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ABSTRACT. Let R C T be an extension of integral domains and x be a semistar operation stable of finite type on R.
We define a semistar operation %; on T in the following way: for each nonzero T-submodule FE of the quotient field K; of
T, let E** = U{E :x, JT | J € F*}, where K; denotes the quotient field of 7" and F* the localizing system associated
to . In this paper we investigate the basic properties of x;. Moreover, we show that the map ¢ which associates to a
semistar operation * stable and of finite type on R, the semistar operation *; is continuous. Furthermore, we give sufficient
conditions for ¢ to be a homeomorphism.
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1. Introduction

All rings considererd in this paper are commutative with identity. Let 12 be an integral domain with
quotient field K. Let F(R) be the set of all nonzero R-submodules of K and f(R) be the set of all
nonzero finitely generated R-submodules of K.

In 1994, Okabe and Matsuda introduced the notion of semistar operation [6], in order to generalize the
concept of star operation. A semistar operation on R is a map * : F(R) — F(R); E — E*, such that
for all z € K\{0} and for all E, F' € F(R), the following properties hold:

(1) (zE)* = aE*.

(2) If E C F then E* C F™.

(3) E C E*and E** = (E*)* = E*.

The set of all semistar operations on R is denoted by SStar(R).

The map e : F(R) — F(R); E — E° = K is a semistar operation on R called the trivial semistar
operation on 2. Note that if * is a semistar operation on R, then * = e if and only if R* = K. The
identity semistar operation on R is defined by F/(R) — F(R); E — E and will be denoted by dx.

Any ring 7" such that, R C 7' C K will be called an overring of RR. If 7" is an overring of R, we denote
by *(7 the semistar operation on R defined by setting £*(7} = ET', for any F € F(R).

Recall that if * is a semistar operation on R then for all E, F' € F(R), we have (EF)* = (E*F)* =

The set SStar(R) of all semistar operations on R is endowed with a natural partial order, defined by
%1 < %9 if and only if E* C E*2 for any E € F(R). Or, equivalently, if (E*!)*2 = (E*2)*! = E* for
each £ € F(R).
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Let * be a semistar operation on R. For any E € F(R), set E* = U{F* | F € f(R)and F C E},
then * is a semistar operation on R called the semistar operation of finite type associated to *. For any
semsitar operation on 2, we have *; < x. A semistar operation * is said to be of finite type if * = *;.
Note that () s = *;. The set of all semistar operations of finite type on R is denoted by SStar(R).

A semistar operation on R is stable if (£ N F)* = E* N F* for each E, F' € F(R). The trivial semistar
operation and the identity semistar operations are stable. However, if 7' is an overring of R, the semistar
operation 7y is stable if and only if 7" is flat over R.

A localizing system J on R is a subset of ideals of R such that:

e if ] € F and J is an ideal of R such that [ C J, then J € F.

e if / € F and J is an ideal of R such that, foreachi € I, (J :p iR) € F,then J € F.
Note that if F is a localizing system, and /,J € FthenINJ € Fand IJ € F.

A localizing system J on R is of finite type if for each I € F there exists a nonzero finitely generated
ideal J € F with J C [I. The relation between localizing systems and stable semistar operations has
been investigated by Fontana and Huckaba in [3]. Recall that if * is a semistar operation on Rz, then the
set 7* = {[ ideal of R | [* = R*} is a localizing system (called the localizing system associated to *).
Moreover, if * is of finite type then ™ is of finite type. Conversely, if F is a localizing system on R then
the map *r : F(R) — F(R); E — E** = U{E :x J | J € F} is a stable semistar operation on R.
Moreover, if F is of finite type then £ is of finite type. If  is a semistar operation, the map * = *r+; is
a semistar operation stable and of finite type. Moreover * =  if and only if * is stable and of finite type.

Let * be a semistar operation on R and / be a nonzero ideal of 12, we say that [ is a quasi-*-ideal if
I = I" N R. A quasi-x-prime ideal is a quasi-*-ideal which is also a prime ideal. A quasi-*-maximal
ideal is an ideal which is a maximal element in the set of quasi-*-prime ideals. We denote by Q) Spec*(R)
the set of quasi-x-prime ideals of R and M (x) the set of quasi-*-maximal ideals of R, then we have
M (%) C QSpec*(R). If % is a non trivial semistar operation of finite type then each proper quasi-*-ideal
1s contained in a quasi-*-maximal ideal [3].

Let * be a semistar operation on R and I € F(R), we denote by I ! = {x € K | zI C R} and we say
that [ is x-invertible if (I171)* = R*.

