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ABSTRACT. In the present paper, we introduce an efficient method for the estimation in the multidimensional case. The
key idea is based on a good assessment of the error without using confidence intervals. The consistency of the proposed
estimate is established. Consequently, we discuss the estimation in statistical tests corresponding to parametric context,
and prove that this kind of estimators ensures the optimality of statistical tests. We partially extend the scope of our study
to some processes. In order to examine the performance of our methodology, finite sample results are performed. This
work completes and extends in nontrivial way the results obtained by Lounis (2017).
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1. Introduction and Motivation

Parametric estimation has been the subject of intense investigation for many years and this has led to
the development of a large variety of methods. Because of numerous applications and their important
role in mathematical statistics, the problem of estimating the parametric models has been the subject of
considerable interest during the last decades. For good sources of references to research literature in this
area along with statistical Pfanzagl (1994) Lindsey (1996), Bickel et al. (1998), Lehmann and Casella
(1998), van der Vaart (1998), Lehmann and Romano (2005) and Cheng (2017). Assume the model
can be parameterized as @ — Py where 0 is a Euclidean parameter. Our main interest is estimation and
inference for the parameter of interest . Various parametric methods of estimation have been extensively
investigated, among others, including the method of moments, Least Square Estimator (LSE), Maximum
of Likelihood (ML) and Delta method. Attention was confined to parametric models and much effort has
been expended in constructing efficient estimators. Consequently, applications were provided in several
mathematical fields, such as in testing problems. Recall that, large variety of tests statistic and their power
functions are expressed in terms of unknown parameter. Often, estimation of this parameter induces an
error which deteriorate the asymptotic power. In general, most of these tests are not asymptotically
distribution free (ADF). The obtaining of an explicit expression of the power functions is often more
complicated. To be more precise, computation of their limiting distribution under alternative hypothesis
is more difficult. But, when the null and alternative hypothesis are contiguous, thus will be deduced
by making use of the Le Cam’s third Lemma. In practice, the direct proof of the contiguity is delicate.
However, this property follows when the local asymptotic normality (LAN) is established. It is worth
to notice that several versions of LAN exist in literature, among others, we cite the versions of Le Cam
(1960), Hall and Mathiason (1990), Swensen (1985), Hwang and Basawa (2001, 2003) and the references
therein. For excellent resource of books the interested reader may refer to Roussas (1972), Le Cam (1974,
1986), van der Vaart (1998) and Shiryaev and Spokoiny (2000). Notice that with the contribution of Le
Cam’s LAN methodology, optimality of test statistics was obtained in some research works, we may
refer to Linton (1993), for related topics we refer to Drost et al. (1997), Robinson (2005), Koul and Ling
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(2006) and the references therein. For this same purpose, a modified estimator (ME) was introduced in
Lounis (2011), that has some limitations in practical considerations. To be more precise, let us recall the
corresponding definitions and notations. Let Y7, ...,Y,, ..., Yy be observations from a random variable
Y with a probability Pg, where @ a parameter in an open subset ® of R?. V,, denotes a real random
function which will be assumed to be defined and differentiable around the parameter 6. Suppose that
the following identity will be satisfied

Va(0) = Vi (82) + D+ op(1), (1.1)

where D, is a specified random function and én is a y/n-consistent estimator of 6. Under (1.1), in Lounis
(2011), it has been shown the existence of another estimator 8,, of @ such that we have

V,.(8) = V., (6,) + op(1). (1.2)

Here op(1) denotes a random variable converging in probability to O as n — oco. The true meaning of
identity (1.2) is the absorption of the error D,, and the equivalence (up to op(1) term) between the random
variable V,,(0) and its estimated version V,, (En) This plays an instrumental role in the asymptotic
theories, such as in the proof of the optimality in statistical test problems. Observe that in the equality
(1.1), D, 1s assumed known. But in practice, D,, is, in general, unspecified. This corresponds to the
first difficulty. Notice that Taylor expansion is a useful tool for the specifying of the quantity D,,. In
general, this last quantity depends on an asymptotically no degenerate error e,, = \/n (én —0). Based on
confidence intervals, it has been proved in Lounis (2017) that e,, is equivalent to \/ﬁ(gn — Oy), where
N = [n!'™#] + 1, u denotes some positive constant, and the script ““| - | corresponds to the integer part.
The main drawback of this methodology is its dependence on a level confidence. This also presents an
additional problem. Recall that study of consistency of an estimator is the first step and plays a major
role. In Lounis (2011), consistency has not been investigated in a precise and detailed way. A sufficient
condition was stated, and its checking remains difficult in practice. In this sense, we propose a new
method to obtain a modified consistent estimator. Lastly, the random variable V,, is real. This reduces
the possibilities of applications and more specifically in the multidimensional case (i.e., V,, takes value
in R?). This corresponds to the forth difficulty. Notice that the constructing of ME mainly follows two
steps. The first one consists to specify D,,. The second one is the avoiding of the effect of this error.
The main purpose of this paper is to provide solutions to the previously stated problems. Consequently,
applications are provided in estimation theory and testing problems. First, without using confidence
intervals, we develop a new and simple method for the evaluation of the error

This enables us to specify D,,. Subsequently, we extend our results to the case where V,, takes value in
R? and we show that our method is also valid when the sample size is equal to IV, the whole sample size.
Finally, an explicit form of ME based on all observations is given. In addition, a method to show the
consistency of our estimator is developed. Note that the construction of ME in the multidimensional case
1s a direct consequence of Gauss elimination method. As application of the preceding results, we discuss
the estimation of unknown parameters in statistical tests. We therefore prove one of the most important
property, which is the optimality.
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We now explain the link between the ME and statistical testing problems. We first note that a large
variety of classical tests and their power functions are described by a random variable called central
sequence. This central sequence corresponds to the principal part in logarithm likelihood ratio. As
explained previously, we show the existence of an estimator 6,, of 8 such that

V,.(0) = V, (6,)+op(1), (1.3)

where V,, takes value in R?. It is easy to see that when V,, is the central sequence, the above equality is
just a particular case. This means that the equivalence between central sequences V,,(6) and V,, (én) is
established. Because the power functions are described from central sequences, equality (1.3) suffices to
deduce the optimality. In addition, computation of the limiting distribution under alternative hypothesis
is one consequence of the contiguity property.

The paper is organized as follows. Section 2 is devoted to describing our main results. Section 3
provides some applications in testing problems and empirical processes. In order to illustrate the perfor-
mances of the proposed methodology, some finite sample results are reposted in Section 4. Some con-
cluding remarks are given in Section 5. All mathematical developments are relegated to the
Section 6.

2. Estimation in multidimensional case

In this section, we present the multidimensional version of the modified estimator. In this context both
the parameter 6 and the sequence V,, take values in R%. This new version extend the results obtained in
Lounis (2011) from a real random sequence V,, to a multidimensional sequence V,,. We first introduce
some notations and state the conditions that we will use in our analysis.

2.1. Assumptions and notation

Throughout all the paper, R? denotes the d-dimensional real vector space equipped with the Euclidian
norm ||-||,and d > 1 denotes a positive integer. Let Y7, .. ., Y}, be observations with a Py that depends on a

~

parameter @ ranging over some open set ® in R?. We denote by 5n = (én’l, ..., 0, q) the /n-consistent
estimator of @ = (601, ..., 6,). Thought, V,, denotes a random function defined and differentiable around
0 and take values in R%, defined as follows

V, : R* 5 R?
T — (Vn,l(x), . Vn,d(x)).

In order to describe our methodology, the following identity will be imposed
(A.1)

Va(®) = Vi (8a) + Do+ op(1), @.1)
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where D, is a random vector such that, D,, = (D,,1,...,D,4) and foreachi =1,...,d,
D,.i = Op(1).

We mention that up to an op(1) term, the quantity D,, corresponds to the vector error in the estimation of
the random sequence V,(0). We introduce the d x d matrix A,, by

OVni(0) OVn1(0)
801 @Qd
A, (0) = s g : : (2.2)
IV,.4(0) OV ,.q(0)

—d0 T db,

Subsisting 6 by én into (2.2) gives

801 aod
A, (5) - : : 2.3)
OV, (én) OV, (én)
o9, " o8, |

In a sequel, it will be assumed that:

(A.2) For all positive integer n, the matrix A,, (@L) is invertible.

