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ABSTRACT. In this paper, the first Chen inequality is proved for general warped product submanifolds in Riemannian
space forms, this inequality involves intrinsic invariants (-invariant and sectional curvature) controlled by an extrinsic one
(the mean curvature vector), which provides an answer for Chen’s Problem 1 relating to establish simple relationships
between the main extrinsic invariants and the main intrinsic invariants of a submanifold. As a geometric application, this
inequality is applied to derive a necessary condition for the immersed submanifold to be minimal in Riemannian space
forms, which presents a partial answer for the well-known problem proposed by S.S. Chern, Problem 2. For further
research directions, we address a couple of open problems; namely Problem 3 and Problem 4.

KEYWORDS. Mean curvature vector; d-invariant; scalar curvature; warped products;minimal submanifolds; Riemannian
space forms

AMS Subject Classification (2010): 53C15; 53C40; 53C42; 53B25

1. Introduction

Warped products have been playing some important roles in the theory of general relativity as they have
been providing the best mathematical models of our universe for now; that is, the warped product scheme
was successfully applied in general relativity and semi-Riemannian geometry in order to build basic
cosmological models for the universe. For instance, the Robertson-Walker spacetime, the Friedmann
cosmological models and the standard static spacetime are given as warped product manifolds. For
more cosmological applications, warped product manifolds provide excellent setting to model spacetime
near black holes or bodies with large gravitational force. For example, the relativistic model of the
Schwarzschild spacetime that describes the outer space around a massive star or a black hole admits a
warped product construction [1]. For this reason, in the years, many geometric aspects of the various
types of warped product submanifods have been studied in various ambient spaces, (among others, see
for example [2], [3], [4], [5], [6], [7], [8], [9D).

Extrinsic and intrinsic Riemannian invariants have vast applications in many fields of science other
than differential geometry. In particular, they are of considerable significance in general relativity [10].
Classically, among extrinsic invariants, the shape operator and the squared mean curvature are the most
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important ones. Among the main intrinsic invariants, sectional, Ricci and scalar curvatures are the well-
known ones, as well as 0 invariant. So, based on Nash embedding theorem (see [11], [12]), our research
programs is to search for control of extrinsic quantities in relation to intrinsic quantities of Riemannian
manifolds via Nash’s Theorem and to search for their applications [13], [14]. Since it is an inevitable
motivation, this was quite enough for Chen to address the following research problem:

Problem 1. [15]. Establish simple relationships between the main extrinsic invariants and the main
intrinsic invariants of a submanifold.

Several famous results in differential geometry, such as isoperemetric inequality, Chern-Lashof’s in-
equality and Gauss-Bonnet’s theorem among others can be regarded as results in this respect. The current
paper aims to continue this sequel of inequalities.

It is well-known that [16] the following two conditions are necessary for the immersion to be minimal
in the Euclidean space E™:

Condition 1: If ¢ : M™ — [E™ is a minimal immersion from a manifold of positive dimension into a
Euclidean m-space, then M" is non-compact.

Condition 2: If p : M" — [E™ is a minimal immersion from a manifold of positive dimension into a
Euclidean m-space, then the Ricci tensor of M" is negative semi-definite.

S. S. Chern asked on page 13 of [17] to search for further necessary conditions on the Riemannian
metric of a submanifold M" in order to admit an isometric minimal immersion into a Euclidean space
[E™. Later on, Chen materialized this goal for warped product submanifolds as the following:

Problem 2. [13]. Given a warped product N; Xy No, what are the necessary conditions for the warped
product to admit a minimal isometric immersion in a Euclidean m-space E™ (or M™(c))?

In [16], Chen initiated a significant inequality in terms of the intrinsic invariant d-invariant. This
celebrated inequality drew attention of several authors [14]. Motivated by the result of Chen, we construct
anew general inequality in terms of J-invariants for general warped product submanifolds of Riemannian
space forms.

We recall the following algebraic key lemma from [16]

Lemma 1.1. Let oy, g, - -+ , oy, B be (n+ 1) (n > 2) real numbers such that
O a)=m-1(_ai+8).
i=1 i=1
Then 2a1a0 > 3, with equality holds if and only if a; + as = a3 = -+ = ay,.