In [2], the authors endowed the set SStar(R) with the Zariski topology for which a subbasis of open
sets is the collection of all sets of the form V£ = {x € SStar(R) | 1 € F*}, as F ranges among the
nonzero [R-submodules of K. Note that this topology is naturally linked to the order <, in the following
way: if U C SStar(R) is an open neighborhood of * and *” > %, then *' € U. So for any * € SStar(R),
Ad({*}) = {¥' € SStar(R) : ¥ < *} where Ad(Y") denotes the closure of Y C SStar(R).

Following [2], let A C B be an extension of integral domains, and let k£ be the quotient field of A.
For any semistar operation * € SStar(B), the authors define a semistar operation o(x) € SStar(A)
by setting F°*) = (FB)* N k for every nonzero A-submodule F of k. They show that the map o :
SStar(B) — SStar(A) is continuous and if * € SStar(B) is of finite type, then so is o (x). Moreover,
if B has the same quotient field as A then o (x) is of finite type if and only if  is of finite type and o is a
topological embedding.
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Let R C T be an extension of commutative rings, K (respectively K7) the quotient field of R (re-
spectiveley of T'). In this paper, we work on an ascent type property which relate semistar opera-
tions on R with semistar operations on 7". Let * be a semistar operation stable of finite type on R.
We extend the semistar operation * to a semistar operation on 7' by defining a new semistar opera-
tion *; on 7' in the following way: for any nonzero 7'-submodule £ of the quotient field Kjof 7', let
E*Y = U{F g, JT | J € F*}. Then % is a stable semistar operation of finite type. In the second
section of this paper we give the main properties of the semistar *;. In particular we determine the lo-
calizing system associated to x;. More precisely we show that F*' = {I nonzero ideal of 7" such that
INR#(0)and (I N R)* = R*}. If the Lying over (LO) property holds in the pair R, T', that is for any
prime ideal P in R there exists a prime ideal () in T’ such that () N R = P, and if * is non trivial then the
quasi-+*-maximal ideals of R are exactely of the form M N R where M is a quasi-*;-maximal ideal of 7".
Moreover under additional hypothesis, we show that the x-Noetherian property is inherited from 7" to R
and vice versa.

—~—

Let SStar(R) (repsectively SStar(T)) denote the set of all stable semistar operations of finite type on
R (respectively on T).

—_

We denote by ¢ the map SStar(R) — SStar(T);* — 1. The third section of this paper was moti-
vated by the fact that if 7" is an overring of R then the map o is a topological embedding. It is natural

to try in that case to construct the inverse function of ¢. First, we prove that if SStar(R) ( respectively

SStar(T)) is endowed with the Zariski topology, then the map ¢ is continuous and ¢(SStar(R)) = U,
where U = {* semistar operation stable and of finite type on 7" such that for any [ € F*, (INR)T € F*}.
In addition, for any semistar operation x of finite type on 7', ¢ o g(*) < . On the other hand, let

(%) = *o(x), for any x € SStar(T'). We prove that for any semistar operation x of U, p(7(x)) = *. In

—_———

the case where the pair R C 7" is LO we deduce that ¢ is a homeomorphism from SStar(R) into U.

In the following, dim R denotes the Krull dimension of R, ¢f(R) its quotient field and spec(R) its
prime spectrum.

2. Extension of semistar operations

Recall that if * is a semistar operation stable and of finite type on an integral domain R and if F~*
denotes the localizing system associated to *, that is F* = {[ ideal of R | I* = R*}, then for any
E € F(R) we have

E*=U{E:x J|JeF (1)

Proposition 1. Let R C T be an extension of integral domains which are not fields, K = qf(R) and
Ky = qf(T). Let x be a semistar operation of finite type on R, then the map

x1: F(T) = F(T); Ev— E* =U{E g, JT | J € F*}

is a semistar operation stable of finite type on T

Proof. Let E € F(T) then E** € F(T). In fact, if z € E then forany J € F*, 2JT C 2T C E, so
x € E** which implies that £ C E*' and E** # (0).
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Letz,y € E*', we show that t+y € E*'. There exist Jy, Jo € F*suchthatx ;T C FandyJ;T C E.
As JiNJy e Frand (x +y)(J1 N J2)T C Ethenx +y € E*.

Let x € E** and a € T, we show that ax € E*'. There exists J; € F* such that xJ;T C FE, so
axJ\'T C xJ;T C E, which implies that ax € E*!.

