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ABSTRACT. Let G = (V,E) and G’ = (V, E’) be two digraphs, (< 5)-hypomorphic up to complementation, and U :=
G-+G' be the boolean sum of G and G’. The case where U and U are both connected was studied by the authors and
B.Chaari giving the form of the pair {G,G’}. In this paper we study the case where U is not connected and give the
morphology of the pair {Gv(¢), G’rv(c)} whenever C is a connected component of U.
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1. Introduction and definitions

A directed graph or simply digraph G consists of a finite and nonempty set V' of vertices together with
a prescribed collection £ of ordered pairs of distinct vertices, called the set of the edges of G. Such a
digraph is denoted by (V' (G), E(G)) or simply (V, E). The cardinality of a set V' is denoted |V'|. Given
a digraph G = (V, E), to each nonempty subset X of V' associate the subdigraph (X, E N (X x X))
of G induced by X denoted by Gi;x. Given a proper subset X of V, Gy x is also denoted by G — X,
and by G — v whenever X = {v}. With each digraph G = (V, E) associate its dual G* = (V, E*)
and its complement G = (V, E) defined as follows: Given z # y € V, (z,y) € E*if (y,z) € E, and
(z,y) € Eif (v,y) € E.

Let G = (V, E) be a digraph, forz # y € V, x —_ yory <—, x (or simply x — y if there
is no confusion) means (z,y) € F and (y,x) ¢ E; x___ y (or simply x___y) means (z,y) € E and
(y,x) € Esx...,y(orx...yorx ¢y)means (z,y) ¢ Fand (y,2) ¢ E.For X,) Y CV, X —_Y
means + —», y for each (z,y) € X x Y. Similarly, XY and X ..., Y (or X Y) are defined
in the same way. If X = {z} or Y = {y}, we can replace X by xz and Y by y. A subset I of V' is an

* Corresponding author.
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interval of G if fora #b € I'andxz € V' \ I, (a,2) € E if and only if (b,x) € E, and (z,a) € E
if and only if (z,b) € E. Two distinct vertices x and y of G form a directed pair or an oriented pair
of G if either vt —, y or x <— y. Otherwise, {x,y} is a neutral pair; it is full if x____y, and void
if z....y. The nature of the pair {z,y} in G is one of the three possibilities: oriented, full or void.
We set G(7,y) := Gz} Two interesting kinds of digraphs are symmetric digraphs and tournaments.
A digraph G = (V, E) is a symmetric digraph or graph (resp. tournament) whenever for xz # y € V,
r__yorx...,y(esp.x —, yory —, x). If G = (V, E) is a symmetric digraph, each edge (z, y)
of G is identified with the pair {x,y} and is called an edge of GG. For instance, given a set V, (V,0) is
the empty graph on V whereas (V, [V]?) is the complete graph on V, where [V]? is the set of pairs {z, y}
of distinct elements of V. A subset of vertices of a symmetric digraph is homogeneous if it is either a
clique or an idependent set.

Given two digraphs G = (V, E) and G’ = (V', E’), a bijection f from V onto V' is an isomorphism
from G onto G’ provided that for any z,y € V, (z,y) € Eifand only if (f(x), f(y)) € E'. The digraphs
G and G’ are isomorphic, which is denoted by G ~ @, if there is an isomorphism from one onto the
other, otherwise G % G'. A digraph H embeds into G, or H is embeddable in G, if H is isomorphic to
an induced subdigraph of G.

Let G and G’ be two digraphs on the same vertex set V. They are equal up to complementation if
G' = G or G’ = G. Let k be an integer with 0 < k < |V, the digraphs G and G’ are k-hypomorphic
(resp. (—k)-hypomorphic) if for every k-element (resp. (|V'| — k)-element) subset X of V, the induced
subdigraphs Gy and G’|x are isomorphic. The digraphs G and G’ are (< k)-hypomorphic if they are
t-hypomorphic for each integer t < k. A digraph G is k-reconstructible (resp. (—k)-reconstructible)
if any digraph k-hypomorphic (resp. (—k)-hypomorphic) to G is isomorphic to G. A digraph G is
(< k)-reconstructible if any digraph (< k)-hypomorphic to G is isomorphic to GG. The digraphs G and
G' are isomorphic up to complementation (resp. hemimorphic) if G' is isomorphic to G or G (resp. to
G or G*). The digraphs G’ and G are hereditarily isomorphic [9] if for each nonempty subset X of
V, Gix and G';x are isomorphic. They are hereditarily isomorphic up to complementation [3] if they
are hereditarily isomorphic, or G’ and G are hereditarily isomorphic. Let k be a positive integer, the
digraphs G and G’ are k-hypomorphic up to complementation (resp. k-hemimorphic) if for every k-
element subset X of V, G x and G’} x are isomorphic up to complementation (resp. hemimorphic). The
digraphs G and G’ are (< k)-hypomorphic up to complementation (resp. (< k)-hemimorphic) if they are
t-hypomorphic up to complementation (resp. t-hemimorphic) for each integer ¢ < k. A digraph G is k-
reconstructible up to complementation (resp. k-half-reconstructible) if any digraph k-hypomorphic up to
complementation (resp. k-hemimorphic) to GG is isomorphic up to complementation (resp. hemimorphic)
to G. A digraph G is (< k)-reconstructible up to complementation (resp. (< k)-half-reconstructible) if
any digraph (< k)-hypomorphic up to complementation (resp. (< k)-hemimorphic) to G is isomorphic
up to complementation (resp. hemimorphic) to G.

We define the symmetric digraph P, in the following manner, V' (P,) = {0,1,--- ,n — 1}, and
for i # 7 € {0,1,...,n — 1}, {i,5} is an edge of P, when |i — j| = 1. Thus P, :=
0O—1__ ..._n—2_n—1. A pathis a symmetric digraph isomorphic to F,. A cycle is a sym-
metric digraph isomorphic to C), :== (V(P,), E(P,) U {{0,n — 1}}) for some integer n > 3.
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Figure 1. C,

e —
We define the digraph P, by,V(Pn) ={0,1,...,n—1},andfori # j € {0,1,...,n — 1}, i

when 7 = 7 + 1. ThusP =0 \1 b » n—2 — n— 1. We call directed path or
o_r;entea’ path a digraph 1som0rph1c to Pn, and directed cycle or oriented cycle a digraph isomorphic to
Cn = (V(P,),E(P,)U{(n—1,0)}) for some integer n > 3.

0wl —orimop— 3o —2

Figure 2. (?n

We deﬁne Pf by (resp. Cf ) obtained from P (resp. Cn) by switching the void pairs by the full pairs.
Thus Pf = (]37:) and Cf = (az) .

%
A 3-consecutivity is every digraph isomorphic to ]3; = ({0,1,2},{(0,1),(1,2)}) or to P:{ =
({0,1,2},{(0,1), (1,2),(0,2), (2,0)}).
A 3-cycle is a tournament isomorphic to 03 ({0,1,2},{(0,1),(1,2),(2,0)}).

A total order, or a chain, is a tournament 7" such that for z,y,z € V(T),if v —, yandy —, z
then v —,. z. Given a total order O = (V, E), for z,y € V, x < y means © —, y. Thus, a total order
on n vertices can be denoted by vy < v; < -+ < v,_1, we say that vy is the first element of the chain,
and v,,_1 its last element.

A near-chain is a digraph obtained from a chain (with first element a and last element b) by replacing
the oriented pair {a, b} by a neutral pair.

A flag is a digraph isomorphic to ({0, 1,2}, {(0,1),(1,2),(2,1)}
A peak is a digraph isomorphic to ({0,1,2},{(0,1),(0,2)}) or to ({0,1,2},{(1,0),(2,0)}) or to
({0,1,2},{(0,1),(0,2),(1,2),(2,1)}) or to ({0,1,2},{(1,0),(2,0), (1,2), (2, 1) }).

1 2 1 2 1 2

; Jorto ({0,1,2},{(1,0),(1,2),(2,1)}).

Figure 3. 3-consecutivity and 3-cycle
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Figure 5. Peaks

Let G be a digraph, the positive degree (resp. negative degree) of a vertex = of G, denoted d;(z)
(resp. d(z)), is the number of y € V(G) such that = —, y (resp. y —>, x). The type of G is
7(G) := (e, €') where e and € are respectively the number of full pairs of G and G. Let G = (V, E) and
G’ = (V, E') be two digraphs and a,b € V. We say that {a, b} have the same nature in G and G’ if and
only if G4 5y ~ G’r {apy LetG = (V, E) be a symmetric digraph, the degree of a vertex = of GG, denoted
dc(x), is the number of y € V(G) such that x____y.

