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ABSTRACT. Let R ⊂ T be an extension of integral domains and ∗ be a semistar operation stable of finite type on R.
We define a semistar operation ∗1 on T in the following way: for each nonzero T -submodule E of the quotient field K1 of
T, let E∗1 = ∪{E :K1 JT | J ∈ F∗}, where K1 denotes the quotient field of T and F∗ the localizing system associated
to ∗. In this paper we investigate the basic properties of ∗1. Moreover, we show that the map ϕ which associates to a
semistar operation ∗ stable and of finite type on R, the semistar operation ∗1 is continuous. Furthermore, we give sufficient
conditions for ϕ to be a homeomorphism.
2020 MSC. 13A15, 13B02, 13G05
KEYWORDS. Semistar operation, localizing system, extension of rings, Zarsiski Topology.

1. Introduction

All rings considererd in this paper are commutative with identity. Let R be an integral domain with
quotient field K. Let F (R) be the set of all nonzero R-submodules of K and f(R) be the set of all
nonzero finitely generated R-submodules of K.

In 1994, Okabe and Matsuda introduced the notion of semistar operation [6], in order to generalize the
concept of star operation. A semistar operation on R is a map ∗ : F (R) → F (R);E �−→ E∗, such that
for all x ∈ K\{0} and for all E,F ∈ F (R), the following properties hold:

(1) (xE)∗ = xE∗.

(2) If E ⊂ F then E∗ ⊂ F ∗.

(3) E ⊂ E∗ and E∗∗ = (E∗)∗ = E∗.

The set of all semistar operations on R is denoted by SStar(R).

The map e : F (R) → F (R);E �−→ Ee = K is a semistar operation on R called the trivial semistar
operation on R. Note that if ∗ is a semistar operation on R, then ∗ = e if and only if R∗ = K. The
identity semistar operation on R is defined by F (R) → F (R);E �−→ E and will be denoted by dR.

Any ring T such that, R ⊂ T ⊂ K will be called an overring of R. If T is an overring of R, we denote
by ∗{T} the semistar operation on R defined by setting E∗{T} = ET, for any E ∈ F (R).

Recall that if ∗ is a semistar operation on R then for all E,F ∈ F (R), we have (EF )∗ = (E∗F )∗ =

(EF ∗)∗ = (E∗F ∗)∗.

The set SStar(R) of all semistar operations on R is endowed with a natural partial order, defined by
∗1 ≤ ∗2 if and only if E∗1 ⊂ E∗2 for any E ∈ F (R). Or, equivalently, if (E∗1)∗2 = (E∗2)∗1 = E∗2 for
each E ∈ F (R).
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Let ∗ be a semistar operation on R. For any E ∈ F (R), set E∗f = ∪{F ∗ | F ∈ f(R) and F ⊂ E},
then ∗f is a semistar operation on R called the semistar operation of finite type associated to ∗. For any
semsitar operation on R, we have ∗f ≤ ∗. A semistar operation ∗ is said to be of finite type if ∗ = ∗f .
Note that (∗f )f = ∗f . The set of all semistar operations of finite type on R is denoted by SStarf (R).

A semistar operation on R is stable if (E ∩F )∗ = E∗ ∩F ∗ for each E,F ∈ F (R). The trivial semistar
operation and the identity semistar operations are stable. However, if T is an overring of R, the semistar
operation ∗{T} is stable if and only if T is flat over R.

A localizing system F on R is a subset of ideals of R such that:

• if I ∈ F and J is an ideal of R such that I ⊂ J, then J ∈ F .

• if I ∈ F and J is an ideal of R such that, for each i ∈ I, (J :R iR) ∈ F , then J ∈ F .

Note that if F is a localizing system, and I, J ∈ F then I ∩ J ∈ F and IJ ∈ F .

A localizing system F on R is of finite type if for each I ∈ F there exists a nonzero finitely generated
ideal J ∈ F with J ⊂ I. The relation between localizing systems and stable semistar operations has
been investigated by Fontana and Huckaba in [3]. Recall that if ∗ is a semistar operation on R, then the
set F∗ = {I ideal of R | I∗ = R∗} is a localizing system (called the localizing system associated to ∗).
Moreover, if ∗ is of finite type then F∗ is of finite type. Conversely, if F is a localizing system on R then
the map ∗F : F (R) → F (R);E �−→ E∗F = ∪{E :K J | J ∈ F} is a stable semistar operation on R.

Moreover, if F is of finite type then ∗F is of finite type. If ∗ is a semistar operation, the map ∗̃ = ∗F∗f is
a semistar operation stable and of finite type. Moreover ∗ = ∗̃ if and only if ∗ is stable and of finite type.

Let ∗ be a semistar operation on R and I be a nonzero ideal of R, we say that I is a quasi-∗-ideal if
I = I∗ ∩ R. A quasi-∗-prime ideal is a quasi-∗-ideal which is also a prime ideal. A quasi-∗-maximal
ideal is an ideal which is a maximal element in the set of quasi-∗-prime ideals. We denote by QSpec∗(R)

the set of quasi-∗-prime ideals of R and M(∗) the set of quasi-∗-maximal ideals of R, then we have
M(∗) ⊂ QSpec∗(R). If ∗ is a non trivial semistar operation of finite type then each proper quasi-∗-ideal
is contained in a quasi-∗-maximal ideal [3].

Let ∗ be a semistar operation on R and I ∈ F (R), we denote by I−1 = {x ∈ K | xI ⊂ R} and we say
that I is ∗-invertible if (II−1)∗ = R∗.

In [2], the authors endowed the set SStar(R) with the Zariski topology for which a subbasis of open
sets is the collection of all sets of the form V R

F = {∗ ∈ SStar(R) | 1 ∈ F ∗}, as F ranges among the
nonzero R-submodules of K. Note that this topology is naturally linked to the order ≤, in the following
way: if U ⊂ SStar(R) is an open neighborhood of ∗ and ∗′ ≥ ∗, then ∗′ ∈ U. So for any ∗ ∈ SStar(R),

Ad({∗}) = {∗′ ∈ SStar(R) : ∗′ ≤ ∗} where Ad(Y ) denotes the closure of Y ⊂ SStar(R).