Now we prove that *; is a semistar operation on 7.

o)Let E € F(T)andy € K;\{0}, then (yE)** = yE*'. In fact, let x € (yFE)*'. There exists J € F*
suchthatz € yE : JT.Sox.J C yE whichis equivalenttozy~'J C E. Thuszy~! € E : JT C E** and
x € yE*1. Conversely, let x € yE*!, then xy~! € E*. So there exists J € F* such thatzy~' € E : JT
which is equivalent to 2y ~'JT C E. Thus 2JT C yE thatisz € yE : JT C (yE)*.

o) Let E,F € F(T) such that E C F. Then E** C F*'. In fact, let z € E*1, and J € F* such that
xeb:JT CF:JICF*.

e) We have already shown that £ C E*!.

o) Let E € F(T), Then E** = (E*)*'. In fact, we have E C E*! so E** C (E*1)*1. Conversely,
let z € (E*)* and J € F* such that x € E** : JT. Thus zJ C E*'. As x is of finite type then
we can assume that J is finitely generated. Set J = (aq,...,a,). For each i € {1,...,n}, za; € E*,
so there exists J; € F* such that xa;J; C E. Let [ = Jy...J, € F*, then for each i € {1,...,n},
xa;l C xa;J; C E,soxJI C E.As JI € F*, thenx € E*!.

We prove that *, is stable. Let £, F € F(T). Remark that E N F # (0). It is clear that (E N F)** C
E** N F*'. Conversely, let € E** N F*'. There exist I, J € F* such that vt/ C F and zJ C F. As
INJeFandz(INJ)C ENF,thenx € (EN F)*.

Finally, we show that x, is of finite type. Let £ € F(T), then E*1)s ¢ E*1. Letx € E*'. There exists
J € F* such that zJT C E. As x is of finite type then we can assume that .J is finitely generated. Set
J=aR+..+a,R Foreachi € {1,...n}, xa; € E. Let F' = xa,T + ... + xa,,T C E. We have
zJ C F,soxJT C Fandx € F : JT. Then, z € F** ¢ E®)s_ Finally, E*' = E*)s. m

In the sequel, we are going to limit ourselves to semistar operations stable and of finite type on R. We

denote by SStar(R) (repsectively SStar(T')) the set of all semistar operation stable and of finite type

—~—

on R (respectively on 7). We denote also by ¢ the map from SStar(R) to SStar(T) which associates
to a semistar operation * stable and of finite type on R, the semistar operation *; defined in the previous
proposition.

Remark 2. 1. If x < « are two semistar operations stable and of finite type on R then ¢(x) < ¢(
This results from the fact that if * < %' then F* C F* . In particular; this implies that o(Ad({*}

Ad{p(+)}.

2. Let * be a semistar operation stable of finite type on R. If E € F(R) and F € F(T) are such that
E C F then E* C F*%)_ In fact, if v € E* then there exists J € F* such that tJ C E C F, so
x € F¥),

).
) C

3. Let * be a semistar operation stable and of finite type on R. Forany E € F(R), E* = U{E i J |
J € F*}yand E°¥™) = U{ET i, JT | J € F*} N K so E* C E7¥),
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We present next some notable examples.

Example 3. 1. If T is an overring of R (R C T C K) and * is a semistar operation on R then the
map x; : F(T) — F(T), E — E* := E* is a semistar operation on T.

Let x be a semistar operation stable and of finite type on R and T' be T' be an overring of R
then x| = *;. In fact, let E € F(T) and v € E*'. There exists J € F* such that vJ C E, so
xJ* C E* = FE*. As J* = R* then x € E*i. Conversely, let v € E*' = E*. There exists J € F*
such that xJ C E, soxJ1T C E and then v € E*!.

2. Recall from [8] that if A is an integral domain, F is a localizing system of A and X is an indeter-
minate on A then F|X| = {I ideal of A|X]| | JA[X] C I, for some J € F} is a localizing system
of A[X] and we have F[X| = {I ideal of A|X| | INA € F}. Moreover, if F is a finitely generated
localizing system of A then F|X] is a finitely generated localizing system of A[X].

Consider the extension of integral domains R = A C T = A[X]. Let K1 = qf(A[X]). Let * be a
semistar operation on A, *y the semistar operation of finite type associated to x, F*/ the localizing
system associated to x; and F*/ [ X| the localizing system definied above on A[X]. We denote by x
the semsistar operation * z+;|x), then x = x1. In fact, for any E € F(A[X]), B* = U{E x, J |
J e FY X} =U{E g, J|JNAE€ F*t}. We prove that E* = E*'. In fact, let f € E* then
[ € Ky and there exists J € F*/[X] such that fJ C E. Thus f(JNA) C Ewith JNA € F*,
which implies that f € E*. Conversely, let f € E*', then f € K and there exists I € F*/
such that fI C E. As I € F* then 1| X]| € F*[X] and we have fI[X] C E. In fact, for any
g= > a;X'€IX], fg= > (a;f)X' € E (Eis an A[X]-submodule of K1). Then f € E*.
finite finite

3. Recall from [5] that if A is an integral domain, F is a localizing system of A and X is an indeter-
minate on A then F[[X]| = {[ ideal of A[|X]| |there exists J € F such that JA[[X]] C I} isa
localizing system of A[[X]] and we have F[[X]] = {I ideal of A[[X]] | INA € F}. Moreover, if F
is a finitely generated localizing system of A then F|[X]] is a finitely generated localizing system
of A[X]].