Also, we recall the following definition of the Chen first invariant, which is the main intrinsic invariant
in our inequality

8 () = F(TeM™) — inf{K(r) : 7 C T,M™,x € M™,dim 7 = 2}. (1.1)

The following theorem was firstly proved for Riemannian submanifolds in real space forms by Chen in
[16], it is known nowadays as the Chen first inequality. Ever since Chen published it, it has been extended
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for Riemannian submanifolds in various ambient manifolds [18]. By contrast, it was not proved for
warped product submanifold in any ambient manifold. Indeed, for example in [19] and [20], the authors
establish a general inequality for warped products in real space forms and in Riemannian manifolds, but
not addressing it in terms of his First Inequality. Therefore the present work is also an extension of the
two previous studies cited.

The Chen first inequality was first proved in this form:

Theorem 1.2. Let M™ be an n-dimensional (n > 2) submanifold of a Riemannian manifold M™ (c) of

constant sectional curvature c. Then

n?(n — 2)
n—1

where K and 7(7,,M™) are the sectional curvature and the scalar curvature of M", respectively, z € M".

inf K > %{T(TxM”) - |H|? — (n—l—l)(n—Q)c}, (1.2)

Equality holds if and only if, with respect to suitable orthonormal frame fields ey, - - - , e, €p41, -+, €m,
the shape operators of M™ in M™(c) take the following forms:

g 0 0 -+ 0
0 s 0 -+ 0
A =|lo o 0

ent1 o ;= 1t pe,

12 —hy 0 - 0
. -0, r=n+2,--,m.

A, =0 o

- O

0 0O 0 0 O
The following study is organized as follows:

After the introduction, we present in Section 2, the preliminaries, basic definitions and formulas. In
Section 3, we prove four preparatory basic lemmas, which are necessary and useful to the next section. In
Section 4, we consider general warped products in Riemannian space form to prove a general inequality
involving d-invariant and the mean curvature vector, as an answer to Problem 1. In Section 5, we provide
solutions to the Chern’s Problem, 'whether we can find other necessary conditions for an isometric
immersion to be minimal or not’, Corollaries 5.1, 5.3. In the last section, we address two open problems
related to the obtained results in this paper.

2. Preliminaries

Let M™ be a smooth Riemannian manifold. If we choose two linearly independent tangent vectors
X, Y € T, M™, then the sectional curvature of the 2-plane 7 spanned by X and Y is given in terms of
the Riemannian curvature tensor R by

~ B GR(X, Y)Y, X)
XA = R 050 y) — G

where ¢ is the Riemannina metric tensor furnished on M™.

(2.1
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In case that the 2-plane 7 is spanned by orthogonal unit vectors X and Y from the tangent space
T,M™, x € M™, the previous definition may be written as

K(m) = Kipn(X AY) = §(R(X, Y)Y, X). (2.2)

It is worth pointing out that, K (7) is independent of the choice of the orthonormal basis {X, Y} of ,
and it determines the Riemannian curvature tensor R completely (O’Neill, 1983). In addition, if K () is
constant for all planes 7 in T, M and for all points z € M™, say K (7) = ¢, then we call M™(c) a real
space form. In fact, space forms are regarded as the simplest important class of Riemannian manifolds.
Denoting by M™(c) a real space form of constant sectional curvature ¢, the curvature tensor of M™(c)
1s expressed as

forany X, Y, Z € D(TM™(c)).

In this context, we shall define another important Riemannian intrinsic invariant called the scalar cur-
vature of M™, and denoted by 7(7, M), which, at some x in M™, is given by

FTLM™) = > Ky, (2.4)

1<i<j<m

where K;; = K (e; A e;). Tt is clear that, the first equality in (2.4) is congruent to the following equation
which will be frequently used in subsequent sections

(T, M™) = > Ky (2.5)
1<i#j<m
For the subsequent sections we introduce another two concepts of Riemannian invariants. We first take

an integer k such that, 2 < k£ < m, then the Riemannian invariant [14], denoted by ©, on a Riemannian
m-manifold M™ is defined by

1 ~ i
inf Ricy, (e), €M™, (2.6)

@k(lﬂ) - (]{ — 1) IIg,ewn

where II; runs over all £-planes in TIJ\Z ™ and e, runs over all unit vectors in 1I;. The second invariant
is called the Chen first invariant, which is defined as

8y () = F(TuM™) — inf{K () : 7 C T,M™, x € M™,dimr = 2}. (2.7)

Next, we recall two important differential operators of a differentiable function ) on M™, namely the
gradient V1) and the Laplacian A1) of 1), which are defined, respectively, as follows

m

GV, X) = X(¥), A=) ((Vee)y — een)) (2.8)

i=1
for any vector field X tangent to M™, where V denotes the Levi-Civita connection on M.

