

By evaluating Eq.(110) on the basis of H, we obtain⎧⎪⎪⎨⎪⎪⎩
ω(x) = θ(x)(Gx +Hy + Iz)

ω(y) = θ(y)(Gx+Hy + Iz)

ω(z) = θ(z)(Gx +Hy + Iz).

(111)

Choosing θ in {0, x∗, z∗}, we get the result.

Theorem 5.7. Let F be a field of characteristic p > 3. We have dimF

(
H2

∗(H, 0)
)

= 8 and
dimF

(
H2

∗(H, x∗)
)
= dimF

(
H2

∗(H, z∗)
)
= 4.

• A basis for H2∗(H, 0) is given by {(ϕ1, 0), (ϕ2, 0), (ϕ3, 0), (ϕ4, 0), (ϕ5, 0), (0, ω1), (0, ω2), (0, ω3)},
with

ϕ1(x, z) = z; ϕ2(y, z) = z; ϕ3(x, z) = −ϕ3(y, z) = x; ϕ4(x, z) = y; ϕ5(y, z) = y;

ω1(x) = z; ω2(y) = z; ω3(z) = z.

(We only write non-zero images).

• A basis for H2
∗(H, x∗) is given by {(ϕ1, 0), (ϕ2, 0), (0, ω1), (0, ω2)}, with

ϕ1(x, y) = x; ϕ2(x, y) = y; ω1(y) = z; ω2(z) = z.
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• A basis for H2
∗(H, z∗) is given by {(ϕ1, 0), (ϕ2, 0), (0, ω1), (0, ω2)}, with

ϕ1(x, y) = x; ϕ2(x, y) = y; ω1(y) = z; ω2(x) = z.

Proof. With Lemma 5.6, we deduce that {(ϕ6, 0), (ϕ7, 0), (ϕ8, 0)} is a basis of B2
∗(H, 0), with

ϕ6(x, y) = x, ϕ6(y, z) = z; ϕ7(x, y) = y, ϕ7(x, z) = −z; ϕ8(x, y) = z.

Using Lemma 5.5, we complete the above basis in a basis for Z2
∗(H, 0) and therefore we find the basis

of H2∗(H, 0). The two other cases with θ = x∗ or θ = z∗ are similar.

An example of computation of morphism cocycles. Let L = (H, x∗) and M = (H, z∗). Consider the
restricted morphism ϕ : L→M given by

ϕ(x) = z; ϕ(y) = x+ y; ϕ(z) = 0.

The general form of the elements of Z2∗(L,L) and Z2∗(M,M) are given in Lemma 5.5. Consider (μ, ω) ∈
Z2
∗(L,L) and (ν, ε) ∈ Z2

∗(M,M) given on the basis {x, y, z} by

μ(x, z) = z, ω(y) = z; ν(x, y) = x, ε(y) = z.

Proposition 5.8. With the above data, the space Ker
(
αμ,ν

)∩Ker
(
βω,ε
)

is spanned by {θ1, θ2, θ3}, where

θ1(y) = x, θ1(z) = z; θ2(y) = y; θ3(y) = z.

(We only write non-zero images.)

Restricted cohomology, case p = 3

Let F be a field of characteristic 3 and let ϕ ∈ C2
CE(H,H). Then, a map ω : H → H has the (∗)-

property with respect to ϕ if and only if

ω(u+ v) = ω(u) + ω(v) + 2 (ϕ([u, v], u) + [ϕ(u, v), u]) +ϕ([u, v], v) + [ϕ(u, v), v], ∀u, v ∈ H . (112)

Let θ be a linear form on H and let (ϕ, ω) ∈ C2
∗(H, θ). We recall that H is endowed with a 3-map (·)[3]

given by θ (see Proposition 5.1). Since p = 3, we have

ind2(ϕ, ω)(u, v) = ϕ
(
u, v[3]

)−[ϕ([u, v], v), v]+[u, ω(v)]. (113)

Lemma 5.9. The restricted 2-cocycles for (H, θ) are given by pairs (ϕ, ω), where

• Case θ = 0:⎧⎪⎪⎨⎪⎪⎩
ϕ(x, y) = ax + by + cz

ϕ(x, z) = dx+ ey + fz

ϕ(y, z) = gx− dy + iz

⎧⎪⎪⎨⎪⎪⎩
ω(x) = −ex+ γz

ω(y) = dy + εz

ω(z) = κz

(114)

• Case θ = x∗: same as Lemma 5.5;
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• Case θ = z∗: same as Lemma 5.5;

where all the parameters a, b, c, d, e, f, h, i, γ, ε, κ belong to F.

Proof. Similar to Lemma 5.5, but using Eq.(113).

A similar computation shows that the restricted 2-coboundaries are the same as in Lemma 5.6. The
(∗)-property is given by Eq.(112) if p = 3.

Theorem 5.10. Let F be a field of characteristic p = 3. We have dimF

(
H2

∗(H, 0)
)

= 8 and
dimF

(
H2

∗(H, x∗)
)
= dimF

(
H2

∗(H, z∗)
)
= 4.

• A basis forH2
∗(H, 0) is given by {(ϕ1, ω1), (ϕ2, ω2), (ϕ3, 0), (ϕ4, 0), (ϕ5, 0), (0, ω3), (0, ω4), (0, ω5)},

with

ϕ1(x, z) = −ϕ1(y, z) = x, ω1(y) = x; ϕ2(x, z) = y, ω2(x) = x; ϕ3(y, z) = z;

ϕ4(x, z) = z; ϕ5(y, z) = y; ω3(x) = ω4(y) = ω5(z) = z.

(We only write non-zero identities).