Our goal is to construct another estimate ,, of @ that make the error D,, in (2.1) negligible. More
precisely, we shall construct an estimate satisfying to the following identity

V,.(0) = V,(6,)+op(1). (2.4)

Clearly, equality (2.4) gives an equivalence between the random variable V,(8) and its estimated version
V, (ﬁn) and this plays an instrumental role in estimation and testing problems. We present this in more
details in the next sections.

In addition, we suppose that V,,(8) is expressed as follows

V,(0) = (\_/—%Zn 0,Y,),..., \_/_%ZT”Z (9,Y,-)>, (2.5)

here Y;, j = 1,...,d is a function defined from R? to R and differentiable around 6, and Y; =
(Yict,oo, Vi),
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2.2. Main results

Let Xq,...,X,,..., Xy be observations from a random variable X with a distribution IP), where \ is
a parameter of A in R. We denote by \,, a \/n-consistent estimate of . Then, we have our fundamental
statement.

Proposition 2.1 (Evaluation of the error)
Let n and N be natural positive numbers such that n = o(N). Then, we have

\/ﬁ(/\ — M) = \/E()\N — )+ 0[[»(1).

It 1s worth noticing that this proposition is more general than (Lounis, 2017, Proposition 1) where
the result depends on some confidence intervals depending on some level. This is an advantage of
Proposition 2.1 that is free of such restriction. Consider again (2.1), and observe that, in a general the
quantity D,, is unknown. In order to specify it, we apply Proposition 2.1 and make use of the following
assumption.

(A.3) For each (i,7) € {1,...,d} x {1,...,d}, and for all consistent estimate 6, of 6, the random
variables

OV, (6, 02V, (6,
\/15 aeg) and \/15 aeiagj)

are bounded in probability.

We state the following proposition.

Proposition 2.2 (Equivalence between true and estimated version sequences)
Let n and N be natural positive numbers such that n = o(N). Suppose that (A.1)-(A.3) hold. Then,
forallj € {1,...,d},

Vi3(8) = Vs (8) + Do+ 0n(1), (2.6)

where

6,

Dy = Z # (ém _ §W-) . .7)

This last statement gives an explicit form of the error vector D,, and by the way completes the results
obtained in Lounis (2011, 2013). Making use of the last result, we construct our ME which satisfies the
identity (2.4). This is summarized in the following theorem.

Theorem 2.3 (ME when V,, : R% — R%)
Let n and N be natural positive numbers such that n = o(N). Assume that (A.1)-(A.3) hold. Then
there exists an estimator 0,, of 0, such that

V,.(0) =V, (6,) + op(1), (2.8)
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and

0,=0,+A" (En) D,. (2.9)

We shall now investigate the consistency of the modified estimate. We start by processing the case
when V,, : R* — R. From the Proposition (2.2), it follows that

Va(0) = Vi (8) + Dy + 0p(1),

where

C oV, (8.)
D, = Z_; a—ei(eN,i - 6n,z>

As explained in Lounis (2011)[Section 1.1], the ME 6,, = (0,,1,...,80,4) is deduced from a \/n-
consistency estimator 4/9\,1 = (/H\n,la . ,/O\n,d) of @ = (64,...,0,). This is done by disrupting only one
component of 5n and keeping the other components unchanged. For instance, if we only disrupt En in
its j-th component, then we obtain an explicit form of 8,, described as

On; = 6,5, i#£j, i=1,...4d,
0,; = 6+, (2.10)
where
D
9, = n___ 2.11)
v, (en)
00

By the fact that the estimator én is d-dimensional, it results from this procedure d different ME. The
natural question is : Is all these estimators are consistent? The answer is given in the following theorem.

Theorem 2.4 (Consistency when V,, : R? — R)
Let n and N be natural positive numbers such that n = o(N). Suppose that (A.1) and (A.3) hold.
Then the ME 0,, = (Em, . ,Emd) of 0 defined as

~

0,; = 0,;, i#j i€{l,....d},
gn,j = 9n7j+19n

where
D,
Uy = — . (2.12)
v, (en)
225 o8,

is a v/n-consistent estimator of 6.
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This last result means that, to obtain a /n-consistent estimator of 8, it suffices to disrupt én at the
component j of 8,, that satisfies the following identity

00; 1<i<d 00;

Now we state a general result concerning the case when V,, : R? s R?,

Theorem 2.5 (Consistency when V,, : R? — R%)
Let n and N be natural positive numbers such that n = o(N). Suppose that (A.1)-(A.3) hold. Then,

If we assume that

]det(An@n) > nf,

then ME 0,, is \/n-consistent estimate of 0.

Theorem 2.5 gives a sufficient condition for the obtaining of /n-consistency in multidimensional case.

Our result concerns rather a sub samples of size n. It is judicious to study this problem by using all the
N observations. As stated in Proposition (2.2), equivalence between V,,(68) and V,, (On) 1s obtained

under assumption that n = o(V). The extension to large samples requires a similar condition. To this
end, consider the following decomposition

N = |[N3?]4+m
= s+ m, (2.13)

where, 7 is some positive real in |0; 1[. In a sequel, in order to have s > m, we choose 7 sufficiently
small. Let us denote by @, 0,, and 8 the estimators of @ based respectively on samples Y7,... Y,
Yits,..., Yy and Yy, ..., Yy. Therefore, we state one of our main results.

Theorem 2.6 (Extension to total observations)
Suppose that (A.1)-(A.3) hold. Then, we obtain the following assertions.

1. We have

Vi, (0) = Vi, (53) Dy +op(1), j=1,....d. (2.14)

d_ gV

I O REICH RES wec ORI
i=1
4 OV (0m) .
SR Vs (80) Vs (8)] + 22+ [
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2. There exists an estimator 0 of 0 such that

VN (0) =Vy (0x) + op(1), (2.15)
with
Oy = 0,+ A7 (55) Dy, (2.16)
and
Ds,m 1
Dy = : : (2.17)
Ds,m d
3. If we have

d
2
)

‘det(AN (55) > N

then ME 8,, is \/N-consistent estimate of 6.

~(k
Remark 2.7 Notice that we can obtain B = ( ]f,) samples of size s. Let us denote Hi : the estimate based

~(k
on the k-th sample, fork =1,..., B and 97(71) based on the reminder sample. An application of Theorem
2.6, implies, in turn, that we have

B
1 ~(k) :
Vi, (0) = B Z {VNJ' <95 ) + ngg”} +op(l), j=1,...,d,

k=1

where

Dsmj = —

k)
AV
Vo, (89) v S <> b, 0"
m,J m] 89 N,i 5,8
(k
d OV j (0m>

~(k
<em—eaz>
i
. %) (k) 5 (k) M (k)
; fﬁ [vmj (6! ) v (8] ¢ 5o+ [t

Likewise, we have

3%

Viv(0) = Viy (B1) +oe(1),

with

1 < (k)
B2 {93

k=1
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and

P

ol = | &
’ (k)
1)& ,d

Clearly, this last statement provides an equivalence between the random variable V (6) and its esti-
mated version V y (EN) with using all the N observations. This extends the results obtained in Lounis
(2017) where only a subset samples of size n was considered.

Recall that is this constructing, ME is mainly based on decomposition (2.13) and equality (2.14) that
will be rewritten as

VN,j <0>_VN,] (aN) :Ds,m7j+01?<1>, ] = 1,...,d.

Then, to aim to construct a ME very close to the unknown parameter, it suffices to minimize the error
Dy, in its components D; ,, ; for j = 1,.. ., d. Therefore, we determinate the value of 7, satisfying the
following criterion

d

no = argmin » Dy |, suchthat, s = [N'""| and s > m. (2.18)
O<n<1

j=1
Notice that when the two reals 7; and 7 may be different, the equality [N'~7| = | N!="2| will be
satisfied. This explains that in a general, the value of 7 is not unique. Moreover, this gives an answer on
an issue that was left open in Lounis (2017) and concerning the proper choice of the value of 7.