In an attempt to construct manifolds of negative curvatures, R.L. Bishop and O’Neill [21] introduced
the notion of warped product manifolds as follows: Let N; and Ny be two Riemannian manifolds with
Riemannian metrics gy, and gy,, respectively, and f > 0 a C'"* function on N;. Consider the product
manifold N; X Ny with its projections 7 : Ny X No — Nj and mo : Ny X Ny +— Ns. Then, the
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warped product M™ = Ny x ; Ny is the Riemannian manifold Ny x Ny = (N} x No, §) equipped with
a Riemannian structure such that § = gn, + f2gns,.

A warped product manifold M™ = N; x 7 INo is said to be trivial if the warping function f is constant.
For a nontrivial warped product N; x; N, we denote by ©; and ©, the distributions given by the
vectors tangent to leaves and fibers, respectively. Thus, % is obtained from tangent vectors of NV via
the horizontal lift and ©» is obtained by tangent vectors of N, via the vertical lift.

Now, let {1, ,€n,,€n4+1, -+ ,em} be local fields of orthonormal frame of I'(T'M™) such that n1,
n, and m are the dimensions of Ny, N, and M™, respectively. Then, for any Riemannian warped product
M™ = Ny x 7 Na, it is a well-known fact that the sectional curvature and the warping function are related
by (see, for example [13], [14], [18])

i i f((€a N GA) = nZAf. (2.9)

a=1 A=ni+1 f

Here, it is well-known that the second fundamental form h and the shape operator A¢ of M™ are related
by

9(Ae(X,Y) = g(h(X,Y),§) (2.10)
forall X, Y e I'(T'M™) and € € F(TLM") (for instance, see [22], [1]).

Likewise, we consider a local field of orthonormal frames' {e1, - ,e,,€n41,*+ , €} ON M™, such
that, restricted to M", {ey,--- ,e,} are tangent to M" and {e,+1,- - , e, } are normal to M". Then, the
mean curvature vector H(x) is introduced as [22], [1]

H(z) = %Zh(ei,ei), (2.11)
=1

On one hand, we say that M™ is a minimal submanifold of M™ if H = 0. On the other hand, one may
deduce that M" is totally umbilical in M ™ if and only if h(X,Y) = ¢(X,Y)H, forany X, Y € ['(TM")
[23]. Itis remarkable to note that the scalar curvature 7(x) of M" at x is identical with the scalar curvature
of the tangent space T, M" of M" at x; that is, 7(x) = (T, M") [13].

In this series, the well-known equation of Gauss is given by

R(X,Y,Z,W)=R(X,Y,Z,W) + g(h(X, W), h(Y, Z)) — g(h(X, Z), h(Y,W)), (2.12)

for any vectors X, Y, Z, W € I'(TM"), where R and R are the curvature tensors of M™ and M™,
respectively.

From now on, we refer to the coefficients of the second fundamental form h of M™ with respect to the
above local frame by the following notation

hi; = g(h(ei, ej),er), (2.13)

1.Throughout this work, M™ = N; X y No denotes for the isometrically immersed warped product submanifold in M™. The numbers
m, n, ni, and ny are the dimensions of M™, M"™, N and N», respectively.
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where i,j € {1,....,n},and r € {n + 1,...,m}. First, by making use of (2.13), (2.12) and (2.2), we get
the following

m

K(e; Nej) = K(e; Aej) + Z (g(hi; er, BY; er) — g(hij er, by er)). (2.14)
r=n+1
Equivalently,
K(e; Nej) = K(e; Aej) + Z (R3hG; — (hE)2), (2.15)
r=n+1

where K (ei N\ e;) denotes the sectional curvature of the 2-plane spanned by e; and e; at = in the ambient
manifold M™. Secondly, by taking the summation in the above equation over the orthonormal frame of
the tangent space of M", and due to (2.4), we immediately obtain

27 (T, M™) = 27(T, M™) + n?||H||*> — ||h]|%, (2.16)
where
FTM") = > K(eNey) (2.17)
1<i<j<n

denotes the scalar curvature of the n-plane 7, M" in the ambient manifold M™.