• A basis for H2
∗(H, x∗) is given by {(ϕ1, 0), (ϕ2, 0), (0, ω1), (0, ω2)}, with

ϕ1(x, y) = x; ϕ2(x, y) = y; ω1(y) = z; ω2(z) = z.

• A basis for H2∗(H, z∗) is given by {(ϕ1, 0), (ϕ2, 0), (0, ω1), (0, ω2)}, with

ϕ1(x, y) = x; ϕ2(x, y) = y; ω1(y) = z; ω2(x) = z.

5.2 Restricted structures on the Heisenberg Lie algebra and restricted cohomology in charac-
teristic p = 2

Let F be an algebraically closed field of characteristic 2. Recall that the Heisenberg algebra H is
spanned by elements x, y, z with bracket given by [x, y] = z. In characteristic p = 2, H is isomorphic to
sl2. Let (·)[2] be a 2-mapping on H. Then, we have

(x+ y)[2] = x[2] + y[2] + z;

(x + z)[2] = x[2] + z[2]; (115)

(y + z)[2] = y[2] + z[2].

Therefore, the 2-mapping is not 2-semilinear. Let u = ax+ by + cz ∈ H, a, b, c ∈ F. Then

u[2] = (ax+ by + cz)[2] = a2x[2] + b2y[2] + c2z[2] + abz. (116)

Because of the second condition of the Definition 4.1, the image of (·)[2] lies in the center of H, which
is one-dimensional and spanned by z. Therefore, it exists θ : H → F linear such that x[2] = θ(x)z, y[2] =

θ(y)z, z[2] = θ(z)z. We deduce the following result.

Theorem 5.11. There are two non-isomorphic restricted Heisenberg algebras in characteristic 2, re-
spectively given by the linear forms θ = 0 and θ = z∗.
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We compute the second restricted cohomology groups of the restricted Heisenberg algebras with ad-
joint coefficients. Let u, v ∈ H and (ϕ, ω) ∈ C2∗2(H, θ). The restricted part of the 2-cocycle condition is
given by

ϕ (u, θ(v)z) + [u, ω(v)] + [ϕ(u, v), v] + ϕ([u, v], v) = 0. (117)

The restricted part of the 2-coboundary condition is given for ψ ∈ C1
∗2(L,L) by

ω(u) = [ψ(u), u] + ψ
(
θ(u)z

)
. (118)

By applying Eqs.(117) and (118) to an arbitrary pair (ϕ, ω) ∈ C2
CE(H, θ), we obtain the general form

of the 2-cocycles and 2-coboundaries.

Lemma 5.12. The restricted 2-cocycles for (H, θ) are given by pairs (ϕ, ω), where

• Case θ = 0:

⎧⎪⎪⎨⎪⎪⎩
ϕ(x, y) = ax + by + cz

ϕ(x, z) = fz

ϕ(y, z) = iz

⎧⎪⎪⎨⎪⎪⎩
ω(x) = (b+ f)x+ γz

ω(y) = (a+ i)y + εz

ω(z) = κz

(119)

• Case θ = z∗:

⎧⎪⎪⎨⎪⎪⎩
ϕ(x, y) = ax + by + cz

ϕ(x, z) = fz

ϕ(y, z) = iz

⎧⎪⎪⎨⎪⎪⎩
ω(x) = (b+ f)x+ γz

ω(y) = (a+ i)y + εz

ω(z) = ix+ fy + κz,

(120)

where all the parameters a, b, c, d, e, f, h, i, γ, ε, κ belong to F.

Lemma 5.13. The restricted 2-coboundaries for (H, θ) are given by pairs (ϕ, ω), where

⎧⎪⎪⎨⎪⎪⎩
ϕ(x, y) = Ax +By + C̃z

ϕ(x, z) = Hz

ϕ(y, z) = Gz,

where A,B, C̃,D,E,G,H belong to F and

• Case θ = 0: ω(x) = Ez, ω(y) = Dz, ω(z) = 0;

• Case θ = z∗: ω(x) = Ez, ω(y) = Dy, ω(z) = Gx +Hy + Iz.

Using Lemmas 5.12 and 5.13, we are able to compute a basis for the second cohomology spaces.

Theorem 5.14. We have dimF

(
H2

∗2(H, 0)
)
= 3 and dimF

(
H2

∗2(H, z∗)
)
= 2.
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• A basis for H2
∗2(H, 0) is given by {(ϕ1, ω1), (ϕ2, ω2), (0, ω3)}, with

ϕ1(y, z) = z; ϕ2(x, z) = z; ω1(y) = y; ω2(x) = x; ω3(z) = z.

(We only write non-zero images).

• A basis for H2
∗2(H, z∗) is given by {(ϕ1, ω1), (ϕ2, ω2)}, with

ϕ1(x, y) = x; ϕ2(x, y) = y; ω1(y) = y; ω2(x) = x.

Example of deformations (p = 2). Consider the restricted Lie algebra (H, 0). The non trivial 2-cocycle
are {(ϕ1, ω1), (ϕ2, ω2), (0, ω3)}, see Thm. 5.14. First, using the 2-cocycle (0, ω3), the algebra (H, 0)
deforms into (H, z∗). Then, using the 2-cocycle (ϕ2, ω2), a deformation of order 1 is given by the
bracket

[x, y]t = z, [x, z]t = tz, [y, z]t = 0; (121)

and the 2-map

x[2]t = tx, y[2]t = z[2]t = 0. (122)

One can readily check that the deformed algebra is indeed a restricted Lie algebra, for example, we have

[[y, x]t, x]t = [z, x]t = tz = [y, tx]t = [y, x[2]t]t.

Acknowledgement. QE would like to thank S. Bouarroudj for many stimulating discussions and for his
support.
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