Observe that, in (2.18), 1y depends on the first partial derivative of the sequence V. We will give
now an extension of our study to the case when this error is expressed in terms of a high order partial
derivatives. In our previous presentation, we have seen that Taylor expansion is a fundamental tool to
specify the estimation’s error. To be precise, return back to the Theorem 2.6, and observe that for each
component j = 1,...,d, errors D, ,, ; are expressed in terms of the partial derivatives with order 1 of
the random variable V ;. We now propose to study this problem when the error D; ,, ; is described
with higher partial derivatives. Consequently the error of estimation will be reduced and a best rate of
convergence of ME will be obtained. We start by processing the case when V,, : R — R. After that
we extend our results to the case when V,, takes values in R?. To this end, it will assumed that V,, is
p—differentiable around @, where p is an integer such that p > 2. In this setting, assumption (A.3) is
replaced by the following.

(A.4) For all consistent estimate /O\n of 8, foralla=1,...,pandi =1,...,d, the random variables

| 0OV, (En)
Jn 00, .06, [

are bounded in probability, where Z?Zl ij =, and k > 1.
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We need to prove the following technical result.

Proposition 2.8 (Evaluation of the error in general case)
Let n, N and q be natural numbers such that n = o(N) and q > 1. Then

2\ —A)? =n2(Ay — An)? + op(1).

It is easy to see that when ¢ = 1, we obtain Proposition 2.1. We are ready to state the following.

Theorem 2.9 (ME with order p when V,, : R? — R%)
Suppose that (A.1)-(A.2) and (A.1) hold. Then, we obtain

Lo Vyg(0) = Vi (8,) D0, + os(1), (2.19)

where

0, = 2V (3) v 0]
1 0V, (0,) .
+\/%; % (9N7i - 95,1')
m

+\/ NDs,ja

and

2. There exists an estimator Oy of 0, such that
Vy(B) =Vy (EN) + op(1),

and

3. If we assume that

‘det(AN (55)

then ME ,, is \/n-consistent estimate of 6.

It is possible to propose an estimate based on several samples in a similar way as in Remark 2.7. This
will given as follows. From Theorem 2.9, we have

AN
Vni(0) = Vn; |0, | +Dg,.; +op(l), (2.20)
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where

~(p) () m ~(k) ~(k)
o 5 () el a2
~(k
3 d 0V5,j (Oi )> )
VN ; 2, (HN”' B 9”’)
[T (k)
+ N’DS’J 9
~(k) 1

= v, (87) ey -8+t
] T $J s N s (p_1>|

and

D

As an estimator, one can use 6y of 6, such that

B
VN(G) = %ZVN (555)) + O[[D(l),

1=1

3. Some applications

In the first part, we recall that one of the most important property in testing problems is the asymptotic
optimality. For discriminating between two models, we use Likelihood Ratio statistic test. Is is worth
noticing that from the LAN property the contiguity follows. We then deduce the limiting distribution
under alternative hypothesis. Estimating of the unknown parameter in the times series setting often
induces an error which may deteriorate the asymptotic power. We then show that the applying of our
procedure permits to maintain the test optimality. In the second part, we discuss how our results may
be extended the framework of the empirical processes. More precisely, we study the empirical marked
process considered in Stute (1997) for testing the hypothesis that a regression function to belong to
a specified parametric class of functions. We define a new transformation that gives the equivalence
between the process with the true parameter and its estimated version. We introduce a multidimensional
version of marked processes and we show then that our method enables to keep the same asymptotic
properties of the initial process.

3.1. LAN property and testing problems

Based on the approach of quadratic mean differentiability, Hwang and Basawa (1993) established a
LAN property for a class of a non linear time series models. The corresponding context is that the
error process 1s not necessarily gaussian. Our main goal in this section, is to apply our results in testing
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problems derived from this LAN property. In the sequel of this section, we use a notation similar to that
used in Hwang and Basawa (1993) including some changes absolutely necessary for our setting. Let
Y1,Ys, ... be a sequence of a random variables on the probability space (€2, F,[Py), generated from the
model

Y, = HQ(Y;g_l,Zt)‘i‘Gt, for t:1727"'7 (3.1)

where ¢; and z; are two zero mean processes independent of Y where s < t. Let ¢; be a sequence of
i.i.d. random variables and not necessarily gaussian. Hy(-,-) is a known function. Some specification
of Hy(-,-) show that the model (3.1) embodies a large class of non linear times series models. Among
others, we cite RCAR(1), ERA(1), TAR(1) and RCT AR(1). For more details, refer to Hwang and
Basawa (1993). [Py is a probability measure indexed by an unknown parameter § of ® C R¢. [F,, denotes
the o-field generated by (Y71, ...,Y,,) and IP,, y corresponds to the restriction of Py on IF,.

The log-likelihood ratio is defined by the quantity :

)\n - log(pn,ﬂn/pnﬂ)a Qn =0+ h/\/ﬁ,
where p,, ¢ is the density function corresponding to I, y and h is a fixed d x 1 vector of real numbers.

For the special case when z; degenerate at 0, the model (3.1) will be rewritten as follows
Vi = Hp(Yio1) + ¢, for t=1,2,... (3.2)
By imposing the following assumption

(C1) There exists a square-integrable random variable (under Hy) Ky(Y;_1) and a positive constant ¢
(which may depend on ) such that for all § with |§ — 0| < ¢,

VHy(t —1)(0)] < Kp(Yi-1),
where V Hy(t — 1)(f) represents O Hy(t — 1)/80 ath =0,

Hwang and Basawa (1993) deduced the LAN property of the model (3.2), under [Py- probability. This is
precisely described as follows.

N = BTS,(60) %hTI(QO)h + op(1), (3.3)

where

A = 10g (La(0h) /L(80))

- /(&)
Sn(6y) = —n§ZVHt_1(90)f(?) . dx 1 vector,
i=1 !

1) = E, [(VHH(QO)) (VHtl(QO))T} Cip: dx d matrix,
(3.4)
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12
where ip; is defined to be [;E;] , Ly(6) is the likelihood function of (Vi,. .., Yy) under By, condi-

tional on Yj, and h a fixed d x 1 vector. To test
HO 0= 80

VETrsus

HY :0=06,+ h/VN,
a likelihood statistic test Ty is derived from the LAN property (3.3) of the model (3.2), with

Ty = —log (LN(QO)/LN@ML)) . (3.5)
Here, @M 1, denotes a one step estimator maximum likelihood of ¢ described as

é\ML = HN—f—N_TlI_l(@N)SN(QN), (3.6)

where 0 is a preliminary /N-consistent estimator of 6. In addition, it has been shown that this test is
optimal, in the sense of Hwang and Basawa (1993), pp. 94-95. From Hall and Mathiason (1990), Ty
converges in distribution under Hy and under H", respectively, to x?(d) and x?(1, d). The non-centrality
parameter y is equal to h'I(6y)h. By considering the expression (3.7), one remark that the statistic test
and its limiting distributions are depending on an parameter 6y. But, in practical use, this value remains
unspecified. Then, we show that it is possible to replace this unknown parameter by an estimator which
insures the preservation of the asymptotic optimality. This is treated later in the simulation study.

