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ABSTRACT. In this paper we consider a class of nonlocal parabolic equations without uniqueness using a new framework
developed by Cheskidov and Lu which called evolutionary system. We first prove the existence of weak solutions by using
the compactness method. However, the Cauchy problem can be non-unique and we also give a sufficient condition for
uniqueness. Then we use the theory of evolutionary system to investigate the asymptotic behavior of weak solutions via
attractors and its properties. The novelty is that our results extend and improve the previous results and it seems to be the
first results for this kind of system via using evolutionary systems.
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1. Introduction

Recently, the problem how to describle the limit behavior of solutions of evolution equations for which
the Cauchy problem can have non-unique solution arouses much interest (see [7, 12, 14, 17, 24, 28]). In
such a situation one cannot use directly the classical scheme of construction of a dynamical system in
the phase space of initial conditions of the Cauchy problem and find a global attractor of this dynamical
system. There are several abstract frameworks for studying dynamical systems without uniqueness.
In recent years, a new framework work was developed in [16, A. Cheskidov and C. Foias], [17, A.
Cheskidov], [18, 19, A. Cheskidov and S. Lu], [28, S. Lu] and was called evolutionary system. It was
first introduced in [16, A. Cheskidov and C. Foias] to study a weak global attractor and a trajectory
attractor for the autonomous 3D Navier Stokes equation, and the theory was developed further in [17, A.
Cheskidov], [18, 19, A. Cheskidov and S. Lu], [28, S. Lu] to make it applicable to arbitrary autonomous
and nonautonomous dissipative partial differential equation without uniqueness. The avantage of this
framework lies in a simultaneous use of weak and strong metrics, which makes it applicable to any partial
differential equation for which the uniqueness of solutions may be in limbo and avoids the necessity of
constructing a symbol space (see [16, 17, 18, 19, 28] for more details).

Before to start, let us denote the spaces by H := L?(2) and V := H}(2), and denote by (-, -) and | - |5
the H-inner product and the corresponding H-norm. The inner product in V' is presented by ((+,-)) and
by || - || its associated norm. Let V'’ be the dual of V' and denote by (-, -) the duality product between
spaces V and V'. We identify H with its dual, and so, we have a chain of compact and dense embeddings
V CcC H C V'. This allows us to make an abuse of the notation considering ¢ € H and denoting (¢, u)
like /(u). We sometime use the letter C' denote a constant which may be different in each occasion
throughout this paper.
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Let @ C RY(N > 1) be a bounded open set with smooth boundary which satisfies the Poincaré
inequality, i.e., there exists a constant Ag > 0 such that

)\Q/uQ(az)daz < /|Vu(x)|2d:1:, Yue V. (1.1)
Q Q

In this paper we will use the theory of the evolutionary system to consider the following nonlinear
nonlocal parabolic problem with zero Dirichlet boundary condition:

%—i—Au:]—"(u)—i—f(Jj,t), in €2,
u =0, on 02, (1.2)
u(.,T) = ur, T € R,

where F is a nonlocal and possibly nonlinear operator and f is an external source. The conditions of F
and f are specified latter. The operator A is a uniformly parabolic operator defined by

N
Au(w) i= = 37 0y, (0" (0(u(x))0r,u(a))

and a¥(s) = a’'(s), 1 < i,j < N, are bounded continuous from R into R, i.e., there exists a positive
constants M such that

la’' ()] < M, vt € R. (1.3)
Moreover, there exist positive constants A4, A 4 such that
N ..
Aaln? <Y a¥(W)ming < Aalnl®, Vn € RY Vv € R. (1.4)
ij=1
In special case, a' (s), 1 <1,5 < N, are will also be assumed to satisfy a local Lipschitz condition:
|a"7(€) — a ()| < Lol — 7|, V&, n € R. (1.5)

Actually, the function ¢ should be /,. However, for simplicity and no affect on our results, we could use
the notation /. If there is any necessity, we will specify it. The continuous functional / : H — R is
defined by

l(u(t)) :== /g(m)u(w,t)dm. (1.6)

Q

The functions g, u, are such that
g,ur € H.

Of course, we can have many different forms of ¢ in these kinds of problems. For instance, in the case of
population dynamics (see [23]), several obvious candidates come in mind such as

l(u) = /u(:z:,t)dx,

Q
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for g = 1. If g = xq where ' is a subdomain of €2, then

(u) = / u(z, t)dz.