3. Basic Lemmas

This section is devoted to prove key lemmas, these lemmas are essential to perform the proof of the
main theorem in the next section.

Now, let us recall the following significant key result for warped product submanifolds M" = Ny x ¢
Ns. 1t is well-known that the sectional curvature and the warping function are related by

A
SY Klegnen) =122 G.1)
a=1 A=n1+1 f
where {e1,- - ,€pn,,€n,41, - ,€n} are local fields of orthonormal frame of I'(T'M™) such that ny, ny
and n are the dimensions of Ny, Ny and M™", respectively. It is clear that e, € {e1,--- ,e,,}, and
€A € {€n1+1, T 7en}‘

Lemma 3.1. Let ¢ be an isometric ©-minimal immersion, from a warped product M"™ = N; X y N5 into
a Riemannian manifold M™. Then

na A(f)
f )

where D1 and D are the distributions of the first and the second factors of Ny x ; N, respectively.

[|h(D1,D9)|]> = F(T,M"™) — 7F(T,Ny) — 7(T,Ny) —

Proof. In virtue of the Gauss equation, we have

n?||H|? = ||h||* + 27 (T, M™) — 27 (T, M™). (3.2)
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Now, let {e1, - ,€n,,€ny415° ", €n = €nytnyt and {ep11,- - , ey, } be the local fields of orthonormal
frames of I'(T'M™) and I'(T-M™), respectively, where {e1, -+ ,e,, } and {€n, 11, ,€n = €ny1n, + ArE
the frames of I'(7T'Ny) and I'(T'N,), respectively. Then, and without loss of generality, choose e, to be
in the direction of the mean curvature vector H.

Now, from (2.17), we have
ni n
()= Y K=Y Y Kut Y Kt Y Kwo 63
1<i<j<n a=1 A=n1+1 1<a<b<ni n1+1<A<B<n

Via (3.1) and (2.17), the above equation is congruent to

TLQAf
f

In view of (2.15), it is common to have

7 (T,Ny) Z 3 ( b)2>+%(TIN2), (3.5)

r=n+1 1<a<b<ni

(T, M") = 7(TeN1) + 7(TNa). (3.4)

and

)= Y Y (W - (150)°) (0. 36

r=n+1n1+1<A<B<n

By (3.2)-(3.6), one directly obtains

(St) = 30 vt 3 Yo+ 22

=1 r=n+1 1=1 r=n+11,7=1
i#j

+2 fj > (hZa b — ( Zb)2>+2 i > ( r b — ( ZB)Z))

r=n+1 1<a<b<ni r=n+1n;+1<A<B<n

+2 (%(Tle) + F(TyNy) — %(TIM”)> .

By rearranging the right hand side terms in an appropriate manner, we can obtain

n

(Zh?@“): S S Y

i=1 r=n+1 a=1 r=n+1 1<a<b<ni
ps DRGHEED SR SR
=n+1 A= n1+1 r=n+1n1+1<A<B<n
DD NI EED DD SIRUAEED DI DR
r= n—i—lz‘j#‘l r=n+11<a<b<ny r=n+1n1+1<A<B<n
i#]

2n9/A . . N

+ 2f f—I—Q(T(Tle)—I—T(TxNQ)—T(Tan)>. (3.7)

© 2023 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |28



Since the the immersion is a ®-minimal warped product Riemannian manifold, we can write

Z Z(hza)z +2 Z Z hZa gb =

r=n+1 a=1 r=n+1 1<a<b<ni
m n m n 2
ro\2 r T _ n+1
E E (hlaa)” +2 E E AAhBB_(E:hii )
r=n+1 A=n;+1 r=n+1n1+1<A<B<n =1
and
m n m m
r\2 r \2 r 2
d > ()P -2y > (hy)?—2) ) (Wap)
r=n+11,5=1 r=n+1 1<a<bdb<n r=n+1n;+1<A<B<n

i#£]
m ni n
=23 > > (h)
aAl -
r=n+1 a=1 A=n1+1

By substituting the above three equations in (3.7), we immediately reach

23 Y = -2 —2(%<TxN1>+%<TxN2>—%(ﬂM")).

r=n+1 a=1 A=nq1+1

This gives the assertion. ]

For simplicity’s sake, we present three computational lemmas in this section. Once they are verified,
the proofs of inequalities in the next section become straightforward.