Let G = (V,FE) and G' = (V, E’) be two digraphs, 2-hypomorphic up to complementation. The
boolean sum G+G' of G and G’ is the symmetric digraph U = (V, E(U)) defined by {z,y} € E(U)
if and only if (z,y) € F and (v,y) ¢ F', or (v,y) ¢ E and (z,y) € E'. Clearly U = G+G’ and
U = G+G'. Denote D¢, the binary relation on V' such that: forz € V, 2 ®g ¢ v;and forx #y € V,
r D¢ y if there is a sequence © = g, x1, ..., %, = y of elements of V satisfying (z;,z,41) € E if
and only if (z;,z,41) ¢ E', foreachi € {0,1,...,m — 1}. The relation ® ¢ is an equivalence relation
called the difference relation, its classes are called difference classes, this relation was introduced by
Lopez [6]. Then clearly, C is a connected component of U := G+G" if and only if C is an equivalence
class of ®¢ ¢, and thus D ¢ and 33570, have only one class if and only if U and U are connected.

In 1970, R.Fraissé conjectured the (< k)-reconstruction of digraphs (having a large number of ver-
tices), k is a sufficiently large integer. In 1972, G.Lopez gave a positive answer to this conjecture by
proving that the digraphs are (< 6)-reconstructible and that the value 6 is sharp.

In 1999, P.Ille conjectured the (< k)-reconstruction up to complementation of digraphs (having a large
number of vertices), k is a sufficiently large integer. The case of symmetric digraphs was solved by
J.Dammak, G.Lopez, M.Pouzet and H.Si Kaddour [4, 5], they proved that, the symmetric digraphs on
v vertices are t-reconstructible up to complementation for every 4 < ¢t < v — 3 and that the value 4 is
sharp. In fact, the case t = v — 3 was solved in [5]. For digraphs, a partially answer, Theorem 1.1, was
obtained in [1].

Theorem 1.1. (Theorem 1.3 of [1]) Let G and G’ be two digraphs on the same set V of n > 4 vertices
such that G and G’ are (< 5)-hypomorphic up to complementation. Let U := G+G'. If U and U are
connected, then G' and G are hereditarily isomorphic up to complementation; more precisely one of the
following holds:
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1) G and G’ are two total orders.

2) G:?norG:C’_;,andG/=G*.

|

3) G:PnorG:C_;,andG/:@.
— —
4) G~ PlorG~Cl, and G' = G*.

— — _
5) G~ PlorG~C! and G' = G*.

Let G = (V,FE) and G’ = (V, E') be two digraphs, (< 5)-hypomorphic up to complementation, and
U := G+G' be the boolean sum of G and G’. The case where U and U are connected was studied by
the authors and B.Chaari giving the form of the pair {G, G'}, see Theorem 1.1 (Theorem 1.3 of [1]).
In this paper we look to the case where U is not connected. Let C be a connected component of U,
if C is connected, the form of the pair {Gy (), G’W(C)} is given by Theorem 1.1. Whenever C is not
connected, we will give the form of the pair {Gy(c), G’W © }, and deduce immediately the isomorphism

up to complementation between Gy/(¢y and G/W(C).

We consider the following digraphs:
oy = ({U07 U1, U2, 1}3}7 {(U()? Ul); (U07 U3>7 (1}37 UO); (Ula UQ)? (1}27 Ul); (U37 UQ)
B = ({U0701,U2,U3}, {(Uo,vl), <U07U3)7 (U3,U0), (U1,U2), (Uz,vl), ("02,"03)}

).

~—

71 = ({vo, v1,v2, 3}, {(vo, v1), (vo, v3), (v3,v0), (v1,v2), (v, v1), (V2,v3), (v3,v2)})
Y5 = ({vo, v1, v, v3}, {(v1,v0), (vo, v2), (v2,v0), (v1,v3), (v3,v1), (V2,v3), (v3,02)})
)\+ = ({Uo, V1, V2, "()3}, {(Uo, Ul), (Uo, U3), (Ug, Uo), (Ul, Ug), (UQ, Ul)}).
Ar = ({wo, v1,v2, 03}, {(v1, v0), (vo, v2), (va, v0), (v1,v3), (vs,v1)})

U1 U1
[ [
[ [
---IL---vz v---JI---vz
[ [
[ [
U3 U3
U1 U1

v3 Us

Figure 7. v, , AT, \; .

Notethat’yj271,/\12/\1,&4?904_4%(1549&@-

We consider the following symmetric digraphs:

My = ({vo, v1}, {{vo, v1}}), My = ({vo, v1}, {})-
M3z = ({vo, v1,v2}, {{vo, v1}, {vo, va}}).
Mj = ({vo, v1,v2}, {{vo, va}, {v1,v2}}).
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M4 = ({Uo, U1, V2, Ug}, {{Uo, Ul}, {Uo, 1}2}, {Ul, Ug}, {Uz, Ug}}).
My = ({vo, v1, vz, vs}, {{vo, v}, {vo, vs}, {v1, va}, {v1, v3}}).
D4 = ({Uo, V1, V9, 1}3}, {{Uo, Ul}, {Uo, UQ}, {UQ, Ug}}).
Dy = ({vo, v1, v2,v3}, {{vo, va}, {vo, vs}, {v1, v2}}).

/U{ /"‘{ Vo, V2 UoX V2 Uom (% UoX ()
U1 U2 Yo U1 U1 U3 U1 U3 U1 U3 U1 U3
M M;} M, MY Dy D),

Figure 8. Ms, M;, My, M}, D4, D}.

Now we state our main result.

Theorem 1.2. Let G and G’ be two digraphs on the same vertex set V such that G and G' are (< 5)-
hypomorphic up to complementation and let U := G+G'. If U is not connected and C is a connected
component of U whose complement is not connected, then one of the following assertions holds:

1) Let vy, v1,vy € V(C). If G{yg,01,00) is a flag then |V (C)| € {3, 4}.

i) If|[V(C)| = 3 then G is a flag and G, = Gc.
i) If [V(C)| = 4 then the pair {G v ), G/W(c)} is one of the following pairs:

{owaa}, {BsBad {fudh LA e @)% {805 (B} ()" ()}
{0 ()

2) Let vg,v1 € V(C). If {vg,v1} is a neutral pair in G reversed in G' and no flag is embeddable in
Giv(cy then |V (C)| < 4, Gy (c) is a symmetric digraph and the following assertions hold.

i) If |V(C)| = 2 then the pair {Gv (), Gy )} is {M2, M3} or {Ms, M3} So Glye) = G
ii) If [V(C)| = 3 then the pair {Gvc), Gy} is {Ms, M3} or {Ms, M3}. So Gy ) = Gve)-
iii) If |V (C)| = 4 then the pair {Gv ), G/W(C)} is one of the following pairs: {Dy, D}, {Dy, D}},
{My, M]'}, {My, M7}. So Glvie) =~ G
3) If every neutral pair in Gy (c) is not reversed in G/rV(C)’ then Gy and G/rV(C) are (< 4)-

hypomorphic, C is an interval of G and G’ and the following assertions hold.

i) If Gic is a tournament, then G\c is a diamond-free tournament and G/rV(C) ~ G*1y(c)-
ii) If G¢ is not a tournament and Gc has no 3-directed cycle, then G\ is either a chain or a
) — — — — ,
near-chain or a P, or a P! or a C,, or a C!, and GW(C) ~ Give) =~ G ()

iit) If Gc has a 3-directed cycle and G\c is not a tournament, then Gc embeds neither peaks, nor
diamonds, nor adjacent neutral pairs, and G/W(C) ~ G* v (C)-
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2. Ingredients for the proof of Theorem 1.2

Let m be an integer, m > 1, S = ({0,1,...,m — 1}, E') be a digraph and for i € {0,1,...,m — 1},
G; = (V;, E;) be a digraph such that the V;’s are nonempty and pairwise disjoint. The lexicographic sum
over S of the G;’s or simply the S-sum of the G;’s, is the digraph denoted by S(Gy, Gy, ...,Gpn—1) and
defined on the union of the V;’s as follows: given x € V; and y € Vj, where i,j € {0,1,...,m — 1},
(x,y) is an edge of S(Gy, G1,...,Gp-1) if either i = j and (z,y) € E;, ori # j and (¢,j) € E(S):
this digraph replaces each vertex i of S by G;. For that, we say that the vertex ¢ of S is dilated by G;,.

Remark 2.1. Let G = (V, E) and G' = (V, E’) be two digraphs, (< 5)-hypomorphic up to complemen-
tation. Let U := G+G'. We assume that U is not connected. Let C be a connected component of U.

IfC is connected, then Theorem 1.1 gives the pair {G V(e G/W(C)}. So we can assume that C is not con-
nected. Let Cy,Cy, . .. ,Ci_1 be the connected components of C (k > 2). Then Uic = S(Cy,C1,...,Cr-1),
where S is a complete graph. Each C; is called a subclass of C.