Following [2], let A ⊂ B be an extension of integral domains, and let k be the quotient field of A.
For any semistar operation ∗ ∈ SStar(B), the authors define a semistar operation σ(∗) ∈ SStar(A)

by setting F σ(∗) = (FB)∗ ∩ k for every nonzero A-submodule F of k. They show that the map σ :

SStar(B) → SStar(A) is continuous and if ∗ ∈ SStar(B) is of finite type, then so is σ(∗). Moreover,
if B has the same quotient field as A then σ(∗) is of finite type if and only if ∗ is of finite type and σ is a
topological embedding.
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Let R ⊂ T be an extension of commutative rings, K (respectively K1) the quotient field of R (re-
spectiveley of T ). In this paper, we work on an ascent type property which relate semistar opera-
tions on R with semistar operations on T. Let ∗ be a semistar operation stable of finite type on R.

We extend the semistar operation ∗ to a semistar operation on T by defining a new semistar opera-
tion ∗1 on T in the following way: for any nonzero T -submodule E of the quotient field K1of T, let
E∗1 = ∪{E :K1 JT | J ∈ F∗}. Then ∗1 is a stable semistar operation of finite type. In the second
section of this paper we give the main properties of the semistar ∗1. In particular we determine the lo-
calizing system associated to ∗1. More precisely we show that F∗1 = {I nonzero ideal of T such that
I ∩R �= (0) and (I ∩ R)∗ = R∗}. If the Lying over (LO) property holds in the pair R, T, that is for any
prime ideal P in R there exists a prime ideal Q in T such that Q∩R = P, and if ∗ is non trivial then the
quasi-∗-maximal ideals of R are exactely of the form M ∩R where M is a quasi-∗1-maximal ideal of T.
Moreover under additional hypothesis, we show that the ∗-Noetherian property is inherited from T to R

and vice versa.

Let ˜SStar(R) (repsectively ˜SStar(T )) denote the set of all stable semistar operations of finite type on
R (respectively on T ).

We denote by ϕ the map ˜SStar(R) → ˜SStar(T ); ∗ → ∗1. The third section of this paper was moti-
vated by the fact that if T is an overring of R then the map σ is a topological embedding. It is natural
to try in that case to construct the inverse function of σ. First, we prove that if ˜SStar(R) ( respectively
˜SStar(T )) is endowed with the Zariski topology, then the map ϕ is continuous and ϕ( ˜SStar(R)) = U,

where U = {� semistar operation stable and of finite type on T such that for any I ∈ F�, (I∩R)T ∈ F�}.
In addition, for any semistar operation � of finite type on T, ϕ ◦ σ(�) ≤ �. On the other hand, let

σ(�) = ∗Fσ(�), for any � ∈ ˜SStar(T ). We prove that for any semistar operation � of U, ϕ(σ(�)) = �. In

the case where the pair R ⊂ T is LO we deduce that ϕ is a homeomorphism from ˜SStar(R) into U.

In the following, dimR denotes the Krull dimension of R, qf(R) its quotient field and spec(R) its
prime spectrum.

2. Extension of semistar operations

Recall that if ∗ is a semistar operation stable and of finite type on an integral domain R and if F∗

denotes the localizing system associated to ∗, that is F∗ = {I ideal of R | I∗ = R∗}, then for any
E ∈ F (R) we have

E∗ = ∪{E :K J | J ∈ F∗}. (1)

Proposition 1. Let R ⊂ T be an extension of integral domains which are not fields, K = qf(R) and
K1 = qf(T ). Let ∗ be a semistar operation of finite type on R, then the map

∗1 : F (T ) → F (T );E �−→ E∗1 = ∪{E :K1 JT | J ∈ F∗}
is a semistar operation stable of finite type on T.

Proof. Let E ∈ F (T ) then E∗1 ∈ F (T ). In fact, if x ∈ E then for any J ∈ F∗, xJT ⊂ xT ⊂ E, so
x ∈ E∗1 which implies that E ⊂ E∗1 and E∗1 �= (0).
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Let x, y ∈ E∗1, we show that x+y ∈ E∗1 . There exist J1, J2 ∈ F∗ such that xJ1T ⊂ E and yJ2T ⊂ E.

As J1 ∩ J2 ∈ F∗ and (x+ y)(J1 ∩ J2)T ⊂ E then x+ y ∈ E∗1 .

Let x ∈ E∗1 and a ∈ T, we show that ax ∈ E∗1 . There exists J1 ∈ F∗ such that xJ1T ⊂ E, so
axJ1T ⊂ xJ1T ⊂ E, which implies that ax ∈ E∗1 .

Now we prove that ∗1 is a semistar operation on T.

•) Let E ∈ F (T ) and y ∈ K1\{0}, then (yE)∗1 = yE∗1. In fact, let x ∈ (yE)∗1. There exists J ∈ F∗

such that x ∈ yE : JT. So xJ ⊂ yE which is equivalent to xy−1J ⊂ E. Thus xy−1 ∈ E : JT ⊂ E∗1 and
x ∈ yE∗1 . Conversely, let x ∈ yE∗1, then xy−1 ∈ E∗1 . So there exists J ∈ F∗ such that xy−1 ∈ E : JT

which is equivalent to xy−1JT ⊂ E. Thus xJT ⊂ yE that is x ∈ yE : JT ⊂ (yE)∗1.

•) Let E,F ∈ F (T ) such that E ⊂ F. Then E∗1 ⊂ F ∗1 . In fact, let x ∈ E∗1 , and J ∈ F∗ such that
x ∈ E : JT ⊂ F : JT ⊂ F ∗1 .

•) We have already shown that E ⊂ E∗1 .

•) Let E ∈ F (T ), Then E∗1 = (E∗1)∗1 . In fact, we have E ⊂ E∗1 so E∗1 ⊂ (E∗1)∗1. Conversely,
let x ∈ (E∗1)∗1 and J ∈ F∗ such that x ∈ E∗1 : JT. Thus xJ ⊂ E∗1 . As ∗ is of finite type then
we can assume that J is finitely generated. Set J = (a1, ..., an). For each i ∈ {1, ..., n}, xai ∈ E∗1 ,
so there exists Ji ∈ F∗ such that xaiJi ⊂ E. Let I = J1...Jn ∈ F∗, then for each i ∈ {1, ..., n},
xaiI ⊂ xaiJi ⊂ E, so xJI ⊂ E. As JI ∈ F∗, then x ∈ E∗1.