The following result is useful in proofs of the next inequality.

Lemma 3.2. Let ¢ be an isometric ©-minimal immersion, from a warped product M"™ = N; X y N5 into
a Riemannian manifold M™. Then, we have

LSl Y SR Y Mk - 3 () -

;;Jl r=n+2 ij=1 r=n+2 r=n+1

DNCLIETD D WARED SRS DD W (LRI}
;175]3 r=n+2 i,j=3 r=n-+2 r=n+1 j=3

where n and m are the dimensions of M™ and M™, respectively.

Proof. 1f we start from the left hand side of (3.2), then the first two terms can be respectively expanded
in this way

n

- Z hn—i—l Z hn—i—l +Z hn—i—l n+1 +Z hn—i—l : (3.9)

1,j=1 1,J=3
i#£] i#£]
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and

3

n

Z > (hpy) +Z DD DY
r=n i,j=3 i—3

rn+2]3 r=n+2 j

- Z Z ( 22)2>. (3.10)

r=n-42 r=n-42

DN —
NE
N|H

Using equations (3.9) and (3.10) to substitute the first two terms on the left hand side of (3.2), taking
into consideration the following relations

Z hiy 52"’5 Z (( 1?7+ ( 52)2> D) Z (R, + hiy)?,

r=n-4+2 r= n+2

r=n-+2

U S SIS Zh”“ 2 2y

7=3 r=n+2 j=3 r=n+2 j=3

= > (e W)

r=n+1 j=3

and

(his ")+ > (W)= ) (hin)?,

r=n+2 r=n+1

the right hand side of (3.2) follows immediately, and completes the proof. L]

Finally, for the inequality in the next section, we prove the following computational lemma.

Lemma 3.3. Let ¢ be an isometric ©-minimal immersion, from a warped product M"™ = N; X y N5 into
a Riemannian manifold M™. Then, the following holds

Ly +§ IS Z(( P 5)2) =

’J =3 r=n-+2 27.]:3 r=n-+1 j:3
Z#J
n 1 m
1 1
—ZW 5 2 ””mZZ "+ Z >
a,b=3 A,B:n1+1 r=n+2 a,b=3 r=n+2 A,B=nj;+1
a;éb A#B

D (USETAITD DD DD DECAS S

r=n+1 a=3 r=n+1 a=1 A=nq1-+1

where 11, n and m are the dimensions of Ny, M™ and M™, respectively.

Proof. 1t is not difficult to expand the following expressions as

Z Z hn—i—l 1 z]: (hZZ;H>2 +% Z n+1 + Z Z hn—i—l (3.12)
,ZJ#]?) aal;é:b?) A,i;rngl a=3 A=n;+1
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1 m n 1 m ni 1 m n
B Z (hi;)* = B Z ( Zb)2+§ Z Z (hyp)
r=n+2 1,7=3 r=n+2 a,b=3 r=n+2 A,B=ni+1

+ ) i > (hya)*. (3.13)

r=n+2 a=3 A=ni+1

If we use the above two equations to substitute the first two terms in the left hand side of (3.11), taking
into account the following equation

D N(CARICEIED D SR PD DD DD SRS

r=n+1 j=3 a=3 A=ni1+1 r=n+2 a=3 A=ni-+1

m ni m ni n
SIS (CHEICHS R DD D DRUNG
r=n+1 a=3 r=n+1 a=1 A=ni1+1
then the right hand side of (3.11) automatically follows. [l

4. First Chen Inequality of General Warped Product Submanifolds of a Riemannian Space Form

Theorem 4.1. Let o : M" = Ny xy Ny — M "(¢) be an isometric immersion of a warped product
submanifold M" into a Riemannian space form M™(c). Then, for each point z € M™ and each plane
section m; C T, N, n; > 2, fori =1, 2, we have:

() if m C T, Ny, then
TLQAf 1

2
oym(z) < 7||H|| -7 +§n1(n1—|—2n2—1)c—c, 4.1)
(ii) if 5 C TNy, then
n? - noA 1
Oz (2) < ?HHHQ— 2ff +§n2(n2—i—2n1 —1)e—c. (4.2)

Equalities of the above two inequalities hold at x € M™ if and only if there exists an orthonormal
basis {e1, - ,e,} of T,M™ and an orthonormal basis {e, 1, - ,en} of T;-M"™ such that (a) 7 =
Span{ey, es} and (b) the shape operators take the following forms:

(1) If 7, C T, Ny, then for r = n + 1, we have

pr R0 e O, Otny41 -+ Oy \
Wyt e 0 ' : '
0 0 1
Aen+1 — . . . . . . . ,
Oml 0 o - % On1n1+1 T Omn
Ottt =0 =0 oo Opgan | P 0 oo hibh,
K 01 coe e e Opy hz;;lﬂ oo prfl )
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Ho= p1+ 2.