Since foralli € {0,1,--- ,k—1}, C; is connected then for every distinct vertices vy and vy of V (C;), there
are n vertices vy = To, T1, -+ ,Tn—1 = v1 of V(C;), such that x; . .., x;y1 foralli € {0,1,--- ,n — 2}.

Remark 2.2. Let G and G' be two digraphs on the same vertex set V such that G and G' are (< 3)-
hypomorphic up to complementation. Let U := G+G' and a,b,c € V. If G Hab,c} 18 a peak or a flag or
a 3-homogeneous set, then Uy, .y is the complete or the empty graph.

Lemma 2.3. (Lemma 4.3 of [1]) Let G and G’ be two digraphs on the same vertex set V such that G and

G' are (< 3)-hypomorphic up to complementation. Let U := G+G' and a,b,c € V.

1) If E(Uygap.e) or E(Uap.c)) is the set {{a,b},{b, c}}, then {a, b} is an oriented pair in G if and only
if {b, c} is an oriented pair in G.

2) If E(Ujap,ey) or E(Ugap,ey) is the set {{a,b}} and {a,b} is an oriented pair in G, then {a, b} is an
interval of G(q,c} and G/r{a b}

3) If E(Uiapey) or E(Uap,ey) is the set {{a,b}} and {a,b} is a neutral pair in G, then {a,b} is not
an interval of G(q.¢}, and {b, c} is an oriented pair in G if and only if {a,c} is an oriented pair in
G. Moreover if c —>_, a (resp. c—__a) then b —, c (resp. c...,b).

Lemma 2.4. Let G and G’ be two digraphs on the same vertex set V such that G and G’ are (< 4)-
hypomorphic up to complementation. Let U := G+G’, U not connected and let C be a connected
component of U such that C is not connected. Let vy, v1,v2 € V(C). If {vo,v1} and {v1,ve} are two
neutral pairs having the same nature in G then {vy, v1} and {vy,v2} are two neutral pairs without the
same nature in G'.

Proof. W.l.o.g we can assume that vo___,v; and v, vs.

From Remark 2.1, Uje = S(Cy,Ci,...,Cr_1), where S is a complete graph and Cy,Cs, . ..,Cj_1 are
the connected components of C (k > 2). By contradiction, we assume that (G/F {vo,n} = VO--- V1 and
G/F{Ulﬂiz} =V1... UQ) or (G/F{Uo,vl} = Vp—V1 and G/F{UM&} = "()1_"()2).

e Case 1. (Uo_le, Ul_GUQ) and (Uo e V1, U1 .. o UQ).

Letvs € V(U) \ V(C), then vs. .., {vo, v1,v2}. According to the nature of {vy,v3} in G, we have the
following subcases:

© 2024 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |7



Case 1.1. {v1,v3} is an oriented pair in G. W.L.o.g. we assume that v —, v1, SO U3 —> . V1. We

have U000 = {V0—v1} .. v3 (1€8P. Upfoyvp05) = {V1—v2} ... v3) and {vo,v1} (resp. {v1,va})
is a neutral pair in G. So from 3) of Lemma 2.3, applied to {vg, v1,vs3} (resp. {vi,v9,v3}), we have
Vo —¢ vz and vg —>, v3 (resp. v —, vz and vy — , v3). We have Gy, o0 % Gifogor,00,08)
/

[{vo,v1,v2,v3}°

only vertex in {vg, v1, v2, v3} not adjacent to a neutral pair, then o(v3) = vs. From dg (v3) =2
H{vg,v1,v2,03}

because their types are different. If o is an isomorphism from @HUMLU%%} into G as v is the

and d, (v3) = 1, we get a contradiction.
[{UO’U17U2’U3}

Case 1.2. {vy,v3} is a neutral pair in G. W.L.o.g. we assume that v;____v3, SO v;
Ulfvo,n,ws) = 1V0—1} ... v3 (1esp. Uy, o0} = {V1—v2} ... v3) and {vg, v1} (resp. {vy,v2}) is a
neutral pair in G, so from 3) of Lemma 2.3, applied to {vg, v1, vs3} (resp. {v1,vq,v3}), we have v . .., v3
and v ..., v3 (resp. vz... vz and vy . .., v3). T(Gfugv1,00s)) = (3 44,3 — i) and 7( lr{vo,vl,vz,vs}> =
(147,5—7)with¢,j € {0,1}. This implies 1 +j =3 —4,s0¢+ j = 2 and thus i = j = 1. We deduce
that {vg, v} is a full pair in G and G’. So G’[{UWW} % G i{vo,01,05} and G’vam} % G {vo,01,00}» Which
contradicts the 3-hypomorphy up to complementation.

e Case 2. (vop—,v1, v1—;v2) and (vo—_,v1, V1, V2).

We have vo___ _vy and vi___ _vy, then thereis 7 € {0, 1, -,k — 1} such that {vg, v1,v2} C V(C;). Let
V3 € V(CJ) with 7 € {O, 1, k— 1} \ {Z} and G = G’'. We have U := G+G1, V3. {Uo, Ul,vz},
(Vo——g V1, V1—,v2) and (vp . . oy Ul Ul v9). By exchanging G’ by G; = G’ we come back to
case 1. m)

V3. We have

As an immediate consequence of Lemma 2.4, we have:

Corollary 2.5. Let G and G' be two digraphs on the same vertex set V such that G and G' are (< 4)-
hypomorphic up to complementation. Let U := G+G', U not connected and let C be a connected
component of U such that C is not connected. We have the following:

1) Let vg,v1,v9 € V(C). If G {vo,01,00} 18 @ symmetric digraph then U,y ., v,} is neither the complete
graph nor the empty graph.

2) Gy c) does not embed a 3-homogeneous subset.

Lemma 2.6. Let G and G’ be two digraphs on the same vertex set V such that G and G' are (< 4)-
hypomorphic up to complementation. Let U := G+G’, U not connected and let C be a connected
component of U such that C is not connected. Then G'1v(c) does not embed a peak.

Proof. From Remark 2.1, Uc = S(Co,Cy, . ..,Cx_1), where S is a complete graph and Cy,Cy, . .. ,Cr_1
are the connected components of C, k > 2. By contradiction, w.l.0.g. we assume that there are v, vy, vy €
/

V/(C) such that Gy 4, v} = {Vo—v1} — vo. From Remark 2.2, we have G[{vwl’v?} = @F{me} or

G{{vo,vl,vg} = G[{UOvUI’UQ};

e Case 1. G’Hvo’vhw} = G {vo,01,02}-

Let v3 € V(U) \ V(C), then v3..., {vo,v1,v2}. We have Uy vyvs) = {Vo—v2}...v3 (resp.
Ulfvr,va,0) = {V1—v2} ... v3) and {vp,va} (resp. {v1,v2}) is an oriented pair in G, so from 2) of
Lemma 2.3, applied to {vg, v, v3} (resp. {v1,v2,v3}), we have {vg, vo} (resp. {v1,v2}) is an interval of
G 1 {vo,09,05} TSP G4y, 0a,051)> S0 {0, v1} is an interval of Gy, 4, v,1 and {vg, vy } is a neutral edge of G,

which contradicts 3) of Lemma 2.3.
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e Case 2. (&' G[{vo,m,vz}‘

T H{vovive} T
We have U |{,, v, v,} is a complete graph, then thereisi € {0,1,--- , k—1} such that {vy, v, v2} € V(Cy).
L_et v3 € C; with j € {0,1,--- ,k — 1} \ {i} and Gy = G._We have U = G1+G, Glivovnim) =
G11{vo,01,00) @nd v3 . .. {vo, v1, v2}. By exchanging G by G| = G we come back to case 1. O

A diamond 1s a tournament on 4 vertices admitting only one interval of cardinality 3. The center of a
diamond 0 is the unique vertex a € V() satisfying a — (V' (0) — {a}) or a «— (V(§) — {a}). Up to
isomorphism, there are exactll two diamonds 6" and 6~ = (d7)*, where §* is the tournament defined
on {0,1,2,3} by 5&07172} = (C3and {0,1,2} — 3. A tournament isomorphic to §* (resp. isomorphic to
07) is said to be a positive (resp. negative) diamond.

3 3

Figure 9. Diamonds

Lemma 2.7. Let G and G' be two digraphs on the same vertex set V such that G and G’ are (< 5)-
hypomorphic up to complementation. Let U := G+G’, U not connected and let C be a connected
component of U such that C is not connected. Then G'v(c) does not embed a diamond.

Proof. From Remark 2.1, Uc = S(Co,Cy,...,Cx_1), where S is a complete graph and Cy,Cy, . ..,Cr_1
are the connected components of C(k>2).