We prove that ∗1 is stable. Let E,F ∈ F (T ). Remark that E ∩ F �= (0). It is clear that (E ∩ F )∗1 ⊂
E∗1 ∩ F ∗1. Conversely, let x ∈ E∗1 ∩ F ∗1. There exist I, J ∈ F∗ such that xI ⊂ E and xJ ⊂ F. As
I ∩ J ∈ F∗ and x(I ∩ J) ⊂ E ∩ F, then x ∈ (E ∩ F )∗1.

Finally, we show that ∗1 is of finite type. Let E ∈ F (T ), then E(∗1)f ⊂ E∗1 . Let x ∈ E∗1 . There exists
J ∈ F∗ such that xJT ⊂ E. As ∗ is of finite type then we can assume that J is finitely generated. Set
J = a1R + ... + anR. For each i ∈ {1, ..., n}, xai ∈ E. Let F = xa1T + ... + xanT ⊂ E. We have
xJ ⊂ F, so xJT ⊂ F and x ∈ F : JT. Then, x ∈ F ∗1 ⊂ E(∗1)f . Finally, E∗1 = E(∗1)f .

In the sequel, we are going to limit ourselves to semistar operations stable and of finite type on R. We
denote by ˜SStar(R) (repsectively ˜SStar(T )) the set of all semistar operation stable and of finite type

on R (respectively on T ). We denote also by ϕ the map from ˜SStar(R) to ˜SStar(T ) which associates
to a semistar operation ∗ stable and of finite type on R, the semistar operation ∗1 defined in the previous
proposition.

Remark 2. 1. If ∗ ≤ ∗′ are two semistar operations stable and of finite type on R then ϕ(∗) ≤ ϕ(∗′).
This results from the fact that if ∗ ≤ ∗′ then F∗ ⊂ F∗′. In particular, this implies that ϕ(Ad({∗}) ⊂
Ad{ϕ(∗)}.

2. Let ∗ be a semistar operation stable of finite type on R. If E ∈ F (R) and F ∈ F (T ) are such that
E ⊂ F then E∗ ⊂ Fϕ(∗). In fact, if x ∈ E∗ then there exists J ∈ F∗ such that xJ ⊂ E ⊂ F, so
x ∈ Fϕ(∗).

3. Let ∗ be a semistar operation stable and of finite type on R. For any E ∈ F (R), E∗ = ∪{E :K J |
J ∈ F∗} and Eσ(ϕ(∗)) = ∪{ET :K1 JT | J ∈ F∗} ∩K so E∗ ⊂ Eσ(ϕ(∗)).
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We present next some notable examples.

Example 3. 1. If T is an overring of R (R ⊂ T ⊂ K) and ∗ is a semistar operation on R then the
map ∗i : F (T ) → F (T ), E �→ E∗i := E∗ is a semistar operation on T.

Let ∗ be a semistar operation stable and of finite type on R and T be T be an overring of R
then ∗1 = ∗i. In fact, let E ∈ F (T ) and x ∈ E∗1 . There exists J ∈ F∗ such that xJ ⊂ E, so
xJ∗ ⊂ E∗ = E∗i . As J∗ = R∗ then x ∈ E∗i . Conversely, let x ∈ E∗i = E∗. There exists J ∈ F∗

such that xJ ⊂ E, so xJT ⊂ E and then x ∈ E∗1.

2. Recall from [8] that if A is an integral domain, F is a localizing system of A and X is an indeter-
minate on A then F [X] = {I ideal of A[X] | JA[X] ⊂ I, for some J ∈ F} is a localizing system
of A[X] and we have F [X] = {I ideal of A[X] | I∩A ∈ F}. Moreover, if F is a finitely generated
localizing system of A then F [X] is a finitely generated localizing system of A[X].

Consider the extension of integral domains R = A ⊂ T = A[X]. Let K1 = qf(A[X]). Let ∗ be a
semistar operation on A, ∗f the semistar operation of finite type associated to ∗, F∗f the localizing
system associated to ∗f and F∗f [X] the localizing system definied above on A[X]. We denote by �

the semsistar operation ∗F∗f [X], then � = ∗1. In fact, for any E ∈ F (A[X]), E� = ∪{E :K1 J |
J ∈ F∗f [X]} = ∪{E :K1 J | J ∩ A ∈ F∗f}. We prove that E� = E∗1 . In fact, let f ∈ E� then
f ∈ K1 and there exists J ∈ F∗f [X] such that fJ ⊂ E. Thus f(J ∩ A) ⊂ E with J ∩ A ∈ F∗f ,
which implies that f ∈ E∗1. Conversely, let f ∈ E∗1 , then f ∈ K1 and there exists I ∈ F∗f

such that fI ⊂ E. As I ∈ F∗f then I[X] ∈ F∗f [X] and we have fI[X] ⊂ E. In fact, for any
g =

∑
finite

aiX
i ∈ I[X], fg =

∑
finite

(aif)X
i ∈ E (E is an A[X]-submodule of K1). Then f ∈ E�.

3. Recall from [5] that if A is an integral domain, F is a localizing system of A and X is an indeter-
minate on A then F [[X]] = {I ideal of A[[X]] |there exists J ∈ F such that JA[[X]] ⊂ I} is a
localizing system of A[[X]] and we have F [[X]] = {I ideal of A[[X]] | I∩A ∈ F}. Moreover, if F
is a finitely generated localizing system of A then F [[X]] is a finitely generated localizing system
of A[[X]].