If r € {n+2,---,m}, then we have
11 12 0 O1n, Oty 41 O1n \
51 —hip 0 : :
0 0 O3
A, = : :
0n11 0 0 0n1n1 0n1n1+1 Onln
OTL1+11 0n1+1n1 21+1n1+1 h;1+1n
\ Onl Onn1 :ml—i—l hgn )
(zz) If m9 C T,,Ns, then for r = n + 1, we have
€n+1 =
/ i o O1ny+1 O1n, \
hz;rll th_nll On1n1+1 Onln
O, 411 Ony+1m p I inss O Onit1n |
. . 1 .
hz;r+2n1+1 H2 0
0 0 L
: : 0 0
\ 0,1 Onn1 Onn1+1 0 K )
where = g + po.
If r € {n+2,---,m}, then we have
A, =
11 ny Otny+1 015 \
P e e RN Onyng+1 Oy
Ony 411 Onyt1n, ;1+1n1+1 ;1+1n1+2 0 Ony+1n
: : h;1+2n1+1 _h;1+1n1+1 0 .
0 0 0
: : : 0 . 0
Onl Onn1 Onn1+1 0 e 0 0

(i7i) If the equality of (i) or (ii) holds, then Ny x ; Ny is mixed totally geodesic in M™ (c). Moreover,
N1 X5 N3 is both ®-minimal and ©,-minimal. Thus, N; X N3 is a minimal warped product
submanifold in M™(c).
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Proof. For x € M", let m; C T,N; be a 2-plane. We choose an orthonormal basis {ey, - - -

y€n1y Eny+1,
,entof T,M™, where {eq,- - , ey, } is an orthonormal basis for 7, N7 and {e,,, €n, 41, - , €y} is for
T, Ns. Hence, {€,,11," - , €y} is an orthonormal basis of T;-M™. First, put 11 = Span{ey, ez} such that
the normal vector e, 1 is in the direction of the mean curvature vector H. By (2.12) and (2.3) we have
n?[|H|* = 2r(T,M"™) + [|B|]> = n(n — 1)c. (4.3)
Equivalently,
ni 2 n
(Z hg;1> = 2 (T, M) + |1 — nfn — 1)e — ( 3 nﬂ) SRS e
a=1 A=ni+1 a=1 A=ni+1
Putting

2
T = 2r(T M) — L2 (Z h”“)
ny —

_( 3 n+1> o3 S R o e (4.4)

A=ni1+1 a=1 A=n1+1

Thus, from the above two equations we may write

(Z h”“) (ny —1) (n + ||h||2>, (4.5)

1.e.,

n1 2 ni
(Z hg;1> = (m —1)(T1+Z(h3+1 + Z (R
a=1

a=1

A=nq1+1
+Y (T Y Z(hgj)z) (4.6)
i,‘];‘é:‘l r=n+2 4,5=1
1#£]

Applying Lemma 1.1 on the above equation for
= pl Yae{l,--- n}
and
B=Tir Y 0 S Y
A=ni+1 i,j=1 r=n+2 i,j5=1
i#]
then we derive

n

PRI C D SR S S (A0 @)

A=n1+1 J ‘1 r=n+2 i,5=1
i#]
From (2.3) and (2.12) we also have
m
_ T LT r \2
K(m)=c+ E ( 11he — (hiz) )
r=n+1
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Therefore, by combining the above two relations together, we get

n m

K(7T1)ZC+%T1+% Z Wi+ Z hiy 2(52)2
A=ni+1 r=n-+2 r=n-+1
4= Z hn—i—l 4= Z Z(h;‘j)2
i,j=1 7‘=n+2 1,7=1

From Lemma 3.2, it is obvious that the above inequality is identical to

K(W1)2c+%T1+%Z hith? 4 Z Z

1,]=3 r=n+2 ,7=3
7]
1 . T T & . T T 1 . n
DN S W S (UDERCHI P SRR
r=n-+2 r=n+1 j=3 A=n1+1

Hence, the above inequality yields to

n

K(m) > c+%T1+%Z )2+ - Z Z Z (h5h?