Consider the extension of integral domains R = A C T = A[[X]]. Let K1 = qf(A[[X]]) and * be
a semistar operation on A, *y the semistar of finite type associated to x, F*/ the localizing system
associated to xy and F*![[X]] the localizing system definied above on A[[X]]. Let x1 = *z+f(ix]},
then x; = *1. In fact, for any E € F(A[[X]]), E** = W{E ik, J | J € FY[[X]]} = W{E ik, J |
JNAe F*}. We show that E* = E*'. Let f € E* then f € K and there exists J € F*/[[X]]
such that fJ C E.So f(JNA) C E.As JNA € F* then [ € E*'. Conversely, let f € E*,
then f € K and there exists a finitely generated ideal I € F*/ such that fI C E. As [ € F*/
then I[[X]] € F*[[X]] and we have fI[[X]] C E. In fact, I[|X]] = [.A[[X]] and for any g =
> aigi € I[X]], fg= > (a;f)gi € E (E is an A[[X]]-submodule of K,). So f € E*.

finite finite

4. Let R C T be an extension of integral domains such that R is a Priifer domain. Recall from [[7],
Lemma 4.4], that if x is a semistar operation of finite type on R, then there exists an overring D of
R such that for any E € F(R), E* = ED. In particular, R* = RD = D, which implies that for
each J € F*, JD = D.

Now let x be a semistar operation stable and of finite type on R and [ € F*'. We have [** = T™!
and thus 1 € I**. Therefore there exists J € F* such that J C I so JDT C ID C DT. As
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JD = D then DT C ID C DT and ID = DT. We prove that E*' = ED forany E € F(T).

Lety € E* and J € F* such that yJ C E. SoyJD C ED.As JD = D then yD C ED

and so y € ED. Conversely, we have (ER*)* = E*\| for any E € F(T). In fact, E C ER*

so E*v C (ER*)*'. Conversely, let y € ER* then there exists ay, ...,a, € E andry,....,1, € R*

such that y = > a;r;. For any i € {1,...,n}, there exists J; € F* such that r;J; C R. Let
i=1

J=]1]Ji € Fthenr;J C R foranyi € {1,...,n}. So, yJ = ZamJ C ER C E and
i=1

yJT C ET = E. Hence, y € E*. So ER* C E* and (ER*)*1 C E** which implies the

equality (ER*)** = E*'. We get then ED = ER* C (ER*)" = E* and so, for any E € F(T),

E** =FED.

Proposition 4. Let R C T be an extension of integral domains which are not fields, K = qf(R) et
Ky = qf(T). Let % be a non trivial semistar operation stable of finite type on R and *; the semistar

operation stable of finite type defined in Proposition 1 on I'. The following properties hold:

1. Let F** = {I nonzero ideal of T such that [** = T*'} then F** = {I nonzero ideal of T such that
INR#(0)and (I N R)* = R*}. Moreover, {JT | J € F*} C F*..

2. Forany E € F(T), E** =nN{ERp | P € M(%)}.

3. Forany E € F(T)andany P € M(x), ERp N K = (EN K)Rp.

4. Let I € F(R), then I* C (IT)*

5. If J is a quasi-xi-ideal of T such that J N R # (0) then J N R is a quasi-x-ideal of R.

6. Forany I € F(R), (IT)" = (I"T)*

7. Forany I € F(T), (IR*)" = I"L.

8. If x = dp then %1 = dr.

9. Let I be an ideal of R and L be an ideal of T such that LR = I then [* = L**N R*. In particular,
if I is a quasi-x-ideal of R then I = L** N R.

10. If I € F(R) is *-invertible then IT is *,-inversible.
Proof.

1. Let I € F*' then [** = T™*'. Thus there exists J € F* such that JT C I,soJ C INR.In
particular, we get I N R # (0). As J* = R*, then (I N R)* = R*. Conversely, let / be an ideal of
Tsuchthat [N R# (0)and (/N R)*=R*thatisINRe F*."AsINRCIthenlel:INR,
so 1 € I**. This implies that [** = T™1.

2. Let E € F(T) and z € E*'. Hence, there exists J € F* such that zJ C E. As J* = R*,
then for any P € M(x), we have J ¢ P. So for any P € M(x), there exists ap € J\P, so
za, € E which implies that z € ERp. Then, E** C N{ERp | E € M(x)}. Conversely, let
r € {ERp | E € M(x)}. Forany P € M(x), there exists sp € R\P such that xs € E. Set
J=(sp|P € M(x))gthen J* = R* and zJ C E. Therefore x € E*'.
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.Let E € F(T), P € M(x)andz € ERp N K. There exists a € £ and s € R\ P such that z = 2.