3.2. Equivalence of processes in multidimensional case

In a parametric context, some general methods for testing goodness-of-fit are studied in several papers,
among other, we refer to Khmaladze (1981, 1993), Koul and Stute (1999), Khmaladze and Koul (2004),
Delgado et al. (2005), Koul et al. (2005), Stute et al. (2006), Escanciano (2007), Alvarez-Andrade and
Bouzebda (2014) and references therein. Most of these papers describes a transform whose the corre-
sponding tests are ADF. These methods are complicate in practical situations. This section provides an
extension of our methods to the multidimensional processes. Our construction mainly uses some results
obtained in Stute (1997) corresponding to unidimensional marked empirical process. Our technical ar-
gument consists to construct an estimate which insures the equivalence between the multidimensional
marked process and its estimated version. We also show that our transformation enables to obtain lim-
iting laws with are distribution free. These results are particularly important because our transformation
shares the same properties with the initial processes and can be easily used for performing statistical
tests. The application of the Proposition 2.1 permits to achieve successfully our construction. In the
sequel of this section, we use a notation similar to that used in Stute (1997) including some changes.
Through (X,Y") denotes a random vector in R9"¢ equipped by its appropriate Euclidian norm. It will
assumed that Y = (Y7, ..., Y}) is integrable with its associate regression function, for z € RY,

m(zx) = (ml(x),...,md(a:)),
. (E[}G|X:x],...,E[Yd|X=x]).
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Stute (1997) introduced a marked empirical process based on residuals in order to test the hypothesis that
the regression function m(+) is assumed to belong to a given parametric family

M = {m(-,e), 0 c @},

Here © is a subset of R?. This is also equivalent to test
Hy:m e M versus Hy :m ¢ M. (3.7

Let us introduce the multidimensional standardized process R,,(z) by the following, for z € R,

Rolz) = (le(x), o ,Rn,d@;)),

(3.8)
where, forj =1,...,d,
Rnj(x) = Run,(x;0)
= Y iy [y; —m;(X;, 9)] . (3.9)
i=1
Note thatY; 1 , ..., Y}, is a sample of size n from the random variable Y, j = 1,...,d. As explained in
Stute (1997) and by setting
Ry j(—o0) = 0,
and
Rojlz) = n 12 En: [Y; —my(X3)], (3.10)
i=1

each component of the multidimensional process R, (x) is continuously extended to —oo and +oo.
Notice that R,, ;(x) is a sum of an i.i.d. random variables conditionally centered at X; with variances

T

Tj(x) = /Var(Yj | w)F(du). (3.11)

An application of the CLT, gives

Raj(z) B N (0, Tj()). (3.12)

~ ~ ~

By replacing 6 by its \/n consistent estimates 6;,, = (Bj,n,l, e ,9j7n’d) in the equality (3.9), we find
the estimated version of these empirical processes described by

Re () = Ruj(@)(8;.)
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= nil/zzﬂ{xigx} [Y}z - mj(Xz‘,aj,n)]7 j=1,....d (3.13)
i=1

Testing problem (3.7), is equivalent to
H() Comy = m]‘<'700) versus Hi : m; 7é mj‘('700), j = 1, .. .,d, (314)

where 6 an interior point in ©. We start by establishing a link between R, () and its estimated version
RL(x). By using a same assumptions as those used in Stute (1997), we treat separately each component
R, ;. After that, we present our main results.

3.3. Assumptions and main results
The following assumptions are required. Let F'(-) denote the unknown distribution function of Y.

(D.1) We assume that
EY;] < oo, for j € {1,....d}.

(D.2) (i) Forallj e {l,...,d}, mj(x,8) is continuously differentiable at each 6 an interior point in
CH
(ii) Set
om;(x,0 T
gyl 0) = O () (0.0). . gya(r.0))

There exists an F- integrable functions M;(x) such that

1962, 0)| < M;(x), (i,5) € {1,...,d} x {1,...,d}.

We denote by
-
Gi(z,0) = (Gj,l(x, 0),...,Galx, 9)) ,
where,
GjJ(SU, 9) = / gm(u, O)F(du), (Z,]) € {1, Ceey d} X {1, Ceey d} (315)

— 00

Now we are ready to state our first result in the multidimensional case.

Theorem 3.1 (Explicit link between multidimensional empirical marked process ant its estimated ver-
sion)
Suppose that (D.1)-(D.2) are satisfied. Then under Hy : mj = m;(-, 0y), we have, uniformly in x,

~ ~

Ruvj(e) = R () + Gy (2,850,050 ) +02(1), j=1,....d,, (3.16)
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Theorem 3.1 is similar as Theorem 1.2 of Stute (1997). In our work, equality (3.16) is not depending
on an unknown parameter. Under similar assumptions as in the Theorem 3.1, we are ready to state our
more main result.

Theorem 3.2 (Equivalence between processes)
For each j € {1,...,d}, there exists a transformation S = Sq; from R? to RY such that

Ry;j(@)(0) = Rn;(@)(0;n)+ op(1)
= Ru,z) (de(éN))+ ox(1), (3.17)

Su,(On) = Oy + P,
PT - (p17"'7pd)a

and

Gj (I,Oj’8,9j7m>
T , (3.18)
=1 N m; iy Yim
—N= ), — 0. X <a)

pi = 0, for ie{l,...,d}\{d;}.

Pd; =

The notation Sy; above means that with a quantity py;, the first estimator §j7 ~ was only disrupted at
the component d;. This transformation is no more than a translation in a component (the d;-th one).

Clearly (3.17) provides an equivalence between the considered process Ry ;(z)(€) and its estimated
version Ry j(z)(0; ). This is very useful in testing problems as we can see in the following. Observe
that in this case, the disruptions described in (3.18) are also processes. Notice that the results of this
section may be completed by a deep investigation in order to give a full characterization of the modified
processes. This needs some results about the tightness of the modified processes that can studied in a

similar as in Stute (1997).

3.4. Testing problem

Return back to testing problem (3.7) considered in Stute (1997), that we will describe in simple sit-
uation, for fixed . As mentioned already in (3.12), for each j = 1,...,d, we have, as N tends to
0,

Rui(z) B N0, T;(x)). (3.19)

~
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Corresponding to the case when d = 1, we deduce that Ry(x) = Ry1(z) depends on the unknown
parameter 6. Notice that the last convergence in (3.19), is given in Stute (1997), in terms of convergence
to some gaussian processes. This will be of interest to investigate this result in our setting, this requires
non trivial mathematics that we leave for future work. From (3.17) and by applying Slutsky’s Lemma,
uniformly in z, Ry1(2)(0; ) has a same limiting distribution as Ry 1(z)(@). Then H, is rejected
when Ry 1(7)(01 ) exceeds a critical value. Now we focus our interest on testing the hypothesis given
in (3.14). Notice that the limiting distribution of R x () is unknown. In general, the fact that each com-
ponent R y(z) follows a gaussian distribution is insufficient to characterize the limiting law of Ry ().
Then, in order to study this problem, it is required that

(D.3) we have
Cov(Y;,Y;) =0, for1 <i,j <d, and i # j.
Under (D.1) — (D.3), we have, for fixed z,

d R?VZ(I) D o
Ty = ; T X (d—1). (3.20)

An application of this result, leads to reject the null hypothesis H(, whenever the value of the statistic
Ty exceeds ¢;_,, namely, the (1 — a)-quantile of the x? law with d — 1 degrees of freedom. The
corresponding test is then, asymptotically of level o, when n — oo. The critical region is, accordingly,
given by

CR = {TN > ql_a}.

The convergence in (3.20), can be naturally extended to Cramér-von Mises statistics based on the quadratic
form of the modified processes.

4. Simulations studies

In this section, series of experiments were conducted in order to examine the performance of the pro-
posed methodology. We provide numerical illustrations regarding the performance of the new estimators
and the impact of the modified estimate on the asymptotic power function. The computing program
codes were implemented in R.

4.1. Estimation and Testing problem in Exponential AR(1) (EAR(1))

We generate r = 500 samples of sizes N = 60, 65, 70, 75, 80, 85, 90, 95, 100, 150 and 200 through the
model described as follows :

Y; = [(6p + an) + (61 + by) exp(—Y2 )] Vi1 + €, 4.1)

where
90 = 05, 61 = 5, aN — bN = 1/N
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{€:} is an i.i.d. sequence of innovations with standard gaussian distribution and a positive density func-
tion f. For a given observations Y7, ..., Yy, we propose to test the hypothesis that Y;,7 = 1,..., N
follow the model

Y, = [fo+0iexp(=Y2 )] Vi1 + ¢
= Hg(Y;g_l)—f—Et. 4.2)

against the hypothesis that Y;, ¢ = 1,..., NV follow the model
Y= [(B0 £ N72) + (61 + N72) exp(—Ytz_l)] AR 4.3)

This testing problem is equivalent to test Hy : § = (6o, 61) versus
HY g = (90 Y N5 G+ N—%) .

Note that the model (4.2) is a particular case of EAR(1) model. As mentioned in Section 3.3, its LAN
property was established under assumption (C1). Let us at first checking this last assumption. In fact, by
a simple computation, we find

VOH(0)] < max (60] + ¢, (161] + ) exp(=Y2,) ) [Via] < Ko(Yia),

where c is a positive constant such that |§ — 0] < ¢,
C = max(|fo| + ¢, (|01] + c) exp(=Y2))),

and
Ky(Yio1) = C|Yi4].