Consider the extension of integral domains R = A ⊂ T = A[[X]]. Let K1 = qf(A[[X]]) and ∗ be
a semistar operation on A, ∗f the semistar of finite type associated to ∗, F∗f the localizing system
associated to ∗f and F∗f [[X]] the localizing system definied above on A[[X]]. Let �1 = ∗F∗f [[X]],

then �1 = ∗1. In fact, for any E ∈ F (A[[X]]), E�1 = ∪{E :K1 J | J ∈ F∗f [[X]]} = ∪{E :K1 J |
J ∩ A ∈ F∗f}. We show that E� = E∗1 . Let f ∈ E� then f ∈ K1 and there exists J ∈ F∗f [[X]]

such that fJ ⊂ E. So f(J ∩ A) ⊂ E. As J ∩ A ∈ F∗f , then f ∈ E∗1 . Conversely, let f ∈ E∗1 ,
then f ∈ K1 and there exists a finitely generated ideal I ∈ F∗f such that fI ⊂ E. As I ∈ F∗f

then I[[X]] ∈ F∗f [[X]] and we have fI[[X]] ⊂ E. In fact, I[[X]] = I.A[[X]] and for any g =∑
finite

aigi ∈ I[[X]], fg =
∑

finite

(aif)gi ∈ E (E is an A[[X]]-submodule of K1). So f ∈ E�.

4. Let R ⊂ T be an extension of integral domains such that R is a Prüfer domain. Recall from [[7],
Lemma 4.4], that if ∗ is a semistar operation of finite type on R, then there exists an overring D of
R such that for any E ∈ F (R), E ∗̃ = ED. In particular, R∗̃ = RD = D, which implies that for
each J ∈ F∗, JD = D.

Now let ∗ be a semistar operation stable and of finite type on R and I ∈ F∗1. We have I∗1 = T ∗1

and thus 1 ∈ I∗1. Therefore there exists J ∈ F∗ such that J ⊂ I so JDT ⊂ ID ⊂ DT. As
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JD = D then DT ⊂ ID ⊂ DT and ID = DT. We prove that E∗1 = ED for any E ∈ F (T ).

Let y ∈ E∗1 and J ∈ F∗ such that yJ ⊂ E. So yJD ⊂ ED. As JD = D then yD ⊂ ED

and so y ∈ ED. Conversely, we have (ER∗)∗1 = E∗1 , for any E ∈ F (T ). In fact, E ⊂ ER∗

so E∗1 ⊂ (ER∗)∗1. Conversely, let y ∈ ER∗ then there exists a1, ..., an ∈ E and r1, ..., rn ∈ R∗̃

such that y =
n∑

i=1
airi. For any i ∈ {1, ..., n}, there exists Ji ∈ F∗ such that riJi ⊂ R. Let

J =
n∏

i=1

Ji ∈ F∗ then riJ ⊂ R for any i ∈ {1, ..., n}. So, yJ =
n∑

i=1

airiJ ⊂ ER ⊂ E and

yJT ⊂ ET = E. Hence, y ∈ E∗1 . So ER∗ ⊂ E∗1 and (ER∗)∗1 ⊂ E∗1 which implies the
equality (ER∗)∗1 = E∗1 . We get then ED = ER∗ ⊂ (ER∗)∗1 = E∗1 and so, for any E ∈ F (T ),

E∗1 = ED.

Proposition 4. Let R ⊂ T be an extension of integral domains which are not fields, K = qf(R) et
K1 = qf(T ). Let ∗ be a non trivial semistar operation stable of finite type on R and ∗1 the semistar
operation stable of finite type defined in Proposition 1 on T. The following properties hold:

1. Let F∗1 = {I nonzero ideal of T such that I∗1 = T ∗1} then F∗1 = {I nonzero ideal of T such that
I ∩R �= (0) and (I ∩R)∗ = R∗}. Moreover, {JT | J ∈ F∗} ⊂ F∗1.

2. For any E ∈ F (T ), E∗1 = ∩{ERP | P ∈ M(∗)}.
3. For any E ∈ F (T ) and any P ∈ M(∗), ERP ∩K = (E ∩K)RP .

4. Let I ∈ F (R), then I∗ ⊂ (IT )∗1.

5. If J is a quasi-∗1-ideal of T such that J ∩R �= (0) then J ∩R is a quasi-∗-ideal of R.

6. For any I ∈ F (R), (IT )∗1 = (I∗T )∗1.

7. For any I ∈ F (T ), (IR∗)∗1 = I∗1.

8. If ∗ = dR then ∗1 = dT .

9. Let I be an ideal of R and L be an ideal of T such that L∩R = I then I∗ = L∗1∩R∗. In particular,
if I is a quasi-∗-ideal of R then I = L∗1 ∩R.

10. If I ∈ F (R) is ∗-invertible then IT is ∗1-inversible.

Proof.

1. Let I ∈ F∗1 then I∗1 = T ∗1. Thus there exists J ∈ F∗ such that JT ⊂ I, so J ⊂ I ∩ R. In
particular, we get I ∩ R �= (0). As J∗ = R∗, then (I ∩ R)∗ = R∗. Conversely, let I be an ideal of
T such that I ∩R �= (0) and (I ∩R)∗ = R∗ that is I ∩R ∈ F∗. As I ∩R ⊂ I then 1 ∈ I : I ∩R,

so 1 ∈ I∗1. This implies that I∗1 = T ∗1.

2. Let E ∈ F (T ) and x ∈ E∗1 . Hence, there exists J ∈ F∗ such that xJ ⊂ E. As J∗ = R∗,
then for any P ∈ M(∗), we have J � P. So for any P ∈ M(∗), there exists aP ∈ J\P, so
xap ∈ E which implies that x ∈ ERP . Then, E∗1 ⊂ ∩{ERP | E ∈ M(∗)}. Conversely, let
x ∈ ∩{ERP | E ∈ M(∗)}. For any P ∈ M(∗), there exists sP ∈ R\P such that xs ∈ E. Set
J = (sP | P ∈ M(∗))R then J∗ = R∗ and xJ ⊂ E. Therefore x ∈ E∗1 .
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3. Let E ∈ F (T ), P ∈ M(∗) and x ∈ ERP ∩K. There exists a ∈ E and s ∈ R\P such that x = a
s .

As x ∈ K then xs ∈ K so a ∈ K ∩ E. Therefore, x ∈ (E ∩K)RP . Conversely, (E ∩K) ⊂ E,

so (E ∩ K)RP ⊂ ERP . Hence, E ∩ K ⊂ K and (E ∩ K)RP ⊂ KRP = K. Consequently,
(E ∩K)RP ⊂ ERP ∩K. And thus we get the equality.