Q/

In [22] 7 is no more a linear form on H but represents some elastic energy given by

l(u) =/|Vu(:1:,t)|2d:13.

Q

It is also possible - depending on the applications that we have in mind - to have different ¢’s in the
coefficient and to have coefficients depending on several terms (see [21]).

Remark 1.1. The operator induced by A can be interpreted as A € L(V, V') and is symmetric with
(Au,u) > M|Vl [5, Vu € V.

Since V is included in H with compact injection, as a consequence of the Hilbert-Schmidt Theorem there
exists a nondecreasing sequence of positive real numbers,

O< A< A< <A< n

with lim X, = 400 and there exists an orthonormal basis {e; : j > 1} of H. Moreover, {e; : j > 1} is
n—0o0

an orthogonal basis of V.
The operator F : H — H fulfills the following assumptions:

(H1) F is continuous with respect to the H-norm.
(H2) There exists 5 € (0, AaAq) and ¢ > 0 such that
(u, F(u)) < Blufs + c5, (1.7)
forall u € H.
(H3) There exists some nondecreasing continuous function p : [0,00) — R such that

[ F (@)l < p(lul2).
In special cases F will also be assumed to satisfy a local Lipschitz condition:

(H4) For all R > 0 there exists L such that if v, w € H with |v|s < R; |w|y < R then
|F(v) — F(w)|s < Lrlv — wls.
A motivation for the operator F is that the nonlocal effect can appear in nonlinear term. For example, in

population dynamics, it could depend on the population size on some subdomain of (2. So one can take
F(u)(x) = r(u(z))u(l — u) where

o .

B(z;6)NQ
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for some small 6 > 0, and  : R — R, r is continuous and there exists a constant C' > 0 such that r
satisfies |(s)] < C and sr(s) > 0 for all s € R (see [5]).

Assume also that the external force f(s) = f(., s) is translation bounded in L (R; V"), i.e.,

t+1

If13, := sup / 1£(5)[2ds < oo
teR /

In special cases, f(s) is also a normal function, i.e., for any € > 0, there exists > 0 such that

t+n

sup [ 1(5)fds < =
teR f

Denote by LZ(R; V') and L2(R; V") the set of all translation bounded functions and the set of all normal
functions in L? (R; V"), respectively. Following [25, Theorem 4.1], we have L2(R;V’) C LZ(R;V’)

loc

(see [15, 25] for more details).

The problem studied is nonlocal in view of the structure of the diffusion coefficient and the nonlinearity
which are determined by some global quantities. One of the justifications of such models lies in the fact
that in reality the measurements are not made pointwise but through some local average. This leads to a
number of mathematical difficulties which make the analysis of the problem particularly interesting. In
the last decade, a lot of attention has been devoted to nonlocal parabolic problems. For more details and
motivation in physics, engineering and population dynamics of nonlinear nonlocal parabolic equations
of type (1.2), see [8, 29, 20] and references therein. We also refer the interested reader to [1, 2, 22, 32]
for other kinds of the nonlocal terms.

To our knowledge, some recent results which are related to our situation were studied in [4, 5, 7, 10, 11].
In [4], they have proved the existence of global attractor with more general class of nonlinear terms, but
the uniqueness was still guaranteed and the nonlinearity was local. In [5], they investigated the global
attractor for multivalued semiflow with nonlocal nonlinear term, but the diffusive operator was local.
Recently, in [7], they use the theory of multivalued semiflow to study attractors for a nonlocal reaction-
diffusion equation with an energy functional. In [10, 11], they studied a p-Laplacian parabolic equation
with nonlocal diffusion and local nonlinearity via the global attractor for multivalued semiflow and the
pullback attractor for multivalued process.

In this paper, we consider the nonlocal effects in both the diffusion and the nonlinearity. The problem
has global solutions, but the uniqueness may be not guaranteed. In our work, we will use the new
abstract framework developed recently developed by Cheskidov and Lu in [16, 17, 18, 19, 28]. All results
obtained here improve and extend all previous results for nonlocal parabolic equations in [4, 5,7, 10, 11].
To our knowledge, this is the first result of long time behavior of nonlocal parabolic equation using the
abstract framework of the evolutionary systems.

The structure of the paper is as follows. In Section 2, we study the existence and uniqueness of
weak solutions for (1.2). In Section 3, we use theory of evolutionary systems which are presented in
[16, 17, 18, 19, 28] to investigate attractors of these evolutionary systems. We also briefly recall the main
results on the evolutionary systems in appendix.
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2. Existence and uniqueness of weak solutions

In this section, we are going to investigate the existence and uniqueness of weak solutions to problem
(1.2). First, we give the definition of weak solutions.