Asz € Kthenzs € K soa € KN E. Therefore, z € (E N K)Rp. Conversely, (ENK) C E,
so (ENK)Rp C ERp.Hence, ENK C K and (EN K)Rp C KRp = K. Consequently,
(ENK)Rp C ERp N K. And thus we get the equality.

. Let I € F(R) and z € I*. There exists J € F* such that zJ C I, so zJT C IT. Consequently

x € (IT)".

. Let J be a quasi-*;-ideal of T such that J N R # (0) and = € (J N R)* N R. Then there exists

F e FrsuchthatzF C JN R.SoxFT C JT = J and thus z € J** N'T" = J. Consequently,
reJNR.

.LetI € F(R). AsI C I*then IT C I*T, so (IT)** C (I*T)*'. Moreover by 4/ I* C (IT)*,

thus [*T" C (IT)** and (I*T)** C (IT)*'. So we obtain the equality.

.Let I € F(T). AsI C IR* then I** C (IR*)*'. Conversely, let y € IR* then there exist

ai,...,a, € Tandry,...,r, € R*suchthaty = > a;r;. Forany ¢ € {1,...,n}, there exists J; € F*
i=1

such that r;J; C R.Set J = [[J; € F*and r;J C R for any ¢ € {1,...,n}. Consequently,

=1
n

yJ=> ariJ CIRC IandyJT C IT = 1. Thusy € I*.
i=1

. If x = dp then F* = {R}. Let E € F(T) and x € E*'. There exists J € F*/ such that zJ C E.

But J = RsoxzR C F and then x € E. Thus x; = dr.

. Let I be an ideal of 12 and L be an ideal of 7" such that LN R = [ then [* C L™ N R*. Conversely,

let x € L™ N R** so there exist Jq, J, € F*suchthat xJ; C Land zJ, C R. As J1J, € F* and
xJiJo C LN R=1thenz € I*.

In particular, if [ is a quasi-x-idealof Rthen = "N R=L"NR* N R=L" NR.

Let I € F(R) be an ideal *-invertible so (I1~1)* = R*. We prove that IT is *;-invertible.

Note that ((IT)"1)* = (I7'T)*. In fact, I 1T c (IT)™! :let f € I"! then fI C R. Thus
fIT C Tand f € (IT)"*. Therefore =1 C (IT)~!, which implies tha I=*T" C (IT)~!. Conse-
quently, (I717)** C ((IT)~')**. Conversely, let f € (IT) ! then fIT C T.Thus fII~* C I7'T
which implies that f(I1-'T)* c (I7'T)*. Butif J € F(R), then (JT)** = (J*T)*, by 6
of Proposition 4. So f((II=1)*T)* c (I7'T)* or f(R*T)* C (I"'T)* as I is x-invertible.
As a consequence f € ([7'T)*. Thus ((IT)"Y)** C (I~'T)* and then we get the equality
(T = (FT)

We show that I'T" is ;-invertible. First, we have (IT'(IT)1)* = (IT((IT)~1)**)*'. By the first
part of this proof, ((IT)~!)* = (I7'T)* thus (IT(IT)"Y)* = (ITI'T)* = (II7'T)* . But
(IT7YT)*r = ((IIT~Y)*T)**. Therefore (IT(IT) ')** = (R*T)* = (RT)* = T*'. Consequently
IT is x;-invertible.
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Remark 5. One may ask the following question: if x is a non trivial semistar operation stable and of
finite type, is the semistar operation x| necessary non trivial?

If we suppose that T' N K = R and % is non trivial then x; is also non trivial. In fact, if T** = K, then
R* = K :letx € K C Ky, then there exists J € F* such that xJ C T, thus xJ C TN K = R, so
r e R".

Remark that if forany b € R, 0T’ N R =bR then T N K = R.

This is, in particular, the case of the examples of the polynomial ring and the formal power series ring
given in Example 3 (2 and 3).

The same proof is also valuable if we suppose that T N K C R*.

Generally, the result is false as shown in the following example: let A be an integral domain with
dim A > 1 and R = A[X] so dim R[X] > 2. Let p € spec(A)\{0} and P = p|X] € spec(R). Consider
the semistar operation stable and of finite type * defined on R by, E* = ERp, forany E € F(R). As
R* = Rp ¢ {R,qf(R)} then x ¢ {dp,er} . Let K = qf(A) and T = K[ X]| then R C T and T is
a DVR. So by [[6], Theorem 48], for any non trivial semistar operation x on T, we have x; = dr. In
particular x; € {ep,dr}. We prove that x; = ep. Suppose on the contrary, that x, = dp then for any
JeF S JIT =T.As XR € F* then X K[[X]| = K[[X]] which is impossible. Consequently, x; = er.