4. Let I ∈ F (R) and x ∈ I∗. There exists J ∈ F∗ such that xJ ⊂ I, so xJT ⊂ IT. Consequently
x ∈ (IT )∗1.

5. Let J be a quasi-∗1-ideal of T such that J ∩ R �= (0) and x ∈ (J ∩ R)∗ ∩ R. Then there exists
F ∈ F∗ such that xF ⊂ J ∩ R. So xFT ⊂ JT = J and thus x ∈ J∗1 ∩ T = J. Consequently,
x ∈ J ∩R.

6. Let I ∈ F (R). As I ⊂ I∗ then IT ⊂ I∗T, so (IT )∗1 ⊂ (I∗T )∗1. Moreover by 4/ I∗ ⊂ (IT )∗1,
thus I∗T ⊂ (IT )∗1 and (I∗T )∗1 ⊂ (IT )∗1. So we obtain the equality.

7. Let I ∈ F (T ). As I ⊂ IR∗ then I∗1 ⊂ (IR∗)∗1. Conversely, let y ∈ IR∗ then there exist

a1, ..., an ∈ I and r1, ..., rn ∈ R∗ such that y =
n∑

i=1

airi. For any i ∈ {1, ..., n}, there exists Ji ∈ F∗

such that riJi ⊂ R. Set J =
n∏

i=1

Ji ∈ F∗ and riJ ⊂ R for any i ∈ {1, ..., n}. Consequently,

yJ =
n∑

i=1

airiJ ⊂ IR ⊂ I and yJT ⊂ IT = I. Thus y ∈ I∗1.

8. If ∗ = dR then F∗ = {R}. Let E ∈ F (T ) and x ∈ E∗1 . There exists J ∈ F∗f such that xJ ⊂ E.

But J = R so xR ⊂ E and then x ∈ E. Thus ∗1 = dT .

9. Let I be an ideal of R and L be an ideal of T such that L∩R = I then I∗ ⊂ L∗1 ∩R∗. Conversely,
let x ∈ L∗1 ∩ R∗1 so there exist J1, J2 ∈ F∗ such that xJ1 ⊂ L and xJ2 ⊂ R. As J1J2 ∈ F∗ and
xJ1J2 ⊂ L ∩R = I then x ∈ I∗.

In particular, if I is a quasi-∗-ideal of R then I = I∗ ∩R = L∗1 ∩R∗ ∩R = L∗1 ∩R.

10. Let I ∈ F (R) be an ideal ∗-invertible so (II−1)∗ = R∗. We prove that IT is ∗1-invertible.

Note that ((IT )−1)∗1 = (I−1T )∗1. In fact, I−1T ⊂ (IT )−1 : let f ∈ I−1 then fI ⊂ R. Thus
fIT ⊂ T and f ∈ (IT )−1. Therefore I−1 ⊂ (IT )−1, which implies tha I−1T ⊂ (IT )−1. Conse-
quently, (I−1T )∗1 ⊂ ((IT )−1)∗1. Conversely, let f ∈ (IT )−1 then fIT ⊂ T. Thus fII−1 ⊂ I−1T

which implies that f(II−1T )∗1 ⊂ (I−1T )∗1. But if J ∈ F (R), then (JT )∗1 = (J∗T )∗1, by 6

of Proposition 4. So f((II−1)∗T )∗1 ⊂ (I−1T )∗1 or f(R∗T )∗1 ⊂ (I−1T )∗1 as I is ∗-invertible.
As a consequence f ∈ (I−1T )∗1. Thus ((IT )−1)∗1 ⊂ (I−1T )∗1 and then we get the equality
((IT )−1)∗1 = (I−1T )∗1.

We show that IT is ∗1-invertible. First, we have (IT (IT )−1)∗1 = (IT ((IT )−1)∗1)∗1 . By the first
part of this proof, ((IT )−1)∗1 = (I−1T )∗1 thus (IT (IT )−1)∗1 = (IT I−1T )∗1 = (II−1T )∗1. But
(II−1T )∗1 = ((II−1)∗T )∗1. Therefore (IT (IT )−1)∗1 = (R∗T )∗1 = (RT )∗1 = T ∗1. Consequently
IT is ∗1-invertible.
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Remark 5. One may ask the following question: if ∗ is a non trivial semistar operation stable and of
finite type, is the semistar operation ∗1 necessary non trivial?

If we suppose that T ∩K = R and ∗ is non trivial then ∗1 is also non trivial. In fact, if T ∗1 = K1 then
R∗ = K : let x ∈ K ⊂ K1, then there exists J ∈ F ∗ such that xJ ⊂ T, thus xJ ⊂ T ∩ K = R, so
x ∈ R∗.

Remark that if for any b ∈ R, bT ∩R = bR then T ∩K = R.

This is, in particular, the case of the examples of the polynomial ring and the formal power series ring
given in Example 3 (2 and 3).

The same proof is also valuable if we suppose that T ∩K ⊂ R∗.

Generally, the result is false as shown in the following example: let A be an integral domain with
dimA ≥ 1 and R = A[X] so dimR[X] ≥ 2. Let p ∈ spec(A)\{0} and P = p[X] ∈ spec(R). Consider
the semistar operation stable and of finite type ∗ defined on R by, E∗ = ERP , for any E ∈ F (R). As
R∗ = RP /∈ {R, qf(R)} then ∗ /∈ {dR, eR} . Let K = qf(A) and T = K[[X]] then R ⊂ T and T is
a DVR. So by [[6], Theorem 48], for any non trivial semistar operation � on T, we have �f = dT . In
particular ∗1 ∈ {eT , dT}. We prove that ∗1 = eT . Suppose on the contrary, that ∗1 = dT then for any
J ∈ F∗, JT = T. As XR ∈ F∗ then XK[[X]] = K[[X]] which is impossible. Consequently, ∗1 = eT .

Proposition 6. Let ∗ be a semistar operation stable and of finite type on R. Suppose that R ⊂ T is LO
and for any ideal I of T, I = (I ∩R)T. The following properties hold:

1. ∗ = eK if and only if ∗1 = eK1.