Definition 2.1. A weak solution to (1.2) on the interval [T, 00) (or (—00,00), if T = —00) is a function
u(z,t) such that
d
we L} (1,00, V), d_;t c L} (1,00, V)

and satisfies (1.2) in the distribution sense of the space D' (T, 00; V).

We now prove the following theorem.

Theorem 2.1. Let o'/ = o/, 1 < i,j < N, be bounded continuous from R into R satisfying (1.3), (1.4)
and f € L? (1,00; V') which is translation bounded. Assume that hypotheses (H1), (H2), and (H3)

loc
hold for F. Then, for every u, € H, there exists a weak solution u of (1.2) satisfying
d
hel(7,00: V) N C([r,00): ), == € L (00 V).

Moreover, the function |u(t)|? is absolutely continuous on [t,00) and

uw € L

loc

1d

N
57Ol + > a”(é(U(t)))/%u(t)@xju(t)dﬂf = (F(u(t), u(t)) + (£ (1), u(t)),
Q

ij=1
forae. t € r,00).

Furthermore, if ¥ satisfy (1.5) and F is locally Lipschitz as in hypothesis (H4), then the weak solution
IS unique.

Proof. i) Existence. We implement the Galerkin approximation method with a complete system {e; :
j > 1} of functions in V' as mentioned in Remark 1.1. The proof is analogous to [5, Proposition 8]. We

outline the main points of the method. Let u,(s) = > uy;(s)e; be a Galerkin approximation of (1.2)
j=1

satisfying the finite dimensional system of ordinary differential equations in sense that

T n(5)065) 3 @I un(5D) fo D100, = (Flun(5)): ) + 4 5). ),
(tn(7): ) = (ur, ).

This implies that

ld 2 a ij
§%|Un(3)|2 +) a (f(un(S)))/%un(S)@xjun(S)dﬂf = (F(un(s)), un(s)) + (f(s), un(s))-
Q

1,j=1

2.1

Using (1.1), (1.4), (1.7) implies from (2.1) that

1d 2 B 2
5%%(8)@ + 24| V||, < Blualz + cs + (f(5), un(s)) < EHV%I\Z + e+ || F(s)[[v]|unl-

(2.2)
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Applying in the last term of the right hand side of (2.2) and using (1.1), we deduce from (2.2) that

d 0 2 C)lg
g5l + |1Vl < 2¢5 + == ()5 (2.3)

where 0 = A\ \q — f.

Using (1.1) again, it follows from (2.3) that

d Clq
—un ()5 + Olun(s)|5 < 2¢5 + —||f( ),

ds
and hence

d

£(

Integrating in s from 7 to ¢, we obtain

S S CAQ S
[un(s)[3e™) < 2cge™ + T||f(8)||2w€9

2c C’)\ s
un (B3 — ur B < Z2(e — ) 4 S0 / 1£) s 4

forallt > 7.

Estimating the last integral

t t t—1
/ 1F()[[BePds < / 1 ()3 ds + / 1 () [Be%ds + -
T t—1

t—2

! t—1
= eet/ Hf(S)H%//ds—f—e@(t—l) / ||f(3)||%//d8—|—
t—1 2o

<l +e?+e 4. e

||f||tb€ t. (25)
—1
Combining (2.4) and (2.5) leads
_0(t— 2c ChallfII? ef
2 2 —0(t—1 B Q tb
|t ()|2 < |ur|2e 0T 7 + 0 —1) (2.6)

It follows from (1.1), (2.3), (2.5) and (2.6) that the sequence {u,} remains in a bounded subset of
L2 (7,00, V) N LSS (1, 00; H), since |u,|3 is bounded. Therefore, there exists u € L2 (7,00;V) N
L3 (7, 00; H) and a subsequence of {u,,} (relabeled the same) such that

loc

loc

u, —* u weak star convergence in Lj,.(T,00; H),

u, — u weak convergence in L} (7, 00; V).