The existence of the third moment of ¢;, implies that E9Y152—1 < 00. Therefore, (C1) is satisfied. Making
use Hwang and Basawa (1993)[Theorem 2.3], we deduce the LAN property of the model (4.2).

4.2. Estimation

At a first step, the parameter 0 = (6, 01) is estimated by the least squared estimator (LSE). From this
preliminary /n-consistent estimator, we construct a modified estimate (ME) and we compare the mean-
squared errors MSE1 and MSE2 of LSE and ME respectively. In the next step, we explain our method of
the construction of ME. Decompose each sample of size /V into two samples of sizes, the large one with
length s = | N('=)| and the second one with length m, respectively. Here I = 0.009, 0.0095 and 0.01.
With the observations Y7, . . ., Y, we compute the LSE of the parameter (6, 6;) of model (4.2). With the

m remainder observations Y], ..., Yy we compute the LSE of model (4 2). From the equality (2.16),

we obtain the modified estimate (ME). In the sequel, we denote by 0( and 9 ) , foryg =1,...)r

the LSE estimates obtained from the r samples based on observations Y7, ..., Y and Yits, -, YN,
respectively. Therefore the central sequence Sy and the Fisher information [ were computed in Hwang
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and Basawa (1993)[Example 4.2] and described as

N .
f(e)
Yi_

Sn(f)) = -N7z[ o fle)
2 7
;Yvi—l eXp(_Y;_l)f(Ei)
=: Vn(),
B Y2 Y2 exp(=Y2) | .
1) = T l Y;Z—l eXP(l_Yf—l) Y;2—116XP(_2Y;2—11> ] "

where i denotes

Eg

f(ei)

The matrix A, defined in (2.2) will be expressed in this setting by

f(ﬁz)r

_ N N .
-1 -1
_ZY21 j _ZY'31 'eXP(_YEl)
N7 N “4 =1, N 4 =17 ?
Av@,) = v e ,
-1 —
— Y Y2 exp(=Y2,) —= ) Y exp(—2Y2
I \/N; i—1 p( ) 1) \/N; i—1 p( ) 1) |
Here Y1 j,...,Yn,; is the j-th generated sample of size /N. Simple computations shows that the matrix

determinants of A y (59)) are not equal to zero, this readily implies that A y ; is invertible. An application
of Theorem 2.6 implies the existence of modified estimates 9%) of the parameter 6, such that

()

+Ay"'(6,)DY)

where Dg% is defined in (2.17). For each value of NV, we do a comparison between the mean-squared

error of LSE (MSE1) and the mean-squared error of ME (MSE2). Notice that MSE1 and MSE?2 are
approximated respectively by their empirical means

r 2 r
1 1 ~(j) 2
- d - He —GH.

These results are summarized in the following tables.

~(7)
GN,O - 00
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Table 1. MSE comparison, [ = 0.009

N |s=|N""|m MSEI1 MSE2
60 57 3 | 0.0001328802 | 0.619587
65 62 3 | 0.01303067 119.7262
70 67 3 | 0.002378401 1.031119
75 72 3 | 0.0002070228 | 0.3235394
80 76 4 | 0.001508324 | 0.05253198
85 81 4 | 0.002550674 | 0.1111781
90 86 4 | 0.0001203558 | 0.07579942
95 91 4 12970162 x107° | 0.04505101
100 95 5 | 0.0005801212 | 0.08251387
150 143 7 | 7.87997x107° | 0.06945373
200 190 10 | 2.153016x1075 | 0.06072364

Table 2. MSE comparison, [ = 0.0095

N |s=|NY Im MSEI1 MSE2
60 57 3 | 0.003865599 | 25.81255
65 62 3 | 0.0001293232 | 1.762621
70 67 3| 0.001843774 | 0.03215461
75 72 3 | 4467617 x107° | 0.0344221
80 77 3 | 0.003200346 | 0.01045798
85 81 4 | 0.0004392172 | 0.0899404
90 86 4 | 0.0001552694 | 0.09981933
95 91 4 | 6.01109 x107° | 0.05338201
100 96 4 0.0015192 0.101397
150 143 7 | 0.0002538218 | 0.05161148
200 191 9 | 0.00102925 | 0.05753669

Table 3. MSE comparison, [ = 0.01

N |s=|NYm MSE1 MSE2
60 57 3 | 0.000569337 12.70678
65 62 3 | 0.0005972831 | 1.990746
70 67 3| 0.001097378 7.73527
75 71 4 | 0.000130873 | 0.1309442
80 76 4 | 0.0001155424 | 0.09538544
85 81 4 | 0.0001469284 | 0.08391853
90 86 4 | 0.001685851 | 0.09553644
95 90 5 |7.395901 x10~° | 0.1018716
100 95 5 0.00153452 | 0.1309031
150 95 5 | 8.108649 x107° | 0.07078288
200 189 11 | 0.0005927485 | 0.05685946
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We remark that LSE behaves better than the ME when the sample size is moderate. Notice that when the
sample size is large, the two estimates are very similar.

4.3. Testing problem

To test Hy : 8 = 6, we use the statistic test T defined in (4.4) by

Ti(0) = —log (L (60)/L(Brrs))

Remark that in practice 6 is unknown. From LAN property (3.3), Tn(6p) is expressed in term of the
central sequence Sy () and the Fisher information 7(6y). By applying the Theorem 2.6, there exists an
estimate @ such that

SN(éN) = SN(H()) + Op(l).
The continuity of - — I(-) implies that I(,) and I(6y) are very close. Consequently, under H,
the two sequences of tests Tiv(6y) and Ty (0y) are equivalent. By the contiguity, we also deduce this
equivalence under Hi¥. This enables to replace 6 by its estimate ME 8. To evaluate the performance
of our methodology, we use the same » = 500 samples and we do a comparison between the empirical
power functions obtained from the statistic tests (4.4), with the true value 6, the LSE estimate and the
ME estimate. By fixing the level u of tests at 5%, we compute for each value of N the empirical power
functions of to the statistical tests obtained with the true parameter (Power0), with the LSE (Power1) and
with the ME (Power2). Let us recall that the limit of the empirical power is given by
lim E(Liry>q_.y) = lim P(Ty > q1-a).

N—o00 N—oo

Numerical approximation routines can be used to compute the power. This can approximated from r
samples by computing the r statistics based on each sample, that is

1 ¢ :
. D Ty > aal,
j=1

where (1 — a)-quantile of the y? law with 2 degrees of freedom. This will be done for the statistics under
comparison, T (6y), T, n(@ ~) and T (@) corresponding to true parameter, LSE and ME respectively.
For sample sizes N = 60,65, 70, 75, 80, 85,90, 100, 150 and 200 we then compare in each case the
absolute deviation dev1l between PowerO and Powerl with the absolute deviation dev2 between Power0
and Powerl. All these results are summarized in the following tables.
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Table 4. Power comparison with Likelihood Ratio Test Statistic, 1=0.009

N | PowerO | Powerl | Power2 | Devl | Dev2
60 | 0.718 0.678 0.66 0.04 | 0.058
65 | 0.684 | 0.632 | 0.632 | 0.052 | 0.052
70 | 0.726 | 0.708 0.706 | 0.018 | 0.02
75 | 0.706 | 0.686 0.67 0.02 | 0.036
80 0.74 0.73 0.732 | 0.01 | 0.008
85 | 0.716 | 0.706 | 0.718 | 0.01 | 0.002
90 | 0.738 0.706 | 0.724 | 0.032 | 0.014
95 | 0.772 | 0.726 0.76 | 0.046 | 0.012
100 | 0.754 | 0.728 0.732 | 0.026 | 0.022
150 | 0.856 | 0.818 0.834 | 0.038 | 0.022
200 | 0.846 | 0.814 | 0.826 | 0.032 | 0.02