Proposition 6. Let x be a semistar operation stable and of finite type on R. Suppose that R C T is LO
and for any ideal I of T, I = (I N R)T. The following properties hold:

1. x = ek ifand only if 1 = ek, .

2. If x is non trivial, then M (x) = {M N R | M € M(x;)}.
Proof.

1. If %y # ek, then M(%y) # (). Let M € M (%) and P = M N R then P is a quasi-* ;-prime ideal
(Pisnonzeroas M = (M N R)T = PT # (0)). thus, * # ek.

Conversely, suppose that * # ey then M(x) # (). Let P € M(x) then P = PT N R. In fact,
it is clear that P C PT N R. We show that PT'N R C P. As R C T is LO, then there exists
Q) € spec(T) suchthat P = QN R. Thus PT C Qand PTNRCQNR=P.

If (PT)** = T* then 1 € (PT)* so there exists J € F* such that J C PT. Consequently,
J C PT N R = P which is impossible, so (PT)* ¢ 7™ and *; is non trivial.

2. Let M € M(*1)and P = M N R, then P is a quasi-*-prime ideal of R. As R C T is LO then
PTNR=P

If P ¢ M(x) then there exists Q € M (x) such that P & Q. Thus PT = M ¢ QT.If (QT)* =
T then there exists J € F * such that J C QT which implies that J C QT N R = @ and this
is impossible. So (QT)** N T is a proper quasi-*;-ideal of 7" and M ¢ QT which is absurd as
M € M(*1). Thus{M NR|Me& M(x)} C M(%).

Conversely, let P € M(x), then P = PT N R. If (PT)** = T™** then there exists J € F* such that
J C PT which implies that / C PT'NR = P. This is impossible as P € M (x). So (PT)** # T*.
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Hence, there exists M € M (x;) such that PT° C M. Consequently, PI'N R =P C M N R so
P = M N R. Therefore M(x) ={MNR| M € M(x)}.

Recall from [1] that if R is an integral domain and * is a semistar operation on /2 then we say that R is
a x-Noetherian domain if R satisfies the ascending chain condition on quasi-*-ideals.

Proposition 7. Let x be a semistar operation stable of finite type on R. The following properties hold:

1. Suppose that for any ideal I of T, I = (I N R)T'. If R is x-Noetherian then T is %1-Noetherian.

2. Suppose that for any ideal I of R, I = IT' N R. If T is x1-Noetherian then R is x-Noetherian.

Proof.

1. Suppose that R is x-Noetherian. Let (H,,),cn be a chain of quasi-*;-ideals of 7" then (H,, N R),en
is a chain of nonzero quasi-x-ideals of R. So there exists £ € N such that foranyn > k, H, "R =
Hi N R. Consequently H,, = (H, N R)T = (H, N R)T = Hy.

2. Suppose that T is *;-Noetherian. Let (/;,),cn be a chain of quasi--ideals of R then for any n € N,
I, = I, TN R. Thus I, = (I,7)* N R by 9 of Proposition 4. For n € N, let H,, = (I,T)* NT,
then (H,),en is a chain of quasi-k;-ideals of 7" So there exists k& € N such that for any n > k,
H,, = Hj, which implies that H,, " R = H; N R. Therefore forany n > k, I, = Ij.

Corollary 8. Let R be an integral domain and x be a semistar stable and of finite type on R. Let T' =
R[X]. If T is x1-Noetherian then R is x-Noetherian.

Corollary 9. Let R be an integral domain and % be a semistar stable and of finite type on R. Let T' =
R|[[X]]. If T is *1-Noetherian then R is x-Noetherian.

3. Basic properties of the map ¢

Recall that the Zariski topology on SStar(R) is the topology which has as a subbasis of open sets the

collection of all sets of the form V = {x € SStar(R) | 1 € F*}, as F ranges among the nonzero
R-submodules of K. The Zariski topology on SStar(R) is just the subspace topolgy induced by the

Zariski topology on SStar(R). Therefore {VF N SStar(R) | F € F(R)} is a subbasis of the Zariski
topology on SStar(R). Endowed with this topology, the space SStar(R) is compact. Note that the

Zariski topology of SStar(R) is determined by the finitely generated integral ideals of R that is the

—~—

collection of sets of the form V£ N SStar(R) = {* € SStar(R) | 1 € F*}, where F ranges among the
finitely generated integral ideals of R is a subbasis. This follows from the definition of semistar operation

stable and of finite type. Moreover, if F'is an integral ideal of R then {x € SStar(R) |1 € F*} = {x €
SStar(R) | F* = R*}.
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e~ — e~ —

Since 1 € K, it follows that e € VN SStar(R) for any F' € F(R). We deduce that SStar(R) is a
dense subspace of SStar(R).