The hypotheses (H2), and (H3) imply that {F (u,,)} is bounded in L? (7, 00; H). Note that

loc

(Au, w) / Z a” (0(un) )0z, Un 0y, wdz,

0 7]1
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for all w € V. Because of boundedness of a”/ and (1.4), we deduce that {Au,} is bounded in
L2 (1,00; V).

loc

Since

d
Eun + Auy, = Fluy) + f(s),

we get { un} is bounded in L?, (7, 00; V). By the Aubin-Lions-Simon compactness lemma (see [6]),

we have that {u,} is compact in L? (7,00; H). So up to a subsequence that

loc
w, —u in L} (1,00; H). (2.7)
Therefore
O(up) — £(u) in L2 (7,00).
Since a% are bounded continuous, we get

a(0(uy)) = a¥(€(w)) in L3 (T, 00). (2.8)

Combining (1.4), (2.7) and (2.8), we deduce that for all ¢ € C*°([1,0); V)

t N
/Z (s ))/&iun@%gpdmds — / Z aij(l(u(s)))/axiu&[;jgodxds.
Q 7 L=l Q

2,j=1
Hypothesis (H1) on the continuity of F and (2.7) imply that
Flun(t)) = F(u(t)) in Li,(r, 00; H).

Taking the limit as n — oo and using [13, Lemma 2.2] give that u is a weak solution to problem (1.2).

ii) Uniqueness and continuous dependence on the initial data. Let us denote by u; and us two weak
solutions of (1.2) with initial data u,1, uro € H respectively. By difference we get

N

d y
G —e) + D (U e) / O, (1 — 2)0, v
2,7=1 0
= {d((ua(t)) — a” (L(ur (1))} /8xiu28xjvdx 4 (F(u) — Flug),v), Yo € V.
ij=1 J

It follows from (2.6) that |u;|3 < R? and |uz|3 < R? where

2¢p n C/\Q||f||tb€

R? = max{|u1|3; |um|3} + 7 P —1) 0= Xadq — 0.
Taking v = u; — uy we derive by (1.5) and (H4)
1d 2
2dt|U1 — UQ|2 +)\A||V U1 — U2 ||2
< N Lo|l(us(t)) — €(ur (1))[|[Vuz||,| [V (w1 = ua)l|, + L, Jur — usl3.
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Recalling (1.6) we get

1d 2
§E|u1 —U2|g+/\A||V(U1 —U2)||2
< NLalgla [ur = uglz |[Vusl|, [[V(ur = u2)l|, + Lr,Jur — ugl3. (2.9)

Applying in the first term of the right hand side of (2.9) the Young inequality, we deduce that

d
priC e usly < 2¢(t, 7)ur — usl,
t
where
N2L2|g3||Vus||?
c(t,7) == Lg, + ol 2“2 c L(r,00).
224

Therefore, the uniqueness follows by the Gronwall inequality. This complete the proof of the theorem.

[

Remark 2.1. Theorem 2.1 illustrates how the nonlocal terms effect on the global existence and unique-
ness of the weak solutions. These results also improve and extend directly the results in [4, 5, 7].

3. Attractors for evolutionary systems

3.1. Evolutionary systems

In this section, for completeness, we briefly recall here the basic definitions and main results on the
evolutionary systems which was developed in recent years in [16, A. Cheskidov and C. Foias], [17, A.
Cheskidov], [18, 19, A. Cheskidov and S. Lu], [28, S. Lu] in order to study dynamical systems without
uniqueness of solutions. This theory was developed by series of papers and all results can be found in
[16, 17, 18, 19, 28].

Phase space endowed with two metrics

Assume that a set X is endowed with two metrics dg(+, ) and d,,(-, ) respectively, satisfying the fol-
lowing conditions:

(1) X is d,,-compact.

(2) If dy(up, vy) — 0 as n — oo for some u,,, v, € X, then d,(u,,v,) — 0asn — oo.

Due to the property (2), d,,(-, ) will be referred to as a weak metric on X. Denote by A® the closure of
aset A C X in the topology generated by d,. Here (the same below) @ = s or w. Note that any strongly
compact (ds-compact) set is weakly compact (d,,-compact), and any weakly closed set is strongly closed.

Autonomous case

Let
T:={l:1=[0,00) CR, or [ =(—00,00)},
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and foreach I € T, let §(/) denote the set of all X -valued functions on /. Now we define an evolutionary
system & as follows

Definition 3.1. /16, Definition 2.1] A map £ that associates to each I € T a subset E(I) C F(I) will be
called an evolutionary system if the following conditions are satisfied:

(1) £([0,00)) # 0.

(2) EUI+s)=Au(-) :u(-+s) € E(I)} forall s € R.

(3) {u()| : u(-) € E(I1)} C E(Ls) for all pairs I, Iy € T, such that I C 1.