1,j=3 r=n+2 ,57=3 A:n1+1
7]

By (4.4) and the above equation, we obtain

2
-, 1
K(m) > c+71(T,M") + m =1 (Z h”“) %HHHZ — Qn(n —1)e

n

4+ Z hn—i—l _'_% Z Z(h;’])Z_’_% Z (hn—i-l)

1,7=3 r=n+2 14,j=3 A=ni+1
i#j

The above equation can be written as

2 A 2
(TN — K(m) < " d@)2 - 22 (20 e v
2 7 2 3
1 - n+1 - n+1
-5 2 Z Z Z (W2,
i,j=3 r=n+2 ,j=3 A ni+1

Applying the Gauss equation on 75 (7, N5), gives

i 1 m n 7, 1 m
—72(T:No) = —To(T: N2) + 5 Z Z (Rap)* — 5 Z niting41 T+
r=n+1 A,B=n;+1 r=n+l
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In view of the above two relations, we can write

n? - no/\ n? n _
A(TNY) — K(m) < AP = 220 (T e T
2 TF TV T2
n “ - T 1 - n
ROSTRIED D NCIES SR CINED S DI CHORED
7‘77153 r=n+2 1,j=3 A=ni+1 r=n+1 A,B=ni1+1
7]

Now, it clear that (4.11) is equivalent to the following

n® - no\ n® n .
(TN — K (m) < S - 222 (T e )
2 f 2 2
1 m ni . ni n
=5 2 2= > >
r=n+2 a,b=3 r=n+2 a=3 A—n1+1
1 sl
A¥ oY S oy wn
a,b=3 a=3 A=n1+1

Hence, the inequality in (7) follows directly from the above one.

If my C T, No, then put my =
we can write

n 2 ni 2 ni n
( > h"“) =27(TxM”)+||h||2—n(n—1)c—(thjf) -2 > hptah

Span{en, 11, €n,+2}. Now, following similar analogy like the first case,

A=n1+1

a=1 a=1 A=ni+1
Putting
—2
Ty = 2r(T,M") — =2 ( Z h”“)
A=n1+1
(Z h”“) —22 Z AR — n(n — 1)c. (4.13)
a=1 A=ni+1

Thus, from the above two equations we may write

(Z h”“) n2—1)(T2+||h||2>, (4.14)

A=n1+1

1.e.,

(i h”+1>2=(n2—1)(T2+§:(h3+1 n Z (B2

A=nq1+1 A=ni1+1
+ Z (R + > Z(h;ﬁj)2>. (4.15)
i,7=1 r=n+2 1,j=1

i#]
Applying Lemma 1.1 on the above equation for

=n0 Vae{nm +1,--- n}
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and

ni n m n
B="Ta+ ) (ha VP + D (B + > Y (h)’
a=1 1,j=1 r=n+2 ,5=1
i#]
then we derive

Ty 1P o 2 = (Tz + Z (R V4 D (R + > Y <h;>2>. (4.16)
ij=1 r=n+2 ij=1
i#]
From (2.3) and (2.12) we also have

r 2
71-2 =c+ § ( 1+1n1+1h’n1+2n1+2 ( n1+1n1+2> )

Therefore, by combining the above two relations we reach

m

1
Klm) 2 et Z e Z (P s1mig2)” + §T2

r=n-4+2 r=n-+1

4= Z thrl Z thrl +% Z Z(hzrj>2
;j;é]l r=n+2 i,j=1

Now, following similar procedure as the first case, the inequality of statement (77) follows immediately

For the equality case, we also distinguish two cases based on whether the 2-plane 7; is tangent to the
first factor or to the second. In statement (z), we consider m; C T, Ny, then the equality holds if and only

if all equalities of (4.7), (4.8), (4.9), (4.10) and (4.12) hold. One can see that these equalities hold if and
only if the following conditions are satisfied, respectively.