2. If ∗ is non trivial, then M(∗) = {M ∩R | M ∈ M(∗1)}.

Proof.

1. If ∗1 �= eK1 then M(∗1) �= ∅. Let M ∈ M(∗1) and P = M ∩ R then P is a quasi-∗f -prime ideal
(P is nonzero as M = (M ∩R)T = PT �= (0)). thus, ∗ �= eK .

Conversely, suppose that ∗ �= eK then M(∗) �= ∅. Let P ∈ M(∗) then P = PT ∩ R. In fact,
it is clear that P ⊂ PT ∩ R. We show that PT ∩ R ⊂ P. As R ⊂ T is LO, then there exists
Q ∈ spec(T ) such that P = Q ∩R. Thus PT ⊂ Q and PT ∩R ⊂ Q ∩R = P.

If (PT )∗1 = T ∗1 then 1 ∈ (PT )∗1 so there exists J ∈ F∗ such that J ⊂ PT. Consequently,
J ⊂ PT ∩R = P which is impossible, so (PT )∗1 � T ∗1 and ∗1 is non trivial.

2. Let M ∈ M(∗1) and P = M ∩ R, then P is a quasi-∗-prime ideal of R. As R ⊂ T is LO then
PT ∩R = P.

If P �∈ M(∗) then there exists Q ∈ M(∗) such that P � Q. Thus PT = M � QT. If (QT )∗1 =

T ∗1 then there exists J ∈ �∗ such that J ⊂ QT which implies that J ⊂ QT ∩ R = Q and this
is impossible. So (QT )∗1 ∩ T is a proper quasi-∗1-ideal of T and M � QT which is absurd as
M ∈ M(∗1). Thus {M ∩R | M ∈ M(∗1)} ⊂ M(∗).
Conversely, let P ∈ M(∗), then P = PT ∩R. If (PT )∗1 = T ∗1 then there exists J ∈ F∗ such that
J ⊂ PT which implies that J ⊂ PT ∩R = P . This is impossible as P ∈ M(∗). So (PT )∗1 �= T ∗1.
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Hence, there exists M ∈ M(∗1) such that PT ⊂ M . Consequently, PT ∩ R = P ⊂ M ∩ R so
P = M ∩R. Therefore M(∗) = {M ∩ R | M ∈ M(∗1)}.

Recall from [1] that if R is an integral domain and ∗ is a semistar operation on R then we say that R is
a ∗-Noetherian domain if R satisfies the ascending chain condition on quasi-∗-ideals.

Proposition 7. Let ∗ be a semistar operation stable of finite type on R. The following properties hold:

1. Suppose that for any ideal I of T, I = (I ∩R)T. If R is ∗-Noetherian then T is ∗1-Noetherian.

2. Suppose that for any ideal I of R, I = IT ∩R. If T is ∗1-Noetherian then R is ∗-Noetherian.

Proof.

1. Suppose that R is ∗-Noetherian. Let (Hn)n∈N be a chain of quasi-∗1-ideals of T then (Hn ∩R)n∈N
is a chain of nonzero quasi-∗-ideals of R. So there exists k ∈ N such that for any n ≥ k, Hn∩R =

Hk ∩R. Consequently Hn = (Hn ∩R)T = (Hk ∩R)T = Hk.

2. Suppose that T is ∗1-Noetherian. Let (In)n∈N be a chain of quasi-∗-ideals of R then for any n ∈ N,
In = InT ∩ R. Thus In = (InT )

∗1 ∩ R by 9 of Proposition 4. For n ∈ N, let Hn = (InT )
∗1 ∩ T,

then (Hn)n∈N is a chain of quasi-∗1-ideals of T. So there exists k ∈ N such that for any n ≥ k,

Hn = Hk, which implies that Hn ∩R = Hk ∩R. Therefore for any n ≥ k, In = Ik.

Corollary 8. Let R be an integral domain and ∗ be a semistar stable and of finite type on R. Let T =

R[X]. If T is ∗1-Noetherian then R is ∗-Noetherian.

Corollary 9. Let R be an integral domain and ∗ be a semistar stable and of finite type on R. Let T =

R[[X]]. If T is ∗1-Noetherian then R is ∗-Noetherian.

3. Basic properties of the map ϕ

Recall that the Zariski topology on SStar(R) is the topology which has as a subbasis of open sets the
collection of all sets of the form V R

F = {∗ ∈ SStar(R) | 1 ∈ F ∗}, as F ranges among the nonzero

R-submodules of K. The Zariski topology on ˜SStar(R) is just the subspace topolgy induced by the

Zariski topology on SStar(R). Therefore {V R
F ∩ ˜SStar(R) | F ∈ F (R)} is a subbasis of the Zariski

topology on ˜SStar(R). Endowed with this topology, the space ˜SStar(R) is compact. Note that the

Zariski topology of ˜SStar(R) is determined by the finitely generated integral ideals of R that is the

collection of sets of the form V R
F ∩ ˜SStar(R) = {∗ ∈ ˜SStar(R) | 1 ∈ F ∗}, where F ranges among the

finitely generated integral ideals of R is a subbasis. This follows from the definition of semistar operation
stable and of finite type. Moreover, if F is an integral ideal of R then {∗ ∈ ˜SStar(R) | 1 ∈ F ∗} = {∗ ∈
˜SStar(R) | F ∗ = R∗}.
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Since 1 ∈ K, it follows that e ∈ V R
F ∩ ˜SStar(R) for any F ∈ F (R). We deduce that ˜SStar(R) is a

dense subspace of SStar(R).

Moreover as SStar(R) is a T0 space then ˜SStar(R) is also a T0 space.

In this section, we study the behaviour of the map ϕ.

Proposition 10. The map ϕ is continuous from ˜SStar(R) in ˜SStar(T ).