(4) £((~00,00)) = {u(") : u()jroe) € E(Ir,00)), V7 € R).

We will refer to £(I) as the set of all trajectories on the time interval /. The set £((—o0, 00)) is called
the kernel of £ and the trajectories in it are called complete.

Let C([a, b]; X.) be the space of de-continuous X -valued functions on [a, b] endowed with the metric

de(fap;xa) (U, v) == sup de(u(t), v(t)).

te(a,b]

Denote by C([a,00); X,) the space of d,-continuous X-valued functions on [a, o) endowed with the
metric

1 de(aaix.) (U, v)
d . = — — :
C([a7°°)>X')<u’ v) ZGZN 201 + dC([a,a—i-l];X-)(u? v)

Note that the convergence in C'([a, c0); X,) is equivalent to uniform convergence on compact sets.
Let
5 o O Xw)
([, 00)) := &([r, 00)) , VT €R,
and

E((—00,00)) = {u(:) 1 u(")ljr,00) € E([7,00)), V7 € R},

It can be checked that & is also an evolutionary system and it is called the closure of the evolutionary
system £. We add for &£ the top-script ~ to the corresponding notations for &£.

Let K := £((—00,00)) and K := £((—00, 00)), which are called the kernel of £ and &, respectively.
Let also

I, K= {u()|[0’oo) Tu € IC} and H+’€ = {u()|[0’oo) VRS K}
We will investigate evolutionary systems & satisfying the following properties:

(A1) £([0,00)) is a precompact set in C'(]0, 00); X).

(A2) (Energy inequality) Assume that X is a set in some Banach space H satisfying the Radon-Riesz
property (see below) with the norm denoted | - |, such that d(x,y) = |x — y| for z,y € X and d,,
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induces the weak topology on X. Assume also that for any € > 0, there exists § > 0, such that for
every u € £([0,00)) and ¢t > 0,

[u(®)] < lu(to)| + ¢,
for ¢y a.e. in (t — 0, 1).
(A3) (Strong convergence a.e.) Let u,, € £([0,00)) be such that, u, is d¢(jo,1,x,)-Cauchy sequence in
C(]0,T; X,,) for some T" > 0. Then u,(t) is ds-Cauchy sequence a.e. in [0, 7.
We also recall stronger properties (see [16, 17, 18, 19, 28]) as follows

(B1) £(]0,00)) is a compact set in C'([0, 00); Xy,).

(B2) (Energy inequality) Assume that X is a set in some Banach space H satisfying the Radon-Riesz
property (see below) with the norm denoted | - |, such that ds(x,y) = |z — y| for x,y € X and d,,
induces the weak topology on X. Assume also that for any € > 0, there exists § > 0, such that for
every u € £([0,00)) and ¢t > 0,

u(®)] < lu(to)| + &,
for tg a.e. in (t — 0, 1).
(B3) (Strong convergence a.e.) Let u,u, € £([0,00)) be such that u,, — w in C([0,7"; X,,) for some

T > 0. Then w,(t) — u(t) strongly a.e. in [0, 7).

A Banach B is said to satisfy the Radon-Riesz property if for any sequence {z,} C B,

. x, — v weakly in B,
T, — x strongly in B < as n — oo.

lznlls = lll5,

In many applications X is bounded closed set in a uniformly convex separable Banach space /. Then the
weak topology of H is metrizable on X, and X is compact with respect to such a metric d,,. Moreover,
the Radon-Riesz property is automatically satisfied.

If &€ satisfies the conditions (A1)-(A3), then & satisfies (B1)-(B3) (see [19]).
Let P(X) be the set of all subsets of X. For every ¢t > 0, define a set-valued map

R(t): P(X) = P(X),
R(t)A :={u(t) : u(0) € A,u(-) € £(]0,00))}, A C X.

Note that the assumptions on £ implies that R(t) enjoys the following property:
R(t+s)AC R(t)R(s)A, AC X, t,s > 0.

Consider an arbitrary evolutionary system £. For aset A C X and r > 0, denote
Be(A,r) ={u € X : de(u,A) < r},
where

de(u, A) := ;relgd.(u, T), @ =S, w.
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Definition 3.2. [16, Definition 2.2]

(1) A set A C X uniformly attracts a set B C X in do-metric (® = s, w) if for any € > 0, there exists
to, such that

R(t)B C Bu(A,¢), Wt > to.