() hif + R =h = =R
() D (Al +hh)*+ ) Z(( T2+ ( £j>2> =0,
r=n+2 r=n+1 j=3

(iii) (Z h”“) = Z (W tpggr o+ o) =0,
r=n-+1
LIS NUAED S b I

r=n+2 a,b=3 r=n+2 a=3 A= n1+1
ni
n+1\2 n+1
ey Y
a,b=3 a=3 A=ni1+1
a#b

From condition (7i), it is clear that N; X s Ny is both ®;-minimal and ©»-minimal warped product
submanifold in A/™(c). This implies that N; x ¢ Ny is minimal in M™(c).

© 2023 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |36



Now, we are going to classify the other conditions in two categories, according to the normal vector
field r. Firstly, if » = n + 1, then we have

thrl _ thrl

nini’

thrl 4 hn+1

and
SUAEDSEAED S WP WIS
a,b=3 a=3 A=n1+1
a;éb
Equivalently,
p A0 O1n, O1ny+1 O1n \
B ' ‘ :
0 0 W
Aen-‘,-l - : : ) ' ) )
On11 0 0 c % On1n1+1 On1n
Opy+11 Ony 410y hZﬁlnlﬂ hz;:&m
\ Op1 Opn, ht hrtl
Ho= fi1 + H2.

Secondly, if r € {n + 2,--- ,m}, then the conditions above imply

b= b= hh= Zhab—z Y hpa=0.
j=3 j=3

a,b=3 a=3 A=n1+1
Equivalently,
1 2 0 O1ny O1n,41 O1n \
T ' . . .
21 _h’ll O
0 0 033
Aer _ : : T :
Oml 0 0o - Omm 0n1n1+1 Omn
0 O ' T
ni1+11 ni+1ng ni+1n1+1 ni+1n
' '
K Onl Onn1 nni+1 hnn )

Obviously, the above two matrices

M™(c).
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show that Ni x; Nj is mixed totally geodesic submanifold in



Analogously, the equality sign in (zz) holds if and only if the following are satisfied

n+1 n+1
(hn n Otny i1 Oln\
n+1 n+1
PR VA Oy 1 . N
n+1
A6n+1 = On1+11 ettt On1+1n1 1 hn1+1n1+2 o - On1+1n s
: : n+1 .
hn1+2n1+1 H2 O
0 0 W
: e T : : : 0o - 0
\ Ont +++ -+ Opn, Oy 41 0 e 0
where (1 = 1 + po.
Also,
T e . Otnys1 R
r r
AP Oniny it e e O
r r
AeT = | Onyt11 -+ o Ongang hn1+1n1+1 hn1+1n1+2 0 Oy +1n
. . . r .
hn1+2n1+1 _hn1+1n1+1 0
0 0 0
L : : 0 .0
\ Opt +++ o+ Opn, Oy 41 0 e 0 0

Clearly, N1 x ; N> is mixed totally geodesic in M "(c). Also, it is not difficult to show that N; x y Ny
is both ®1-minimal and ®,-minimal, which implies the minimality of N; x y Ny in M™(c). L]

5. Answer to Chern’s problem: Finding the necessary condition for warped products to be
Minimal

As answers to Problem 2, we therefore apply the above result (i.e., (zzz) from Theorem 4.1), which give
a necessary condition for a warped product submanifold to be minimal in a Riemannian space form.
So the first answer is:

Corollary 5.1. Let o : M" = Ny x; Ny — M"™(c) be an isometric immersion of a warped product
submanifold M™ into a Riemannian space form M ™ (c¢). Then, for each point z € M" and m C T, Ny,
we have:

1
”QfAf < Smi(ni+ 20y — e —c. (5.1)

and if the equality holds, then ¢ is minimal.

Remark 5.2. Consider any Riemannian manifold, a corresponding answer for Chern’s problem can be
obtained.
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The second answer for Chern’s problem is:

Corollary 5.3. Let ¢ : M" = Ny x5 Ny — M™(c) be an isometric immersion of a warped product
submanifold M™ into a Riemannian space form M "™ (c). Then, for each point z € M" and my C T, N,
we have:

1
5N;2 (37) + anAf < —nz(ng + 2n1 — 1)6 —C, (5.2)

2
and if the equality holds, then ¢ is minimal.

6. Research problems based on First Chen inequality

Due to the results of this paper, we hypothesize the following open problems

Problem 3. Prove the first Chen inequality for warped product submanifolds in complex space forms,
Sasakian space forms and Kenmotsu space forms for examples.

Secondly, we ask:

Problem 4. Give answers to Chern’s problem for ambient spaces in the previous remark.
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