Table 5. Power comparison with Likelihood Ratio Test Statistic, 1=0.0095

N | PowerO | Powerl | Power2 | Devl | Dev2
60 | 0.678 0.664 0.66 0.014 | 0.018
65 | 0.694 | 0.654 | 0.654 0.04 | 0.04
70 | 0.706 | 0.662 | 0.678 | 0.044 | 0.028
75 | 0.728 0.696 | 0.702 | 0.032 | 0.026
80 0.72 0.714 | 0.692 | 0.006 | 0.028
85 | 0.785 0.702 | 0.702 0.01 0.01
90 | 0.758 0.74 0.756 | 0.0188 | 0.002
95 | 0.766 | 0.732 0.74 0.034 | 0.026
100 | 0.788 0.772 | 0.786 | 0.016 | 0.002
150 | 0.836 0.8 0.82 0.036 | 0.016
200 | 0.848 0.824 0.84 0.024 | 0.008

Table 6. Power comparison with Likelihood Ratio Test Statistic, 1=0.01

N | Power0O | Powerl | Power2 | Devl | Dev2
60 | 0.684 0.67 0.632 | 0.014 | 0.052
65 | 0.674 0.65 0.662 | 0.024 | 0.012
70 | 0.704 0.674 0.656 | 0.03 | 0.048
75 | 0.722 0.708 0.728 | 0.014 | 0.006
80 | 0.746 0.716 0.734 | 0.03 | 0.012
85 | 0.786 0.752 0.762 | 0.034 | 0.024
90 | 0.762 0.732 0.756 | 0.03 | 0.006
95 | 0.744 0.736 0.742 | 0.008 | 0.002
100 | 0.756 0.742 0.766 | 0.014 | 0.01
150 | 0.828 0.784 0.816 | 0.044 | 0.012
200 | 0.844 0.816 0.822 | 0.028 | 0.022
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It is shown by Tables 4 — 6, when samples are large, the power of the statistics based on the modified
is better the one based on LSE estimate. This corresponds to the asymptotic framework in which our
main results are proven. From Tables 1 — 3, one can that the quadratic errors are smaller for the classical
estimator. In summary, ME estimate is usually further from the true value than the classical estimator.
We can see also for large samples the proposed statistics is very close to the statistics when the parameter
is known which is corroborated in the following Figures comparing graphically the power of the 5%-
level the statistical tests. As the picture highlights, the power of the proposed test based on the modified
estimate is generally the optimal one. In order to extract methodological recommendations for the use of
the proposed statistics in this work, it will be interesting to conduct extensive Monte Carlo experiments to
compare our procedures with other alternatives presented in the literature, but this would go well beyond
the scope of the present paper.
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Power functions with Likelihood Ratio Test Statistic. 1=0.009
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Power functions with Likelihood Ratio Test Statistic. 1=0.01
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5. Concluding Remarks

In this present work the modified estimator defined from R? to R in Lounis (2011) was extended
from R? to from RY. In addition the consistency is deeply studied and developed. The method of
evaluating error through confidence intervals introduced in Lounis (2017) induces a random confidence
level. Proposition 2.1 enables to evaluate the error without any restriction. In Lounis (2017) equivalence
between a random sequence and its estimated version concerns rather a sub-sample. Extension of these
results to the total number of observations is obtained in the present work. Criterion (2.18) gives a
precise answer of a question which was be left open in Lounis (2017). We finally extend our finding
to the marked empirical processes. It would be of interest to provide a complete investigation of this
problem, that goes well beyond the scope of the present paper, we leave this problem open for future.
Construction of ME in multidimensional case is essentially based on assumption that Jacobian of V,, is
asymptotically not equal to zero. In future it would be of interest to relax this condition.

6. Proof of the results

This section is devoted to the proofs of our results. The previously presented notation continues to be
used in the following.

Proof of Proposition 2.1

Consider the following decomposition
V(A =) = V(A = Ax) +Vr(Ay = An).
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Remark that
V(A= y) = ,/% % VN = Av). (6.1)
Since n = o(V), it follows that

\/ﬁ()\ — )\N) = Op(l) X Op(l),
= op(1). (6.2)

Hence, the proof is complete. O

Proof of Proposition 2.2

It is sufficient to show that for each component V,, ;. By Taylor expansion of V,, ; of order 1 in the
neighborhood of 6,,, it follows that

V.(0) = Vo, (En) + VYV, (én) (-8,

1 . (i N
+5(0 = 8.) H, (8,10~ 6,), (63)

()

., ) is the Hessian matrix evaluated at éfj ). Similarly, (6.3) will

where éfj ) between 6 and én, and Hnyj(é
be rewritten as follows

=1
1 ~ ~(j ~
+5(6 - 8,) Hai(8,)(6 ~ 0. 64)
Observe that
oV (80) oV, (8n) ~

By making use of Proposition 2.1, it follows that

%W@W - % 3~ B,
+8V%§2n) x op(1)
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From the assumption (A.3), it results that

OV, (én)
06,

(),

(6; — /énz) 70, (On,; — b\nz) + op(1),

which, in turn, implies that

i %(91 — /énz) = i %(51\” — 57”) + op(1).
i=1 ! i=1 ¢

Combining this latter equality with (6.4) gives

R
vV, (0) = V (5 > + Vs (0n> (@i — 0,.)
n,j n,j n < 801 i n,i
1 . (i .
+5(0 = 8,) Hiy(6,)(8 — 8,) + 0s(1) (6.5)

1 ~(4) ~
50— 0,)"H,;(6,7)(6 6,)
Notice that we have
i A7) AN T
PV.uy(0,) | Va6,
o) 007 00,00,
Y ) )
Hy;(60,") = : : ;
A7) A ()
PVui(0,) . PViy6,)
96,0, 00
and
0—-20, = 0;—0,;)——2 "’ 0, —0,;)——2 "’
Let us introduce, foreach j = 1,...,d,
h o Vn(6; — 0 A)w\/ﬁ(g — Onk)
n,i,j — \/ﬁ i n,i \/ﬁ aezaek k n,k)-
By simple computation, we conclude easily that
1(9 0.) H, .06 -8, - > (0:-6 ‘)ww — Onk)
9 n n,j\Yn n) — i n, 8018016 k n,k)-

1<4,k<d
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Making use of the condition (A.3) and by the fact that
Vi(8; — 0,5) = Op(1), V(0 — 0,1) = Op(1),

it follows, in turn, that

hnij = op(1),
which implies that
()

%(9 —0,)TH,; (670 = 8,) = 0p(1), 6.6)

This when combined with (6.5), readily implies that
Vini(0) = Vi, (5n> + Dnj + op(1),
where

d avmj (/én) ~ ~
D,; = ;a—ei(eN,i_en,i)~

Hence the proof is complete. O

Proof of Theorem 2.3

From the Proposition 2.2, we have forall j =1...,d.

V. (0) =V, (5n) + Dy + op(1), 6.7)
where
4OV, (én) o
Dyj = Za—eiww ~0,.,). 6.8)
=1

Forall j = 1...,d, consider the tangent space I'; of the map of V,, ; at én, defined by

~

T = {(x,vw-(x)), Vo,(@) = Vi (en) —VV,, (En)T Sz — @n)},
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here, the script “ - ” denotes the inner product and recall

ov,; (6,)  ova;(6.)
20, T 06,

VV,; (6)) .

The modified estimator @,, is obtained by disrupting each component of the first estimator én. To be
more precise, write

J— ~ ~

0, = (0n1+Dp1,...,004+ D), (6.9)

where p1, . .., pg are unknown real values to determinate and 8,, is constructed on the tangent space L';,
this implies that

_ ~ N\ T —~ ~
Let us define D, ; as follows
\NT

D,; =VVy (en) (0, — 6,). (6.11)
Notice that, for each j = 1, ..., d, we have

Vn,j(e) = Vn,j (an) + O[P(l),
and hence

V.(0) = V,(0,)+op(1). (6.12)

By combining the preceding equations, we readily infer that

A (én)

i = Dnj, 1
>, X p y (6.13)
where
t oV (0:)
Dpj=) a—mwN’i —0,.,). (6.14)
=1

We have, fork=1,....d

d OV, (an)

so X = Do (6.15)

1=1
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~

Remark that (6.15) is equivalent to the matrix system A,,(6,,)X = D,,, where

[ oV, (én) OV, (én)
96, 96, 2 D
A,(6,) = : : , X=1|:|, and D,=| :
OV (61) OV (60) Pa Dy
06, 00, |

By condition (A.2), this is a Cramér system that admits a unique solution
X = A 46,) + D,.