.. -
By contradiction, we assume w.l.o.g. that there are vy, v, v2,v3 € V/(C) such that G Hooorve) = O3,
with vy —>, v1 —>, V2 — Vo, and {vg, v1,v2} —> vs. By the 4—hyp0m0r_p>hy up to complementa-
tion, we have v3 —_, {vo, v1,v2} or v3 «<—_, {vo,v1,v2}, and G’[{Uo’vlm} ~ (Cf.
e Case 1. v3 —)G, {Uo,vl,vz}.
Let vy € V(U) — V(C), then vy. .., {vo,v1,v2,v3}. We have Upfy) vy = {V0—v3} ... 04 (resp.
U[{v1,v37v4} = {Ul_vg} ... Uy, U[{U27U37U4} = {UQ_Ug} R U4) and {Uo, U3} (resp. {Ul, Ug}, {UQ, Ug}) 18
an oriented pair in G, so from 2) of Lemma 2.3, we have {vg, v3} (resp. {v1, v3}, {va,v3}) is an interval
of G'{uy,vs,00) €SP. G'ifuy 05,00} G i{vs,vs,0,)) @and of G’HUW&M} (resp. G’[{UI’USM}, G’[{w’vgm}). Then
{vo,v1, v, v3} is an interval of G'j{y; v, vs,05,04) aDd G

[{U07U17U27U37U4} .
According to the nature of {v3,v4} in G, we have the following cases.

Case 1.1. {vs, v} is an oriented pair in G. W.Lo.g. we assume that v — vy4, SO v3 — s V4.

. . /
As {vg,v1,v2,v3} is an interval of Gy, v, v,05,0,} and G[{UO7U17U27U37U4}’

Vg < o {U07U17U27U3}- Then G[{U07U17U27’1)37’U4} = {U07U17U2} < v3 < U4, G[{U07U17U27’1)37’U4} =1 < V3 <
/ _ /
{Uo,vl,UQ} and G =v3 < {Uo,vl,UQ} < vy4. Thus G[{vo,vl,vg,vg,m} ﬁ GF{UO,U17U27U37U4} and

{vo,v1,02,03,v4}
/F (v0,01,09,03,04} * G H{vo,01,02,03,04}» Which contradicts the 5-hypomorphy up to complementation.

Vg {Uo,vl,vz,vg} and

Case 1.2. {v3, v4} is a neutral pair in G. W.l.o.g. we assume that v3___ vy, SO v3
As {vp,v1,v9,v3} is an interval of Gy,

G,U4.

!
vy and G vy {vo,v1,v9,u3} and

V2,3, [{vo,v1,v2,03,04 }°
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o {U()? V1, V2, U3}' So G[{vo,vl,vg,vg,m} - U4—{{U07 U1, U?} — U3}’ G/ -

/ /[{voml,vg,vg,m}
%—{"03 — Avo,vi,vett Thus Gl sy Z Glwowusesed a0d Gl
G 1 {vo,01,02,03,04}» Which contradicts the 5-hypomorphy up to complementation.

o Case 2. v3 «—, {vo, v1, v2}.

U4

We have v3_ _{vo,v1,v2}, then there is 7 € {0,1,--- ,k — 1} such that {vg, v1,v2,v3} C C;. Let
Vy € Cj Wlthj € {0, 1,--- ,k — 1} \ {Z} and G = @ We have U = G—i—Gl, U3 —>G1 {UO,Ul,UQ},
V4. .. {v0,v1,v2,v3}. By exchanging G’ by G = G’ we come back to case 1. O

Lemma 2.8. Let G = (V, E) and G' = (V, E') be two digraphs, (< 5)-hypomorphic up to comple-
mentation. Let U := G+G'. We assume that U is not connected. Let C be a connected component
of U such that C is not connected. Let vy,vy,v2 € V(C). If G 1 {vo,v1,00) 18 @ 3-directed cycle then

/ o
M{vo,v1,02} = " Hwo,v1,v2}

Proof. From Remark 2.1, C = S(Cy,Cy,...,Cr_1), where S is a complete graph and Cy, Cy, . .. ,Cj_; are

the connected components of C (k > 2). By contradiction, we assume that G’[ (vo,v1,02} = G {vo,01,00) =

33. We have Uy, v, 0.} is an empty graph, so thereis i € {0, 1,--- ,k — 1} such that vy, vy, v € C;. Let
vz € Cjwith j € {0,1,--- ,k—1}\ {4}, thenvs___ {vo, v1,va}. We have Ujfy; 0, 05y = v3—{v0 ... v1}
(resp. Upfvo,ve,05) = V3—{0 .. v2}) and {vg,v1} (resp. {vo,v2}) is an oriented pair in G, so from 2)
of Lemma 2.3, we have {vg,v1} (resp. {vp,v2}) is an interval of Gy ;.05 (t€SP. G'fyg 0s,05}) and of
G/F{UWW?)} (resp. G/F{vmvz,vs})‘ Then {vo, v1, v2} is an interval of G {y; v, 05,05} and G/F{mewg}.
According to the nature of {vg, v3} in G, we have the following cases:

e Case 1. {vg, v3} is an oriented pair in G. W.L.o.g. we assume that vg —, vs3, SO U3 — o Vo

As {vg,v1,v2} is an interval of G|y, v, vs,0,} and G’r{vwmwg}, then {vg, v1,v2} — v3 and v3 —
{vo,v1,v2} Then G y)v, 00,05} 1S @ diamond, which contradicts Lemma 2.7.

e Case 2. {vp,v3} is a neutral pair in G. W.1.o.g. we assume that vo__,v3, S0 Vg . . ., V3.

As {vg,v1,v2} is an interval of Gy 0,000, and G Then {vg,v1,v2}_ ,v3 and

[{vo,v1,v2,v3}"
{vo, v, v2} ..., v3, which contradicts Lemma 2.4. o

(el

Lemma 2.9. Let G and G' be two digraphs on the same vertex set V such that G and G’ are (< 4)-
hypomorphic up to complementation. Let U := G+G', U not connected and let C be a connected
component of U.

1) If Gy (cy and G/rV(C) are 2-hypomorphic, then C is an interval of G.

2) If C is not connected and Cy,Cy, . .. ,Cy_1 are the connected components of C (k > 2) then C; is an
interval of Gy (¢, uizy foralli € {0,1,--- |k — 1} and for all z € V(U) \ V(C).

Proof. 1) Let vy # v; € V(C) and z € V(U) \ V(C). As C is a connected component of U, there are n
vertices vy = xg, T1, -+ ,Tp—1 = v of V(C), such that z_ xpyy forall k € {0,1,--- ,;n —2}. As
Gv(cy and Ger(C) are 2-hypomorphic, then {w, 2,1} is an oriented pair in G. We have U\(,, .., -} =
{zr__wp1}... 2 and {xp, x4} is an oriented pair in G, so from 2) of Lemma 2.3 applied to
{@k, Try1, 2}, we have {p, 211} is an interval of Gy, 4,,, -y forall k& € {0,1,--- ,n — 2}. Then
{vo,v1} is an interval of Gy, v, ,-3- Thus C is an interval of G.

2)Leti € {0,1,--- ,k—1}, 2z € V(U) \ V(C). Letvg # v; € V(C;). From Remark 2.1, there are
n vertices vy = X, 1, ,Tp—1 = v1 of V(C;), such that xy ..., x4 forall k € {0,1,...,n — 2}.
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Letw € V(Cj) with j € {0,1,--- k — 1} \ {i}, thus w_ {xp, vp1} and z. .., {zf, 211, w} for all
ke{0,1,...,n—2}.

To prove that V'(C;) is an interval of Gy (¢,)u(z}. it suffices to prove that for each k£ € {0,1,...,n — 2},
{@k, Tp41} is aninterval of Gy, 4, ., »3. To do so, according to the nature of {x, z141} in G, we con-
sider the following cases:

e Case 1. {xy, x+1} is an oriented pair in G.

We have Uz 2010y = W—{Tk ... Tpq1} and {xp, v441} is an oriented pair in G, then from 2) of
Lemma 2.3 applied to {xk, 41, w}, {@k, 2p41} is an interval of Gz, oy yy 0y and Gy s
from Lemma 2.4 applied to {x,xr1,w}, we have that {w,x;} and {w, zy1} are oriented pairs in
G reversed in G'. We have Uy, w.y = {oh—w} ...z (tesp. Upay w2y = {1Zh1—w} ... 2) and
{zy, w} (resp. {xgi1,w}) is an oriented pair in G, then from 2) of Lemma 2.3, we have {xz;, w} (resp.
{@ky1,w}) is an interval of Gy, w..} (€SP. Gz, ,1,w,2})> SO {Tk, Tp41} is an interval of Gya, 2., 2}

e Case 2. {xy, vx+1} is a neutral pair in G. W.l.o.g. we can assume that x5 g1, SO T}
According to the nature of {x, w} in G, we have the following subcases:

and

ey xk‘i‘l .