—~—

Moreover as SStar(R) is a Ty space then SStar(R) is also a Ty space.

In this section, we study the behaviour of the map .

——~— e~

Proposition 10. The map ¢ is continuous from SStar(R) in SStar(T).

—_— —_— —_—

Proof. Let L € F(T), then o~} (VI N SStar(R)) = {*x € SStar(R) | ¢(x) € VI N SStar(T))} =

—~—

{x € SStar(R) | 1 € L*'} = {x € SStar(R) | 3 J € F* such that J C L}. Note that if o~ (VI N
SStar(T)) is non empty, * € ¢~ (VI N SStar(T)) and J € F* are such that J C L then J C L N R.

—~—

Consequently, as J # (0) then LN R € F(R), so 1 € V&, N SStar(R). Therefore (VI N
SStar(T)) c VE N SStar(R). Conversely, if * € V£ N SStar(R) then 1 € (L N R)*. So there

o~

exists J € F* suchthat J C LN R C L. Hence, * € ¢~ (VI N SStar(T)). Consequently o~ (VI N

—~—

SStar(T)) = Vit » N SStar(R). So the map ¢ is continuous. m

Proposition 11. Suppose that R C T is LO. The following properties hold:

1. Let * be a semistar stable of finite type on R and J be an ideal of R such that (JT)** = T*', then
J* = R".

2. The map ¢ is injective.

Proof.

1. Note first, that if * is the trivial semistar operation on I then the result is clear. Assume that * is
non trivial. Let J be an ideal of R such that (J7)** = T*', we show that J* = R*. If J* & R*
then there exists a quasi *-prime ideal P of R such that J C P. As R C T is LO, there exists
Q) € spec(T) such that @ N R = P. Therefore, J C P C @, so JT C ) C T, which implies that
Q" =T*.Thus, QN R =P € F*thatis P* = R*, which is impossible.

2. Let * and %’ be two semistar operations stable and of finite type on R such that x; = *|. To
show that = ', we prove that F* = F*. Let J € F* then JT € F*'. So (JT)* = T* but
(JT)* = (JT)*'.By 1, J* = R* thatis J € F* . In a symmetric way we show that F* C F*,

Remark 12. Let R C T be an extension of integral domains which are not fields and assume that R C T’
is LO. Let P € spec(R) and * = (g, then M(x) = {P}. Note that by 2 of Proposition 4 for each
E € F(T), ' = ERp. Let Q € spec(T) such that Q N R = P then x; < (1. In fact, let v € E™
then there exists s € R\ P such that vs € E. It is clear that s ¢ () so x € ETg and then E*' C ETy,.
For example if T = R[X] and Q = P[X] then % # *(7,). In fact F*' = {I :ideal of R[X] such
that IN R # (0) and I N R ¢ P} and F"¥e} = {[ :ideal of R|X]| such that I ¢ P[X]}. So
XR[X] € F'"™a) bur X R[X] ¢ F** which implies that 1 # %7}
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Proposition 13. Letr R C T be an extension of integral domains which are not fields and U = {x
semistar operation stable and of finite type on T such that for any I € F*, (I N R)T € F*}. Then

e(SStar(R)) = U.

—~— —~—

Proof. Let x € ¢(SStar(R)) then there exists x € SStar(R) such that x = ¢(x). Therefore « is stable
and of finite type and by 1 of Proposition 4, if I € F*, IN R # (0) and I N R € F*. Consequently,

—~—

(INR)T)* = (I N R)*T)* = (R*T)* = (RT)* = T*. So p(SStar(R)) C U.

Conversely, let x € U. We have to show that there exists a semistar operation * stable and of finite type
on R such that x; = %. For this purpose we have to find /™.

let 7 = {I nonzero ideal of R such that (IT)* = T*}, then F is a localizing system. In fact:

o) Let [ € F and J be an ideal of R such that [ C Jthen IT C JT C T,so (IT)* =T* C (JT)* C
T*. Therefore (JT)* =T* and J € F.

o) Let / € F and J be an ideal of R such that (J :g iR) € F,Vi e I.
We show that J € F thatis (JT)* = T*.

For: € I, (J ‘R ZR)T C JT 7 iT. SoT* = ((J ‘R ZR>T>* C (JT T ZT>* C T7, then JT :p
iT € F*, forany i € I. Hence, JT :p T € F* forany v € IT (let x = > ity € IT, then

finite
JT paT ={yeT|y > itiT CJT}={yeT|yi,T C JT, foranyk} = () JT v ixT € F*
finite finite

as F* is a localizing system. But [T € F* then JT' € F* thatis J € F.