This in connection with equality (6.9), implies that
0, =0, +A.'(8,)D,. (6.16)

Therefore the proof is complete. O

Proof of the Theorem 2.4
Consider the following decomposition
V0, —0) = —/n(8, —8,)+n(0, — ). (6.17)

As defined in (2.12), we observe that all components of the random vector y/n (571 —6,,) are null, except
the j-th one which is given by

— D,,
V0, —0,,) = Vv, = _
oV, (0,)
1520 T o8,
Applying the triangle inequality, we obtain
— D,
V|0, —6,5)] = Vn D =
oV, (6,)
maXlgiSd 8—02
d A~ AN
< > Vo - 0ud].
i=1
Making use Proposition 2.1, we find
pa— d ~
Vi |0n; = 0ns] < D V[0 — 0|+ op(1). (6.18)
i=1
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Finally, inequality (6.18) implies that
Vn(6, —8,) = Op(1).
Combining this last equality with (6.17) gives

Vn(0,; —6,;) = Op(1). (6.19)
Consider again the equality (2.12) and by using again Proposition 2.1, we find

| Dn|
av, <5n)
maxlgigd T@

3

1=

0, — 0y,

Y

~

0@' - On,i

d
+ O[[D(l).

< Z ‘am — anz
1

1=

From the last equality, we deduce that

Thus the proof is complete. O

Proof of the Theorem 2.5
From (2.9), we readily obtain
6,-0, = A.;'(6,)D,

= —— com(A,(6,))D,, (6.20)

with

AdJ(TL) . Adyd(n)
and, for (i,7) € {1,...,d} x {1,...,d},
Aij(n) = (=1)"det(M;;(n)),
d—1 L 1 6Vn,k (/én>
= nz (=1 e(o ,
S O LT V. T o

TESn—1 ke{l,..d}y, k#i, ok

here M; ;(n) is the submatrix extracted from An(an) by throwing away row ¢ and column j.
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From (6.20) and by taking the norm, we write

ﬁﬂm—@ - vn_ HWMAﬂMWn, (6.21)
det(4,(0,))]
Similarly, the matrix com(A,,) will be rewritten as
com(A,) = n'T Ly, (6.22)
where, the d x d-matrix L,, is defined as follows, for (i, 7) € {1,...,d} x {1,...,d},
Ln(zvj) = (_1)Z+J Z 6(0) H \/ﬁ 00
TESn_1 {1, dY ki, o (k)2 o(k)
Combining (6.21) with (6.23) gives
d
_ ~ n2
Vi, -8, = — |IL.Dull,
det(An(6,)|
ns
it — |@ull - (6.23)
det(A,(B,)|

From (A.3), each element L,(i,7) of the matrix L,, is bounded in probability. Because D, is also
bounded in probability and by doing the product between the matrix L,, and the (n x 1)-vector D,,, we
deduce that the (n x 1)-vector @, is bounded in probability in R?. By the fact that

d
2

‘det(An(gn) > nt,

we conclude that
ﬁ%@—@):@ﬂ) (6.24)

We have from (6.23)

As already mentioned (),, is bounded in probability and

e

1 n

= X = ‘ 1@nl] -

5,8,
VI |det(A,(8.))

[SIfsH

det(A, (B,

> n2.

Consequently 8,, — @L converges in probability to 0 in R? as n tends to +0c. By considering the following
decomposition and using triangle inequality, we find

|6~ 8. =68, + 6. - 8.

|
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and

6, —6,|.

Vinllo ~ 8. = v o 8.

+\/ﬁ‘

By the fact that 5n is a y/n-consistent combined with the last previous results, thus, the proof of Theorem
1s complete.

6.1.

Proof of the Theorem 2.6

1. Return back to Proposition (2.2) and recall that equivalence between sequences was obtained in

the case when n = o(V'). By considering the decomposition (2.13) and for 7 sufficiently small, we
obtain

m < [N = s. (6.25)
We have
| Nl—nJ NI=n
<
N — N
This when combined with the inequality (6.25) gives,

s0 as N — oo.

s=o0(N) and m=o0(N). (6.26)

Obvsiouly, (6.26) enables to apply Proposition (2.2). By considering the decomposition (2.5) one
can write

N
Vs () = =30

1=1+s
/S /m

Mking use of the Proposition (22, we obtin
Vi @) = oV () + |5V (82)
wfx z%(ma)
_ \/%v;(as) 5V (62)
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where

Dans = =y 5V (8:) + /5 Vars (80)
d OVg;(0s) ,. .
+\/;Z#(9N,iem)

=1

R T o i)

=1

- \/% Vs (8) = Vs (8:)] + \/%Ds,j + \/%Dmd.

It remains to check that for j € {1,...,d}, Dy, ; is bounded in probability in R. We can write

\/7 " \/7 Z ; 3Vm59( m)ﬁ(aN’i_gmﬂ')'
i=1 !

Since m < N and by condition (A.3), we deduce that

D= 0801, (627)

With a similar reasoning we show that

\/%Ds,j = O3(1). (6.28)
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Since s = o(/N') and we make use of Proposition (2.2), we infer that

4OV, (5m)

Vi (0) = Vi, (@n) +> 50, <5N,z’ -~ 5m,z~) + op(1), (6.29)
i=1 L
Vii(0) = Vi, (8,) + i % (B = B4i) +0p(1). (6.30)

=1

Doing the difference between (6.29) and (6.30) gives
Vs ) e (0) - 5 ) o)
d OV i (6
- Z \/1% ajeg )

Jm (EN,,- _ §mﬂ-) top(1) (631

Using again the assumption (A3) permits to deduce that
Vs () = Vs (8,)

is bounded in probability and then by multiplying by /% we find

g Vo (8) = Vi (8.)] = 02(0) (6.32)

From (6.27), (6.28) and (6.32), we obtain
Dy = Op(1).

Finally, we deduce that we have
Vi (8) = Vi (8,) + Do+ 00 (1), (6.33)
2. From (6.33), we have

VN,l (6> - VN,l (/és) - Ds,m,l + OP(1>
Vna(0) — Vg (55) = Dy ma+op(l).

Following a same reasoning and steps as in the proof of Theorem 2.3, we show the existence of a
modified estimate such that

Oy = 6,+A (55) Dy,

where
Ds,m,l
Ds,m -
Ds,m,d
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3. By replacing A, (En) and D, respectively by A y (@) and D; ,,, and doing a similar reasoning
as in the proof of Theorem 2.5, we show the desired result of consistency.

Hence the proof is complete. O

6.2. Proof of the Theorem 2.9

The proof is organized in three steps. The first one consists to establish an explicit link between V,, ;(0)
and V,, ; (5n) . The second step gives an extension from sub-samples size n to the sample of size V.

The last gives an equivalence between V y ;(6) with it’s estimated version. In a sequel n = o(XN), p an
integer suchp >2andj=1,....d.

1. By Taylor expansion of V,, ; of order p — 1 in the neighborhood of 5,“ it follows that

Vo, (0) = V., (én) + VYV, (ﬁn) (6 —8,)

1 - . ~
et o (D7) (6.) - (0-8.)
Ly 2 () 2\ p

= Vi (0a) + Do + = (D'Viry) (8.)-(0-8.y. (6.34)

where éﬁf ) is between 6 and En, and for all positive integer 3 we have
(D7V.;) (8.) - (6 - 8,)°

i 0V, (0,)
Z o0, ... oxp (0 o 0”71>ﬂ1 T (ead -0, d)ﬂda (6.35)
B1,osfa=1 L d

such that

d
.8 =8
j=1
Consider the equality (6.35) and remark that

0PV, (5n) d ~

_ \Bi
8“191 L. 8ad9d ];[(eaj On,])

o8V, j
Jlﬁc?“l@l : (aad)ed (H[ Jﬂ[g) X ngl

Jj=1
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Since v/n (6, nj), forj =1,...,d, are bounded in probability and making use of the condition
(A4), we deduce that

0"V (On J
T s g)gd (H[ J)]B)opm.