Case 2.1. {xy,w} is an oriented pair in G. W.l.o.g. we assume that z;, —, w, SO w — e Tk
We have Uz, o010} = Tk - - - Try1 J—w and {, 241 } is a neutral pair in G, then from 3) of Lemma
2.3 we have w — Tg11, 80 T —>, W,
We have Uy w2y = {oh—w}...z (tesp. Upapiywzy = {Tky1—w} ... 2) and {xp, w} (resp.
{x41,w}) is an oriented pair in G, so from 2) of Lemma 2.3, we have {x},w} (resp. {xxi1,w}) is
an interval of Gz, v} (t€sp. Gz, w,2})> SO {Tk, Tpy1 } is aninterval of Gy, 20, 2)-

Case 2.2. {x}, w} is a neutral pair in G. W.l.o.g. we can assume that x;____w, SO =y . . o W
We have Uy, v\ 1.0) = 1%k - - - Tpy1 —w and {@, 241 } is a neutral pair in G, then from 3) of Lemma
2.3 we have xp41 ..., W, SO Tpy1
According to the nature of {z, w} in G, we have the following subcases:

o W-

Case 2.2.1. {z,w} is an oriented pair in G. W.l.o.g. we can assume w —, 2, S0 W —_, Z.
We have Uy .y = {or—w}. ..z (tesp. Upapiywzy = {Tky1—w} ... 2) and {xp, w} (resp.
{Tk4+1,w}) is a neutral pair in G, then from 3) of Lemma 2.3, applied to {z, w, zj} (resp. {z, w, xp41}),
we have xj, <— 2 (resp. Tj11 <— 2). SO {T, 211} is aninterval of Gy, 4., 2}-

Case 2.2.2. {z,w} is a neutral pair in G. W.L.o.g. we can assume w____z, SO w
We have Uiy, w20 = {Th—w}...2 (tesp. Upgpiywzy = {Thp1—w}...2) and {xp, w} (resp.
{x)41,w}) is a neutral pair in G, then from 3) of Lemma 2.3, applied to {z, w, x; } (resp. {z, w, Tx11}),

"2

we have xy, ..., z (t€esp. Tgy1 ..., 2). SO {Tk, Ty 1} is aninterval of Gy, 201 2} O
As an immediate consequence of Lemmas 2.3 and 2.9, we have the following.

Corollary 2.10. Let G and G' be two digraphs on the same vertex set V such that G and G’ are (< 4)-
hypomorphic up to complementation. Let U := G+G’, U not connected and let C be a connected
component of U such that C is not connected. Let vy,v1 € V(C) and C = S(Cy,C1,...,Ci_1), where
S is a complete graph and Cy,Cy, . .. ,Cix_1 are the connected components of C (k > 2). If {vg,v1} is a
neutral pair in G reversed in G', then there are two subclasses C;,C; of C (i # j € {0,1,--- ,k —1})
such that vy € V(C;) and v, € V(C;j).

Lemma 2.11. Let G and G’ be two digraphs on the same vertex set V such that G and G’ are (< 4)-
hypomorphic up to complementation. Let U := G+G’, U not connected and let C be a connected
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component of U such that C is not connected. Let vy, vy, vy € V(C). If G vy 01,00} 18 a 3—consecutivity,
then G’ G¥

Hvo,v1,00} —  {vo,v1,02}

Proof. From Remark 2.1, Uc = S(Co,Cy, . ..,Ck_1), where S is a complete graph and Cy,Cy, . ..,Cr_1
are the connected components of C (k > 2). If G} = ]3; = vg —> V] — U9, assume by
contradiction that G/F{vow_l,vz} = G{wo,01,02} O Gl 1001 = Glivowneet OF Gliyg o oot = G 1o 01,00}

e Case 1. G/F{Uwhm} = G {vo,01,02}-

Let v3 € V(U) \ V(C), then v3..., {vo,v1,v2}. We have Upyyy0) = {vo—v1}...v3 (resp.
Ufvr,ve,05) = {V1—v2} ... v3) and {vp,v1} (resp. {v1,v2}) is an oriented pair in G, so from 2) of
Lemma 2.3, we have {vg, v1} (resp. {v1,v2}) is an interval of G|y v, 05} (t€SP. G'i{y; v9,05))» SO {V0, V2 }
is an interval of Gy vo05)- SiNCE Upfyy vy 05} = 1V0—V2} ... v3, we get a contradiction with 3) of
Lemma 2.3.

e Case 2. G’vam} = G {vo,01,00}-

We have U |{,, v, v,) is a complete graph, then thereisi € {0,1,--- , k—1} such that {vy, v, v2} € V(Cy).
Let vs € V(C;) with j € {0,1,--- ,k — 1} \ {i} and G; := G. We have U = G1+G, Glivowrim) =
G 1{wo,vn,0e} a0d v3 ... {vg, v, v2}. By exchanging G by G1 = G we come back to case 1.

e Case 3. G’Hvo’vhw} = G* 1{vo,01,09}-

We have Uj{y 01,00} = {U0—2} . .. v1, then there is a subclass C; of C with i € {0,1,--- k& — 1} such
that {vg, v1,v2} C V(C;). Since {vg, v2} is a neutral pair in G reversed in G/, we get a contradiction with

Corollary 2.10. O

Lemma 2.12. Let G and G’ be two digraphs on the same vertex set V such that G and G’ are (< 5)-
hypomorphic up to complementation and let U := G+G'. Assume that U is not connected and let C be a
connected component of U whose complement is not connected and let vy, v1,v5 € V(C). If G 1 vo,01,00)
is a flag, then G’r{vwm} = G {vo,01,02}-
Proof. We can assume G'jfy, 0, 0,) = V0o — V1 Vo.
From Remark 2.1, C = S(Cy,Cy, ...,Cr—1), where S is a complete graph and Cy,Cy,...,Cx_1 are the
connected components of C (k > 2). By contradiction, we assume that G Hvo,v1,00) = G’Hvo’vhw} =
vg — v1— V3. We have Uy, 0.} is @ complete graph, so there is i € {0,1,--- ,k — 1} such that
{UO, VU1, UQ} C V(Cl) Letvs € V(CJ) with j € {O, 1,--- ,k‘—l}\{i}, then ’Ug_U{Uo, V1, UQ}. According
to the nature of {v1,v3} in G, we have the following cases:
e Case 1. {v1,v3} is an oriented pair in G. W.L.o.g. we can assume vy <—_, U3, SO U] — . Us.
We have Uyy 050 = v3—{v0...v1} and {vg,v;} is an oriented pair in G, so from 2) of Lemma
2.3, {vo,v1} is an interval of G'fy; 4, ), thus vy <— v3, s0 vg —_, v3. We have Uy, 1p05) =
v3—{v1 ... vz} and {v1, v2} is a neutral pair in G, so from 3) of Lemma 2.3, v, —, v3, 80 vg —_, U3.
Let vy € V(U) — V(C), then vy. .., {vo,v1,v2,v3}. We have Upfyy vy = {Vo—v3} ... vy (resp.
U[{v1,v37v4} = {Ul_vg} ... Uy, U{{U%U&M} = {Ug_vg} e U4) and {Uo, "Ug} (I‘CSp. {Ul, "Ug} , {UQ, Ug})
is an oriented pair in G, so from 2) of Lemma 2.3, {vg,v3} (resp. {v1,v3} , {v2,v3}) is an interval
of G'i{vo,vs,01) @€SP- Gifvy vs00)s Gl{vs,vs,0a})s thus {vg, v1, v, v3} is an interval of G'ify; v, s .05,0,) and
’Hvo’m’vmgm}. We set H := G'{yp,01,09,05,04} and H' 1= G’ vs,oa}- According to the nature of
{v3, v4}, we have the following subcases.

F{’UO ,U1,V2,

Case 1.1. {v3,v4} is an oriented pair in G. W.Lo.g. we can assume that v3 — vy, SO U3 —
. ) ,
As {vg,v1,v9,v3} is an interval of G'yy v, v9,05,0,} and GHUO’ULU?’U&M}, {vo,v1,v9,v3} —>, w4 and

V4.
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{vo,v1,v2,v3} —>, va. We have di(v4) = 4 and for all x € {vo,v1,v2,v3,v4}, djp(x) # 4 then
H' % H. On the hother hand, H' # H, indeed if o is an isomorphism from H into H’, since the
only vertices not adjacent to a neutral pair are vz and vy and dj;(vy) = df(v4) = 0, df;(v3) # 0, then
o(vy) = vy and o (v3) = v3. We get a contradiction with d};(v3) = 3 and d, (vs) = 2.