Moreover, F is of finite type. In fact, let I € F, then I'T € F*., As « is of finite type then F™* is of
finite type. Consequently, there exists a finitely generated ideal J of 1" such that J C I'T"and J € F™*.
Set J = (tl, ...,tn) where t; € IT, thus t; = Z (Zijtij, with ai; € I and tij e T Let ] =< Qij >R

finite
then Iy C [ and (I1T)* =T".

Consider * = x . Note, by [[4], Lemma 1.1(a)] that 7* = F. We prove that x; = %. For this purpose
we show that 7' = F*. We have F*' = {I nonzero ideal of 7" such that /** = 7"} = {I nonzero ideal
of T'such that INR # (0) and (INR)* = R*} = {I nonzero ideal of T such that ((INR)T)* = T*} = {I
ideal of 7" such that [* = T*}, the last equality follows from the fact that x € U, then F*' = F*. The
proof is now complete. m

In the sequel, we are going to investigate the relation between the two maps ¢ and o. Note that if

~——

T is an overring of R then for every * € SStar(R) and every E € F(R), E°°¥*) = (ET)*. This
is a consequence of Proposition 3.2 of [2] and Example 3. Hence, E* C E?°¢*). Moreover for every
E € F(T), Eo°¢%) = B~

Proposition 14. Let R C T be an extension of integral domains which are not fields, K = qf(R) and
Ky =qf(T).

1. Let % € SStar(T) then F°®) = {I ideal of R such that (IT)* = T*}.

2. For any semistar operation * of finite type on T, p o o(*) < *.
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5.

6.

Let U = {x semistar operation stable and of finite type on T such that forany I € F*, (INR)T €
F*}. Then for any semistar operation x € U, x = ¢ o o(*).

—~—

Assume that R C T'is LO. For any x € SStar(T'), let 5(x) = * zo(+). Then for any x € SStar(R),
a(p(x) = *.

For any semistar operation x of U, (T (%)) = *.

The map @ : U — SStar(R) is continuous.

Proof.

© 2023

. Let« € SStar(T) and I € F°®) then I°*) = R°™ thatis IT)* N K = (RT*NK =T*NK

which implies that (I7T)* = T™*.
So Fo*) = {] ideal of R such that (IT)* = T*}.

. Let % be a semistar operation of finite type on 7' and E € F(T). Let f € E#(() then there exists

J e F°® suchthat fJ C Eso fJT C ET = E. As J € F°™ then (JT)* = T*, so JT € F*.
Thus f(JT)* = fT* C E* therefore f € E*.

. Let x € U. We prove that x < p o o(x). Let E € F(T) and f € E* then there exists [ € F* such

that f1 C E,so f(INR) C E.As (INR)T € F*thenby 1, INR € F°™® and (INR)T € F#7>),
Consequently, f € E¥(?®) By 2, we get x = p o o(x).

. Let x € SStar(R), E € F(R) and 2 € E°**))_ Then there exists I € F°#*) such that 2] C E.

As I € Fo#) then by 1, (IT)?*) = T¥®) thatis (IT)** = T*.. By hypothesis, the extension
R C T is LO so by 1 of Proposition 9, I* = R*. Thus x € E*, so 5(¢(x)) < *.

Conversely, let # € E* then there exists J € JF* such that zJ C E. Moreover (JT)?*) =
(JT)* = T* so J € Fo¥H) and x € E¥®), Therefore * < (¢ ()) and then * = 7(p(*)).

.Letx € U E € F(T) and f € E* then there exists J € F* such that fJ C E. As J € F*

and x € U then (JNR)T € F*so (JNR)T)* = T*. Thus JN R € F°* = F°&*) and
f(J N R)T C E which implies that f € E*®*) Consequently, x < ¢(7(x)). Conversely, let
f € E¥@™) then there exists J € F°*) such that fJ C E. As J € F°®) then (JT)* = T* so
f € E* and thus E¥@*) C E* and p(7(%)) < *.

—~—

. Let F € F(R), then 7 {(VE N SStar(R)) = {x € U | 1 € F°W}. If x € U is such that

1 € F°™) then there exists an ideal I of R such that (IT)* = T*and I C F so I C F N R. Thus

ITC(FNRT CTsole (IT)=T"C (FNR)T)" and * € V(jl;mR)T N U. Conversely,

let x € V(jl;mR)T N U then 1 € ((F N R)T)*. Therefore, FNR € F°® so1 € (F N R)"™

—~—

and 1 € F7™*). Consequently, 7 (V£ N SStar(R)) = V(Em ryr MU which implies that the map
o : U — SStar(R) is continuous.
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Corollary 15. Let R C T be an extension of integral domains which are not fields and assume that
R C T is LO. Let U = {* semistar operation stable and of finite type on T such that for any I € F*,

(INR)T € F*}. Then the map ¢ is an homeomorphism from SStar(R) into U.
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