Jj=1

For 3 > 2, the quantity —— tends to 0 as n — oo, then we deduce that
n 2

1 —(a —(a
o (V) (8) -0 -8y = or1)
For g =1,
1
T = L
n 2

then we deduce that the random variable D, ; is just bounded in probability. Combining these last
equalities with (6.34), we find

Vini(0) = Vi, (ﬁn) + Dnj + op(1). (6.36)
Observe that the quantity
Dy = VVis (80) (0= 8,) -+ + L (pr1v ) (8.) - (08,
n,g — n,j n n (p — 1)‘ n,j n n )

depends on the unknown parameter 6. Consider the following decomposition

o) 00 - 5L

By the condition (A.3) and by applying Proposition 2.1, we obtain

V'V (5”) (0-86.) = Xd: \/1_8Vn59j(0n) V(O = 0,;) | +op(1)

~

— VV,, (en) Oy — B,) + op(1). (6.37)

By a similar reasoning and making use of Proposition 2.8 combined with the condition (A.4), it
follows that for all integer o > 2

(DV,;) (9 ) 6-8,)° = (D°V,,) (5n) Oy — 0,)" + op(1). (6.38)
By combining (6.37) with (6.38), implies that equation (6.36) may be rewritten as follows
Vo, (0) = V. (En) + Dy + op(1), (6.39)
where
n n 1 p—1 o) 7 \p—1
Dy = V'V, (an) (O = Bu) e oy (DY) <9n) Oy — 0,)71.(6.40)

Notice that equality (6.39) gives an explicit link between the random variable V,, ;(8) with it’s

estimated version V,, ; (Gn
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2. Applying Theorem 2.6 to see that (6.39) can be expressed as follows
Vyi(0) = Vi, (58) +DP) 4 os(1), (6.41)

with

and

(p - o (D77Vey) (8.) - (o5 — B

3. By using similar reasoning as in the proof of Theorem 2.3, we shall prove the existence of an
estimate @y of 8, such that

Vn(B)=Vy (EN) + op(1),
and
Oy =0, + Ay (55) D).

4. The proof is similar as in Theorems (2.5) and (2.6).

Hence the proof of the theorem is complete. O

Proof of Theorem 3.1

Let n be a positive integer such that n = o(NV). In the sequel, forall j = 1,...,d,
aj’n — (a‘j,nJ? N ,§j7n,d)

denotes a \/n—consistent estimate of ) = (00’1, ceey 007d). Following similar reasonig as in the proof
of Stute (1997)[Theorem 1.2], we have, for j = 1,...,d,

=

R}L,j('x) = Ru;j(r) —n2(6p — aj,n)T -Gj(z,00) + op(1), (6.42)

d
n%(eo — Hj,n)T . Gj(l’, 90) = Z Gm(x, 90) (TL; (00,2' — ij’i)) .

i=1
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From (D.2)(7i) and (3.15), we deduce that
Gj7i(.1',00) < |Gj,i(x790)| < 00.

An application of Proposition 2.1 gives

~ ~

Gia(x,80) x Vi (00@ _ @,mi) = G,4(1,00) x Vi (9j,N _ ajﬂm») +os(1).

This last equality in connection with (6.42) gives, for j =1,...,d,

RL.(2) = Ruj(x) —n2(0;n —0;,)" - Gj(x,80) + op(1). (6.43)
Thus, it will be rewritten as, for j = 1,...,d,
Ruj(x) = RE () +n2O;x —0;,)" - Gj(x,80) + op(1). (6.44)

Consider the following decomposition

S
(S
D
<
=
|
D
<
<
_|
D!
=
D
N
I
S
[N
)
<
|
)
.
N
_|
/N
D!
—~
8
D
N
|
D!
=
)
<
N—

Equation (3.15) ensures the continuity of each component G ;(x, @) at each € in interior of the set ©.
Since 60, is a consistent estimate of 6, and according to the continuous mapping theorem, we deduce
that

n3 @ = 0in) " - (Gi(w.00) = Gi(@,05) ) = 0r(1).
Finally equality (6.44) will be rewritten, for j = 1,...,d, as follows

~

@55 —0;,)" - Gi(x,0;,) + op(1). (6.45)

N

Rpj(x) = jo(x)—l—n

Consider now the empirical process with all observations N and doing a similar decomposition as in the
proof of Theorem 2.6, we write

N
Ruvi(a) = N3 1xan[Vie— my(X,,0)]

=1
= \/% RSJ’(.I) + \/% Rmyj (:L’), (646)

Because s = o(N), m = o(N) and m < s < N, we may apply (6.45) on (6.46) and obtain

S 1 - ~
Rujl@) = /= [RE @)+ 52O = 0,07 Gy(w,8,)]

+\/% R (@) +m
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N|—=
)
o

=
|
)
<
3
_|
L
£
o
u%.
3
+
S
=
=



I
3

S 1, -~ ~
Nj(@) + VT [32(9]’,N —0;5)" - Gz, 9]-,3)]
¥l
N m
=: R]l{fyj(a:) + G; (m,§j7s,5j7m) + op(1).

_|_

Itis easy to check that for j € {1,...,d}, the quantity G; (x, éj,s, 5j7m) is bounded. Hence the Theorem
is established. O

Proof of Theorem 3.2

Foreach j = 1,...,d, letI'; be a tangent space of the regression function m; at @\j, ~ defined by
Dy i= {(z.my(-,2)) € R? x R, such that, (-, ) — m; (-, 8;x) = Vimy(-,05.0) - (= = B5.n ) 6.47)
For each 7 = 1,...,d, and with disrupting a component of the first estimate @7 ~ and keeping the

others unchanged, we construct another estimate 6; y. More precisely, if we disrupt 8, v at the d;—th
component with a quantity p;, that we describe as follows

0, N, O;n,, for r=1,...,d, and r +#dj, (6.48)
éj,N,dj Oj,N,dj + Dy, for Dj 7é 0. (6.49)
From (6.47) and according to the definition of the modified estimator éj, N, We obtain, forj =1,....,d,
_ ~ om; (X ,5-
m;(X1,05n) —m;(X1,0;n) = J(ael i) Pj;
d;
- -~ om; XN, /0\ i N
m;i(Xn,0;n) —m;(Xn,0;n) = 1(80 i) Pj-
d;
By multiplying each equality by its corresponding indicator function, for 7 = 1,...,d, we find
_ ~ om; (X ,5-
(mj(X1, 0, n) —m;(Xy, 9j,N))]l{X1§m} = j(aeld ]’N>pj]l{xlgx}7
i
_ ~ om;(X ,5-
(mj(Xm 6;n) —m;( Xy, 9j,N)>]1{XN5x} = J(aéz ]’N)pj]l{XNSx}-

i
By summing and multiplying the result by — N =, we find

N N A
=1 Z 7 =t Z Om;(Xi, 0n)
—N7= (mj(Xi, Gij) - mj(Xi, ej,N))]l{Xin} =-—-N72 Dj J 8€d J ]]-{ngl‘}(650)

=1 i=1 J
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Let Rf\, ;() be the process obtained from Ry ;(x) by replacing 6y by its estimate 6, n. By straightfor-

ward calculus and making use of (6.50), we readily obtain

N
Ry () =Ry, (x) = —N= Z (mj(Xi7 0;n) —m;(X;, 0j7N)>]1{Xi§x}
=1
N
=1 om (XZ,H N)
- _NQPJ'Z ja@ : Lixi<e)
=1 j

From Theorem 3.1, we find
Rovj(w) = Ri @) = Gy (2,8,0,85m) + on(1).

By imposing the following identity

N ij(Xi,§j7 )

=1 N S 5
v =1 904, Lixisn = G (I’ej’s’oj’m> ’

We readily obtain

GJ (xa 9])87 03 m)

bj = N = )
—N7 A A e

zz_; 904, tise)

and we infer that, for j = 1,...,d,

Ruvj(@) =Ry ;(r) = Riy;(@) — Ry () + op(1).
Obviously, equality (6.52) implies that, for j = 1,...,d,

Ryj(xr) = Ri;(x)+op(1),
where
Riyj(z) = Ryj(x)(0;n).
This implies that

Ruj(@) = R;j(x)(8jx) + or(l).

Thus the proof is achieved.
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