Case 1.2. {v3,v4} is a neutral pair in G. W.L.o.g. we can assume that vz vy, SO U3
As {vp,v1,v,v3} is an interval of G'ify; 01 0,04, 0,019 0,04}
{vo, v, v2,v3}—_,vs. We have H and H' have the same type (5,1), so H’ 2 H. On the hother
hand, H' # H, indeed if o is an isomorphism from H into H’, since v3 is the only vertex adjacent to
exactly one neutral pair, then o (vs3) = vs. We get a contradiction with d};(v3) = 2 and dj;, (v3) = 1.
e Case 2. {v1,v3} is a neutral pair in G. W.l.o.g. we can assume that v;____vs3, so vy .. - U3
We have Uj{y).v,,05} = V3—{%0 ... v1} and {vg, v1} is an oriented pair in G, so from 2) of Lemma 2.3,

G/U4‘
!
vy and G {vo,v1,v2, 03} v4 and

we have {vg, v} is an interval of G'j{y; 4, 05} thus vo—_,vgand vy . . ., v3.
We have vo__,v3—_ viandvg..._ v3...., v1, Which contradicts Lemma 2.4. m)

Lemma 2.13. Let G and G’ be two digraphs on the same vertex set V such that G and G' are (< 5)-
hypomorphic up to complementation and let U := G+G'. Assume that U is not connected and let C
be a connected component of U whose complement is not connected. Let vy,v1,v2 € V(C) and C =
S(Co,C1,...,Cx 1), where S is a complete graph and Cy,Cy, . . . ,Cy_1 are the connected components of
C(k>2).IfG Hvo,on,0e) = V0 — V1o is a flag, then there are three distinct subclasses C;,,C;,,C;,
such that, vy € C;,, v1 € C;;, and vy € C;,, and |C;,| = |C;,| = 1.

Proof. From Lemma 2.12, G’r{vwm} = G {0100} = V1 — Vp—02.
We have {vq,vg} (resp. {ve,vp}) is a neutral edge in G reversed in G', so by Corollary 2.10, there is a
subclass Cs containing vy and does not containing v, v;.

Firstly, let Cy be a subclass such that vy € Cy. We prove that |Cy| = 1. We assume by contradiction that
ICo| > 2,letv € Cy. As Cy is a connected component of U, there are n vertices vy = g, T1, -+ ,Tp_1 = U
of V(Cp), such that zy, ..., x4 forall k € {0,1,--- ,n — 2}, 50 x1 ..., vg. According to the nature of
{1, v0}, we have the following cases.

e Case 1. {xy,vp} is oriented in G.

We have U {y) 5.0} = {Vo—1} ... vz and {vg, 1} is a an oriented pair in G, so from 2) of Lemma
2.3, {vo, 21} is an interval of G'{y; 4,.4,}, thus o1...,v2 50 21 _,v. We have ..., v2. .., vp and
o V2— ., Vo, which contradicts Lemma 2.4.

e Case 2. {x1, v} is a neutral pair in G.

We have U{y) 0,01} = {Vo—1} ... 02 and {vg, z1} is a neutral pair in G, so from 3) of Lemma 2.3,

4]

Tl V2,80 %1 ..., U, thuswehavex; vy viandxy..., v2..., v1, which contradicts Lemma
2.4,
Thus |Cy| = 1. Therefore v, ¢ Cy, so there is a subclass C; such that v; € C;.

— 1 !/
Secondly, to prove that |C;| = 1, it suffices to exchange the roles of Gy, 4, 2,3 and G {vo,02,21 then we
come back to the previous case. O

3. Proof of Theorem 1.2

In this section we will prove Theorem 1.2 which gives the form of the pair of restrictions of G and G’
on a connected component of G+G’. The proof is obtained as follows:
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1) is given by Proposition 3.1.
2) is given by Proposition 3.3.
3) is given by Proposition 3.7.

Proposition 3.1. Let G = (V, F) and G' = (V, E') be two digraphs, (< 5)-hypomorphic up to comple-
mentation. Let U := G+G'. We assume that U is not connected. Let C be a connected component of U
such that C is not connected. If G i (c) embeds a flag, then Gy ) and Ger(C) are isomorphic, and more
precisely, the following assertions hold:

2) If[V(C)| = 4 then |V (C)| = 4 and the pair {Gv(c), G|y ()} is one of the following pairs:

{ag,m}, {Ba.8sy, {vfa ) DAL {(a) @) ) {85 B} {0 ()
{5 ()

Proof. As Gy embeds a flag, we can assume w.l.o.g. that there are vy, v1,v2 € V/(C) such that
v9 —> v1__v9 in G. From Remark 2.1, C = S(Cy,Cy,...,Cx_1), where S is a complete graph and
Co,C1, . ..,Cr_, are the connected components of C (k > 2). From Lemma 2.13, there are three distinct
subclasses, w.l.0.g. Cy,C1,Co, of C such that vy € V(Cp), v1 € V(C1) and v € V(Cq). From Lemma
2.13,|Co| = |C4| = 1.

1) [V(C)| = 3. Then Gy ¢y = vo — v1—vy. From Lemma 2.12, G’W(C) @[V(C) = V] — Vyp__Vs.

2) |[V(C)] > 4.

Fact 1: Given a vertex vz in V/(C) \ {vo,v1,v2}. If v3_ {vo,v1,v2}, then {Gy (), G’W(C)} is one

of the following pairs: {cu, @z}, {81, B}, {(cu)*, (@1)*}, {(B4)*, (Ba)*}, and we have (vo__,v3 and
Vo - Ug).

Proof. Let v € C3. We have vy {vg, v, v2}.

If {vo, v3} is void (resp. full) in G then {vy, v3} is full (resp. void) in G’. This contradicts Lemma 2.4
applied to {vg, ve, v3} (resp. {v1,v2,v3}). So {vy, v3} is oriented in G.

e Case 1. v3 —>, v2. Sovg «—, va.

Lemma 2.4 applied to {vg, va, v3} shows that {vg, v3} is not void in G.

By Lemma 2.6, G{y;,0,05} 1S DOt a peak, so vz #—, vo. If vg —, v3 then Gy 0,1 15 @ 3-
consecutivity and G} (vowsvs) 7 O {vo,us0s)> Which contradicts Lemma 2.11. So {vg,v3} is full in G,
thus void in G'.

Lemma 2.4 applied to {vy, v2, v3} shows that {vy, v3} is not full in G.

By Lemma 2.6, G'{y, 1,0} 18 NOt a peak, so vz #—, vi1. If v —, v3 then Gy, 4,04} 1S @ 3-
consecutivity and Gy, .+ # Gy, , ) Which contradicts Lemma 2.11. So {v1, v3} is void in G,
thus full in G’

Set C' := {Uo,Ul,UQ,Ug}. Then G[V(C’) = Oy, G/[V(C’) = G[V(C”) = a4 and G[V(C’) o G/[V(C’)‘ So
we have (vp—_,v3and vy . .., v3).

o Case 2. v3 <— V2. SO U3 —>, V.
Lemma 2.4 applied to {vg, v2, v3} shows that {vg, v3} is not void in G.
By Lemma 2.6, G'{yq 4,05} 18 DOt @ peak, so vg /=, vs. If v3 —, vo then Gy 0,0, 1S @
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3-consecutivity and G, ..+ # Glr, o, y» Which contradicts Lemma 2.11. So {vp, vs} is full in
G, thus void in G,

Lemma 2.4 applied to {vy, va, v3} shows that {vq, v3} is not full in G.

By Lemma 2.6, Gy, v,0,) 18 DOt @ peak, so vy /=, v3. If v3 —, v1 then Gy, 1,0} 1S @
3-consecutivity and G, .1 # Glr,, 4, 4> Which contradicts Lemma 2.11. So {v;,v3} is void in
G, thus full in G'.

Set ' = {Uo,Ul,Ug,Ug}. Then G[V(C’) = 64, G/[V(C’) = G[V(C’) = 54 and G[V(C’l) ;ﬁ G/[V(C’)‘ So
we have (vo__,vs and vg . . ., 3). m)

Fact 2: Given a vertex vz in V(C) \ {vo,v1,v2}. If v3..., v2, then {G}y (), G/W(C)} is one of the
following pairs: {7, 7, }, {A Ak {(0d)* ()1 {(AD)*, (A1)}, and we have (vy—,v;3 and
o .. e Ug).

Proof. We have vs..., vy and vz {vg,v1}. According to the nature of {v9,v3}, we have the
following subcases.

e Case 1. vy —> v3. SO v —>, V3.