Proof. Let L ∈ F (T ), then ϕ−1(V T
L ∩ ˜SStar(R)) = {∗ ∈ ˜SStar(R) | ϕ(∗) ∈ V T

L ∩ ˜SStar(T ))} =

{∗ ∈ ˜SStar(R) | 1 ∈ L∗1} = {∗ ∈ ˜SStar(R) | ∃ J ∈ F∗ such that J ⊂ L}. Note that if ϕ−1(V T
L ∩

˜SStar(T )) is non empty, ∗ ∈ ϕ−1(V T
L ∩ ˜SStar(T )) and J ∈ F∗ are such that J ⊂ L then J ⊂ L ∩ R.

Consequently, as J �= (0) then L ∩ R ∈ F (R), so 1 ∈ V R
L∩R ∩ ˜SStar(R). Therefore ϕ−1(V T

L ∩
˜SStar(T )) ⊂ V R

L∩R ∩ ˜SStar(R). Conversely, if ∗ ∈ V R
L∩R ∩ ˜SStar(R) then 1 ∈ (L ∩ R)∗. So there

exists J ∈ F∗ such that J ⊂ L ∩ R ⊂ L. Hence, ∗ ∈ ϕ−1(V T
L ∩ ˜SStar(T )). Consequently ϕ−1(V T

L ∩
˜SStar(T )) = V R

L∩R ∩ ˜SStar(R). So the map ϕ is continuous.

Proposition 11. Suppose that R ⊂ T is LO. The following properties hold:

1. Let ∗ be a semistar stable of finite type on R and J be an ideal of R such that (JT )∗1 = T ∗1, then
J∗ = R∗.

2. The map ϕ is injective.

Proof.

1. Note first, that if ∗ is the trivial semistar operation on R then the result is clear. Assume that ∗ is
non trivial. Let J be an ideal of R such that (JT )∗1 = T ∗1, we show that J∗ = R∗. If J∗ � R∗

then there exists a quasi ∗-prime ideal P of R such that J ⊂ P. As R ⊂ T is LO, there exists
Q ∈ spec(T ) such that Q ∩ R = P. Therefore, J ⊂ P ⊂ Q, so JT ⊂ Q ⊂ T, which implies that
Q∗1 = T ∗1. Thus, Q ∩R = P ∈ F∗ that is P ∗ = R∗, which is impossible.

2. Let ∗ and ∗′ be two semistar operations stable and of finite type on R such that ∗1 = ∗′1. To
show that ∗ = ∗′, we prove that F∗ = F∗′. Let J ∈ F ∗ then JT ∈ F ∗1. So (JT )∗1 = T ∗1 but
(JT )∗1 = (JT )∗

′
1. By 1, J∗′ = R∗′ that is J ∈ F ∗′. In a symmetric way we show that F ∗′ ⊂ F ∗.

Remark 12. Let R ⊂ T be an extension of integral domains which are not fields and assume that R ⊂ T

is LO. Let P ∈ spec(R) and ∗ = ∗{RP } then M(∗) = {P}. Note that by 2 of Proposition 4 for each
E ∈ F (T ), E∗1 = ERP . Let Q ∈ spec(T ) such that Q ∩ R = P then ∗1 ≤ ∗{TQ}. In fact, let x ∈ E∗1

then there exists s ∈ R\P such that xs ∈ E. It is clear that s /∈ Q so x ∈ ETQ and then E∗1 ⊂ ETQ.

For example if T = R[X] and Q = P [X] then ∗1 �= ∗{TQ}. In fact F∗1 = {I :ideal of R[X] such
that I ∩ R �= (0) and I ∩ R � P} and F∗{R[X]Q} = {I :ideal of R[X] such that I � P [X]}. So
XR[X] ∈ F∗{R[X]Q} but XR[X] /∈ F∗1 which implies that ∗1 �= ∗{TQ}.
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Proposition 13. Let R ⊂ T be an extension of integral domains which are not fields and U = {�
semistar operation stable and of finite type on T such that for any I ∈ F�, (I ∩ R)T ∈ F�}. Then

ϕ( ˜SStar(R)) = U .

Proof. Let � ∈ ϕ( ˜SStar(R)) then there exists ∗ ∈ ˜SStar(R) such that � = ϕ(∗). Therefore � is stable
and of finite type and by 1 of Proposition 4, if I ∈ F�, I ∩ R �= (0) and I ∩ R ∈ F∗. Consequently,

((I ∩R)T )� = ((I ∩R)∗T )� = (R∗T )� = (RT )� = T �. So ϕ( ˜SStar(R)) ⊂ U .

Conversely, let � ∈ U. We have to show that there exists a semistar operation ∗ stable and of finite type
on R such that ∗1 = �. For this purpose we have to find F∗.

let F = {I nonzero ideal of R such that (IT )� = T �}, then F is a localizing system. In fact:

•) Let I ∈ F and J be an ideal of R such that I ⊂ J then IT ⊂ JT ⊂ T, so (IT )� = T � ⊂ (JT )� ⊂
T �. Therefore (JT )� = T � and J ∈ F .

•) Let I ∈ F and J be an ideal of R such that (J :R iR) ∈ F , ∀i ∈ I.

We show that J ∈ F that is (JT )� = T �.

For i ∈ I, (J :R iR)T ⊂ JT :T iT. So T � = ((J :R iR)T )� ⊂ (JT :T iT )� ⊂ T �, then JT :T
iT ∈ F�, for any i ∈ I. Hence, JT :T xT ∈ F�, for any x ∈ IT (let x =

∑
finite

iktk ∈ IT, then

JT :T xT = {y ∈ T | y ∑
finite

iktkT ⊂ JT} = {y ∈ T | yikT ⊂ JT, for any k} =
⋂

finite

JT :T ikT ∈ F �

as F� is a localizing system. But IT ∈ F�, then JT ∈ F� that is J ∈ F .

Moreover, F is of finite type. In fact, let I ∈ F , then IT ∈ F�., As � is of finite type then F� is of
finite type. Consequently, there exists a finitely generated ideal J of T such that J ⊂ IT and J ∈ F�.

Set J = (t1, ..., tn) where ti ∈ IT, thus ti =
∑

finite

aijtij, with aij ∈ I and tij ∈ T. Let I1 =< aij >R

then I1 ⊂ I and (I1T )
� = T �.