We have U,y vs,05) = Vo—{v2...v3} and {va, v3} is a an oriented pair in G, so from 2) of Lemma
2.3, {vz,v3} is an interval of G'i{y; vs.05)» thus vg ..., v3 50 vo— _,v3. We have vy ..., vy ..., v3 and
Vo, Uo—,v3, Which contradicts Lemma 2.4.

o Case 2. vy <— v3. S0 vy <—_, v3. Since U = G'+G, by exchanging (G,G’) by (G7, G), we
come back to case 1.

o Case 3. we__,v3. So vo___,v3. The 3-hypomorphy up to complementation applied to
{v1,v2,v3} (resp. {vo,vo,v3}), gives vy..., v3, SO vi__ v (r€sp. y. ... U3, SO Vo v3). Set
C" = {wo,v1,v9,v3}. We have Gy ) = v, G’W(C,) = v, and Ger(C') ~ Gy (cry- So we have
(vo—gvsand vg . .., v3).

e Cased. vy...,v3. SO Vy. .., V3.

The 3-hypomorphy up to complementation applied to {vy, vo, v3} (resp. {vo, v2,v3}) gives vi___,v3,
SO V1...,0U3 (TCSp. Vo——, V3, SO g . . o ’03). Set C/ = {U07 V1, V9, ’U3}. We have G[V(C”) — /\+’
G/[V(C’) = A, and G/W(C/) ~ Gy (cry- So we have (vo— vz and vg . .., v3). O

As an immediate consequence of Fact 1 and Fact 2, we have the following fact.

Fact 3: For each vz in V/(C') \ {vo, v1,v2}, vo—vzand vp . . ., vs.

Fact4: |V (C)| = 4.
Proof. To the contrary, we assume that |V (C')| > 5, so there are v3 # vq in V(C') \ {vg, v1, v2}. From

Fact 3, (vop——,vzand vg . .., v3), and (vo—,v4 and vy . . ., v4) Which contradicts Lemma 2.4. m)
By Fact4, |V (C)| = 4. Letvs = V(C) \ {vo, v1,v2}. Since |Cy| = |C1| = 1, we have v3___ {vg, v1 }.
We conclude using Fact 1 and Fact 2. O

We consider the following symmetric digraphs introduced in [5].

Let n > 2. Let X,, be an n-element set, vy, - - - ,v,_1 be an enumeration of X,,, X,QL ={v; € X, :
i =0 (mod2)}and X! := X, \ X', Set R, := [X?U[X}!]% S, := {{voi,v2i01} : 20 + 1 < n},

n

S!= {{voit1,v2i42} 20 +2 < n — 1}. Let M, and M/ be the graphs with vertex set X,, and
edge sets F(M,) := R, U S, and E(M)) = R, U S, respectively. Let M = (X,,R, U S, U
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{{vo,vn-1}}) for n even, n > 4. Finally, let Dy := (X4, {{vo,v1},{vo,v2},{v2,v3}}) and D} =
(X4, {{vo,v2}, {vo, v3}, {v1,v2}}). For example, My = vy__v1, M) = vy ... vy. Note that My, M, Ms,
Ms, My, M}, D4, D) were cited previously after Figure 7 and appear in the main result (Theorem 1.2).

/U& /U< Vo V2 Uo—: V2 UOX U2 Uom U2 voX ()
U1 V2 o U1 U1 U3 U1 U3 U1 U3 V1 U3 V1 U3
M; M, M M MY D D)

3 4 4 4 4 4
V4 Uy Uy Uy Uy
v Uy voﬁ ve  voDNv2 1N Ve e Vs
U1 U3 U1 U3 U1 U3 U1 U3 U1 U3
Ms M, g 5 5 5
Ms M é Mé/

Figure 10. M,,, M), M/, Dy, D).

In [5], the following result was established.

Theorem 3.2. (Theorem 3.15 of [5]) Let G and G’ be two 3-hypomorphic up to complementation graphs
with vertex set V, U := G+G' and U not connected. If C is a connected component of U of cardinality
n > 2, then the pair {G v ), G/[V(C)} is one of the following:

1) {M,, M}, {M,, M}, ifC is a path.

2) {My, M}, {M,, M]'} { Dy, Dy}, {Da, D}, if C is a cycle.

Proposition 3.3. Let G = (V. E) and G' = (V, E') be two (< 5)-hypomorphic up to complementation
digraphs. Let U := G+G'. We assume that U is not connected. Let C be a connected component of
U such that C is not connected. Let vy,v, € V(C). If {vo,v1} is a neutral pair in G reversed in G’
and no flag is embeddable in Gy ), then |V(C)| < 4, Gyy(c) is a symmetric digraph and the pair
{Gve), G/W(C)} is one of the following:

1) {M27M£}, {Ey Mé}, lf|V(C)| = 2. So Glyv(c) = G[V(C)-

2) {Ms, M3}, {Ms, M3}, if |V(C)| = 3. So Gy ) = G-

3) {D4, Dy}, {Da, D}, {My, M}, {My, M7} if [V (C)| = 4. So Gy ) = Gy (o)-

Proof. From Remark 2.1, C = S(Cy,Ci,...,Cj_1), where S is a complete graph and Cy,Cy, . ..,Cj_1
be the connected components of C (k > 2). Since {vp,v;} is a neutral pair in G reversed in (/, then

From Corollary 2.10, there are two distinct subclasses Cy, C; of C such that vy € V(Cp) and v, € V (Cy).
W.Lo.g. we assume that vo__,v1, Sovg ..., V1.

Claim 3.4. Forall vy € V(C) \ {vo, v1}, {vo,va} and {vi,vs} are neutral edges.

Proof. We assume by contradiction w.l.o.g. that {vg,v2} is oriented with vy — . vo. By Lemma
2.6, G'1{vy,v1,00} 18 DOt @ peak, so vo #—, v1. If v —, vy then Gy 0,0, 18 @ 3-consecutivity and
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Gltvovr0) 7 Glivg . 0py» Which contradicts Lemma 2.11. So {v1, vz} is neutral in G and G,
Since Gy, 00} (TESP. G/HUO orwa}) is not a flag then {wvy,v9} is full in G (resp. void in G’). So we have
(v1—{vo, v2} and vy ..., {vo, v2}), which contradicts Lemma 2.4. =

Claim 3.5. Gy (¢) is a symmetric digraph.

Proof. We assume by contradiction that there are vy # v3 € V(C)\ {vg, v1} such that {vy, v3} is oriented.
By Claim 3.4, {vg, v2}, {vo, v3}, {v1,v2}, {v1, v3} are neutral edges in G and G'. Since Gy, vy,05) (TESP.

/F {UO7U27U3}) is not a flag then {vg, vo} and {vg, v3} are neutral edges with the same nature in G (resp. in
G"), which contradicts Lemma 2.4. m)

Claim 3.6. |V (C)| < 4 and C is a path P or a path Ps or a cycle C\.

Proof. By contradiction, if [V(C)| = 5, from Theorem 3.2, the pair {Gv(c), Gy} is one of the
following: {M,, M’} {Mlin_}’ {M,, M"Y, {M,,M",}. In all of these cases, Gllvowr s} #
G H{vo,01,00,05) and G/F (00,01,02,05} * G H{vo,01,00,05}» Which contradicts the 4-hypomorphy up to complemen-
tation, thus |V (C)| < 4. O

Now we prove Proposition 3.3.

D If [V(C)| = 2, according to Theorem 3.2, {G'v(c), Gy ¢y} = {Ma, M3} or {Ma, M'5}. So G,

~~

©

Give)- -

2) If [V(C)| = 3, then Claim 3.5 and Theorem 3.2 give {G)v(c), G|y ¢y} = {Ms, Mz} or { M3, M's}.
/

Thus G[V(C) ~ G{V(C)-

3) If [V(C)| = 4, from the 4-hypomorphy up to complementation, {G\v (c), G|y ()} is either {Dy, D}}

or {Dy, D} or {My, M} or {My, M/}. Thus Glye) = Gve)- o

Proposition 3.7. Let G = (V, E) and G' = (V, E') be two digraphs, (< 5)-hypomorphic up to com-
plementation. Let U := G+G'. We assume that U is not connected. Let C be a connected component
of U such that C is not connected. If G () and G/W(C) are 2-hypomorphic, then Gy ) and G'W(C) are
(< 4)-hypomorphic and C is an interval of G and G'.

Proof. The fact that C is an interval of GG follows from 1) of Lemma 2.9.

Claim 3.8. Any two neutral edges in Gy ) have no common vertex.

Proof. By contradiction, assume that there are three vertices vy, v, v2 in V(C) such that {vg,v1} and
{vo,v2} are neutral edges in Gy ¢y and G’W(C). Since Gy () and G’W(C) are 2-hypomorphic, then by
Lemma 2.4, {vo, v1} and {vg, v2} are not of the same nature. From Lemma 2.12, if G/, ,, 1,1} i8 a flag,
then Gl{ (w0100} = @r{vwhw} which contradicts the fact that no neutral edge in Gy (c) is reversed in
G/W(C). S0 G'{vy,v1,0.} 18 DOt @ flag. Then Gy 4, 0.1 18 @ symmetric digraph and Uy gy, 4, 1.} 1S an empty
graph, which contadicts 1) of Corollary 2.5. O
Claim 3.9. Let vy, v1 and vy be distinct vertices in C. If Gy, v, 0.} i N0t a tournament then Gy, v, v.}

/

is a 3-consecutivity and G[{vovvwz} = G[{Uovvlm}.