Consider ∗ = ∗F . Note, by [[4], Lemma 1.1(a)] that F∗ = F . We prove that ∗1 = �. For this purpose
we show that F∗1 = F�. We have F∗1 = {I nonzero ideal of T such that I∗1 = T ∗1} = {I nonzero ideal
of T such that I∩R �= (0) and (I∩R)∗ = R∗} = {I nonzero ideal of T such that ((I∩R)T )� = T �} = {I
ideal of T such that I� = T �}, the last equality follows from the fact that � ∈ U, then F∗1 = F�. The
proof is now complete.

In the sequel, we are going to investigate the relation between the two maps ϕ and σ. Note that if
T is an overring of R then for every ∗ ∈ ˜SStar(R) and every E ∈ F (R), Eσ◦ϕ(∗) = (ET )∗. This
is a consequence of Proposition 3.2 of [2] and Example 3. Hence, E∗ ⊂ Eσ◦ϕ(∗). Moreover for every
E ∈ F (T ), Eσ◦ϕ(∗) = E∗.

Proposition 14. Let R ⊂ T be an extension of integral domains which are not fields, K = qf(R) and
K1 = qf(T ).

1. Let � ∈ SStar(T ) then Fσ(�) = {I ideal of R such that (IT )� = T �}.
2. For any semistar operation � of finite type on T, ϕ ◦ σ(�) ≤ �.
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3. Let U = {� semistar operation stable and of finite type on T such that for any I ∈ F�, (I ∩R)T ∈
F�}. Then for any semistar operation � ∈ U, � = ϕ ◦ σ(�).

4. Assume that R ⊂ T is LO. For any � ∈ ˜SStar(T ), let σ(�) = ∗Fσ(�). Then for any ∗ ∈ ˜SStar(R),

σ(ϕ(∗)) = ∗.
5. For any semistar operation � of U, ϕ(σ(�)) = �.

6. The map σ : U → SStar(R) is continuous.

Proof.

1. Let � ∈ SStar(T ) and I ∈ Fσ(�) then Iσ(�) = Rσ(�) that is (IT )� ∩K = (RT )� ∩K = T � ∩K

which implies that (IT )� = T �.

So Fσ(�) = {I ideal of R such that (IT )� = T �}.
2. Let � be a semistar operation of finite type on T and E ∈ F (T ). Let f ∈ Eϕ(σ(�)), then there exists

J ∈ Fσ(�) such that fJ ⊂ E so fJT ⊂ ET = E. As J ∈ Fσ(�) then (JT )� = T �, so JT ∈ F�.

Thus f(JT )� = fT � ⊂ E� therefore f ∈ E�.

3. Let � ∈ U. We prove that � ≤ ϕ ◦ σ(�). Let E ∈ F (T ) and f ∈ E� then there exists I ∈ F� such
that fI ⊂ E, so f(I∩R) ⊂ E. As (I∩R)T ∈ F� then by 1, I∩R ∈ Fσ(�) and (I∩R)T ∈ Fϕ(σ(�)).

Consequently, f ∈ Eϕ(σ(�)). By 2, we get � = ϕ ◦ σ(�).

4. Let ∗ ∈ ˜SStar(R), E ∈ F (R) and x ∈ Eσ(ϕ(∗)). Then there exists I ∈ Fσ(ϕ(∗)) such that xI ⊂ E.

As I ∈ Fσ(ϕ(∗)) then by 1, (IT )ϕ(∗) = Tϕ(∗) that is (IT )∗1 = T ∗1. By hypothesis, the extension
R ⊂ T is LO so by 1 of Proposition 9, I∗ = R∗. Thus x ∈ E∗, so σ(ϕ(∗)) ≤ ∗.
Conversely, let x ∈ E∗ then there exists J ∈ F∗ such that xJ ⊂ E. Moreover (JT )ϕ(∗) =

(JT )∗1 = T ∗1 so J ∈ Fσ(ϕ(�)) and x ∈ Eσ(ϕ(∗)). Therefore ∗ ≤ σ(ϕ(∗)) and then ∗ = σ(ϕ(∗)).
5. Let � ∈ U, E ∈ F (T ) and f ∈ E� then there exists J ∈ F� such that fJ ⊂ E. As J ∈ F�

and � ∈ U then (J ∩ R)T ∈ F� so ((J ∩ R)T )� = T �. Thus J ∩ R ∈ Fσ(�) = Fσ(�) and
f(J ∩ R)T ⊂ E which implies that f ∈ Eϕ(σ(�). Consequently, � ≤ ϕ(σ(�)). Conversely, let
f ∈ Eϕ(σ(�)) then there exists J ∈ Fσ(�) such that fJ ⊂ E. As J ∈ Fσ(�) then (JT )� = T � so
f ∈ E� and thus Eϕ(σ(�) ⊂ E� and ϕ(σ(�)) ≤ �.

6. Let F ∈ F (R), then σ−1(V R
F ∩ ˜SStar(R)) = {� ∈ U | 1 ∈ Fσ(�)}. If � ∈ U is such that

1 ∈ Fσ(�) then there exists an ideal I of R such that (IT )� = T � and I ⊂ F so I ⊂ F ∩ R. Thus
IT ⊂ (F ∩ R)T ⊂ T so 1 ∈ (IT )� = T � ⊂ ((F ∩ R)T )� and � ∈ V T

(F∩R)T ∩ U. Conversely,
let � ∈ V T

(F∩R)T ∩ U then 1 ∈ ((F ∩ R)T )�. Therefore, F ∩ R ∈ Fσ(�) so 1 ∈ (F ∩ R)σ(�)

and 1 ∈ Fσ(�). Consequently, σ−1(V R
F ∩ ˜SStar(R)) = V T

(F∩R)T ∩ U which implies that the map
σ : U → SStar(R) is continuous.

© 2023 ISTE OpenScience – Published by ISTE Ltd. London, UK – openscience.fr Page | 12



Corollary 15. Let R ⊂ T be an extension of integral domains which are not fields and assume that
R ⊂ T is LO. Let U = {� semistar operation stable and of finite type on T such that for any I ∈ F�,

(I ∩R)T ∈ F�}. Then the map ϕ is an homeomorphism from ˜SStar(R) into U.
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the quality of this work.
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