Proof. As G'fyq,,0,) 18 DOt a tournament, we can assume that {vo,v1} is a neutral edge. From Claim
3.8, {vo, v2} and {vy, v2} are oriented. From Lemma 2.6, Gy, 4, v,} i not a peak. Then G\, ,, 1.} is @

3-consecutivity. From Lemma 2.11, G N

H{vo,v1,02} — GT{v07v17v2}' =
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From Claim 3.9, Gy (¢ and G’W(C) are (< 3)-hypomorphic.
Let v € V(C), we will prove that G}{UMM%W’} ~ G {vo,01,02,05}-
According to £, the cardinal of the largest tournament in Gy, 1, v,05}> W€ have the following cases:
e Case 1. £ = 4. From Lemma 2.7, G {y; v,,00,05) 18 DOt @ diamond, then G {yq v 0,051 18 @ 4-chain or
G {vo,01,02,05} 18 Obtained by dilating a vertex of the 3-directed cycle by an oriented pair. From Lemma
2.8, every 3-directed cycle in G'y(¢) is reversed in G’W(C). Then GIF (00,000,058} G 1 {vo,01,09,03} -

' o
M{vo,v1,02} GT{U07U17U2}’

o Case 2. ¢ = 3. W.lo.g. we can assume G{yy ;0,0 = C3 and thus G

G {vo,01,0,) @nd G} {v0,01,00) A€ TWO 3-chains.

Case 2.1. G {0100} = C_*;, and G/ G*

{vo,vr,v2} — 7 {wo,v1,02}" _
We have vg —>, v1 —>, v2 —>; V0. AS G'{yg,01,02,05} 15 DOt & tournament, then, w.l.o.g. we can

assume that {v1, v3} is a neutral pair in G not reversed in G'.

From Claim 3.9, Gy, v5,05) (1€SP. G{yg,01,05}) 18 @ 3-consecutivity. So vy —, vz and va <—_, v3
!/
[{U07U17U27U3}

or

(resp. vy <— v3 and v —_, v3). So, there is an isomorphism o from G/, 4, 15,05} ONtO G
defined by o (vg) = v9, 0(v2) = vy, 0(v1) = vy and o (v3) = v3.
Case 2.2. G'{yy,v,,00) and G’vam} are two 3-chains. W.l.o.g. we assume that Gy;0;,0,) = Vo <

v1 < V2. AS G {01,005} 18 DOt @ tournament, we have the following subcases:

Case 2.2.1. {vg, v3} is a neutral pair in G not reversed in G’.
From Claim 3.9, G'{y),01,05} (t€P. G'{vg,02,05}) 18 @ 3-consecutivity. So vy — v3, v1 —, v3 and
Vo<, U1 (I‘CSp. Vg —4 U3, V2 <, U3 and v A V9).

) ) . ) ,

So, there is an isomorphism o from G\ {y;,v;,v0,05} 1IN0 G[{vo,m,vg,vg}
and U({"Ul, Uz}) = {Ul, UQ}.

Case 2.2.2. {v1,v3} is a neutral pair in G not reversed in G'.
From Claim 3.9, G'{y),0,,05} (t€P. G ,05,05)) 18 @ 3-consecutivity. So v3 — vy, v3 <—, Vo and
vy <, U1 (resp. vy —, v3, V3 <—, v3 and vy <—_, v2). The 3-hypomorphy up to complemen-

defined by o (vy) = vs3, o(v3) = vy,

tation applied to {vg, v1, v2}, gives vy «— o V2. So, there is an isomorphism o from GHUO’ULW’US} nto
Hvon,m05) defined by o(vo) = vz, 0(v2) = vo, o(v1) = v1 and o (vs) = vs. | -

Case 2.2.3. {v9, v3} is a neutral pair in G not reversed in G'. As U := G+G' = G+G’, exchanging
G by G and G’ by G’, we come back to Case 2.2.1.
e Case 3. ( = 2. From Claim 3.9, G{y;.0,,0,} 18 @ 3-consecutivity and G’[{vowl’v?} = GT{UO’UIM}.
W.lo.g. we can assume that v _v; v; —>, v9 and vg —_ vg. As {vg,v1} is a neutral pair then,
by Claim 3.8, {vg,v3} is an oriented pair in G. From Claim 3.9, G Hvo,ua,0s) 18 @ 3-consecutivity and
. /F{U07U27U3} — C.?T{UWMB}. /So vy —> v and {ve, v3} is a neutral pair in G. /From Claim 3.9, G {4, 00,03}
is a 3-consecutivity and G[{UMMB} = GHUMM?)}. So v3 — v1. Then GHUMM%U?’} = GHUWMMB}.
So, there is an isomorphism o from G'j{uy,v; 5,05} 00 Gl o defined by o(vg) = v1, o(vi) = vo,
0'(1)2) = V2 and 0'(1)3) = V3.
Now, the form of the pair {G'y (¢), G’W(C)} 1s given by the theorem of G.Lopez and C.Rauzy (Theorem

3.11 below) and, by the same theorem, G/W(c) ~ G" v (o) O

3.1. Theorem of G.Lopez and C.Rauzy

The tournament 7}, is defined on 2h + 1 vertices 0, 1, - - - , 2h such that for each 4, (7,7 + k) is an edge
for k < h (i+k is considered modulo 2h+1). A tournament R is a dilatation of T}, (denoted R € D(T},))
if R is obtained from 7}, by replacing, for all £ < 2h, the vertex k by a chain py, of finite cardinality with
the following condition: for every z in p;, and for every y in p; with j # k, R(x,y) = Ty(k, j).
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Lemma 3.10. (Lemma 3a.2 [8]) If a tournament R is without diamond then it is a dilatation of some T},
by finite chains, that is R = T),(Py, P, ..., Py_1) with P, is a chain for all i € {0,1,...,h —1}.

Let £ be the family of digraphs which are not tournaments, and embeds neither peaks, nor diamonds,
nor adjacent neutral pairs. Then it follows the following usefull remark.

The morphology of the family £ is described by G. Lopez and C. Rauzy [8] as follows. They begin by
the description of the family S,, for each integer n > 1. An element of Sy is a digraph on 2 vertices with
a neutral pair. Let Z/2nZ be the set {1,2, - -+ ,2n} modulo 2n. For n > 2, a digraph is an element of the
family S,, if there is a one-to-one enumeration of the vertices (t; : k € Z/2nZ), so that {¢;,¢;} is a neutral
pairifand only if j = i+n,and t; — t;if thereisk € {1,...,n—1} suchthat j = i+k. The particular
family £(S,,) of extensions of the digraphs family S, is defined as follows: Let {t; : k € Z/2nZ} be a
set. With every k € Z/2nZ is associated a set s;, disjoint from {t; : k € Z/2nZ} and may be empty,
such that the s;’s are mutually disjoint.

Then £ = U,>1E(S,) where £(.5,,) is defined as follows. For n > 1, an element of £(S,,) is a digraph

~n defined on {t;, : k € Z/2nZ} U U sk | provided that:
k€Z/2nTZ.

(i) 7, does not embed diamonds.
(i) The subdigraph vy, (4, .xez/2nz) is an element of the family S;,.

(iii) Forevery i € Z/2nZ, the subdigraph ,, s, 1Sachainand t; —,, s; —, ti11. The set s; is called
a sector of v,

(iv) Foreveryi € Z/2nZ, v, 15:USitn is a tournament. The set s; U s;4., 1s called a bisector of ~,,.

(v) Forevery i € Z/2nZ, s; —~,, ti+n and

U {tusi| —a s — U {trus,

j=itk+n j=itk

Theorem 3.11. (G.Lopez, C.Rauzy [8]) Let G = (V,E) and G' = (V, E’) be two digraphs, (< 4)-
hypomorphic, and C € D¢ ¢

1) If G¢c is a tournament, then G'¢ is a diamond-free tournament and G’W(C) ~ G*1y(e)-
: . : : = =4 —
2) If ﬂc has no 3-directed cycle, then G\c is either a chain or a near-chain or a P, or a P,{ ora C,, or
a C;’;, and G/[V(C) ~ G[V(C) ~ G* v(C)-

3) If G\c has a 3-directed cycle and G is not a tournament, then there is an integer n > 1 such that
G[C S g(Sn), and G/[V(C) ~ G* v (c)-

4) Let vg,v1,v2 € V(C). If G{vy,01,00} IS 3-consecutivity (resp. 3-cycle), then G G*

[{’UO7’U17’U2} - T{U07’U17’U2}'
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