(2) A set A C X is a de-attracting set (e = s, w) if it uniformly attracts X in de-metric.

Definition 3.3. [16, Definition 2.3] A set A, is a do-global attractor (e = s,w) if Ae is a minimal
de-closed d-attracting set.

Note that the empty set is never an attracting set. Note also that since X is not strongly compact,
the intersection of two d-closed ds-attracting sets might not be ds-attracting. Nevertheless, the global
attractor A, is unique if it exists.

Definition 3.4. [16, Definition 2.8] The w,-limit (e = s, w) of a set A C X is

we(4) = UJRHA

T>0t>1

An equivalent definition of the w,-limit set is given by

we(A) = {x € X : there exist sequences t,, — oo as n — oo and x,, € R(t,)A,

such that x,, — x in d,-metric as n — co}.

Definition 3.5. [17, Definition 4.1] An evolutionary system & is asymptotically compact if for any t,, —
+oo and any x, € R(t,)X, the sequence {x,} is relatively strongly compact.

Theorem 3.1. [19, Theorem 3.7] Let £ be an evolutionary system satisfying (A1), (A2), and (A3), and
assume that its closure € satisfies £((—o0,00)) C C((—00,0); X;). Then & is asymptotically compact.

Definition 3.6. /19, Definition 3.8] Let £ be an evolutionary system. If an map E" that associates to each

I € T asubset EX(I) C E(I) is also an evolutionary system, we will call it an evolutionary subsystem
of €, and denote by E' C E.

We define the following mapping:
R(t)A = {u(t) : uw(0) € A,ue K}, AC X,t €R.
Definition 3.7. [17, Definition 5.1] A set A C X is positively invariant if
R(t)A C A, vt > 0.
A is invariant if

R(H)A = A, Vt > 0.

A is quasi-invariant if for every a € A there exists a complete trajectory v € K with u(0) = a and
u(t) € Aforallt € R.
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We now reconsider the evolutionary systems & satisfying £([0,00)) C C([0,00); X,,). Note that
£([0,00)) may not be closed in C'(]0, 00); X,,). Define the family of translation operators {7'(s) }s>o,

(T'(s)u)(-) := ul- + 8)ljo,0c), u € C([0,00); Xop).

We consider the dynamics of the translation semigroup {7'(s)}s>o acting on the phase space
C(]0,00); X,y). Due to the property (3) of the evolutionary system, we see that 7'(s)E([0,00)) C
£([0,00)),¥s > 0.

Definition 3.8. [28, Definition 2.9, Section 2.4]

(1) A set P C C([0,00); Xy,) weakly uniformly attracts a set () C E(]0,00)) if for any € > 0, there
exists ty, such that

T(t)Q C {v € C([0,00); Xy) : inf de(o,00):x,) (U, v) < €}, VE > .

ueP

(2) A set P C C([0,00); Xy,) is a weak trajectory attracting set for an evolutionary system & if it
weakly uniformly attracts E([0, 00)).

Definition 3.9. [28, Definition 2.10, Section 2.4] A set 2, C C([0,00); X,,) is a weak trajectory attrac-
tor for an evolutionary system &£ if U, is a minimal weak trajectory attracting set that is

(i) Closed in C([0,00); Xy).

(ii) Invariant: T'(t)A,, = 2, ¥Vt > 0.

Definition 3.10. /28, Definition 3.1] A set P C C([0,00); X,,) satisfies the weak uniform tracking
property for an evolutionary system & if for any € > 0, there exists to, such that for any t* > t,, every
trajectory u € £([0,00)) satisfies

Aot 00):ix0) (u(-),v(- — 7)) <,
for some trajectory v € P.

Definition 3.11. /28, Definition 3.5] A set P C C([0,0); X.,) satisfies the finite weak uniform tracking
property for an evolutionary system E if for any € > 0, there exist ty and a finite subset P/ C P, such
that for any t* > to, every trajectory u € £(]0, 00)) satisfies

Ao+ 00):x0) (u(:), v(- = t7)) <,
for some trajectory v € P/.

Theorem 3.2. [28, Theorem 3.6] Let £ be an evolutionary system. Then
1. The weak global attractor A, exists, and A,, = wy,(X).

Furthermore, assume that & satisfies (A1). Let € be the closure of €. Then
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3. Ay is the maximal invariant and maximal quasi-invariant set w.r.t. £ :

Aw = {ug € X : ug := u(0) for some u € K}.

4. The weak trajectory attractor 2., exists, it is weakly compact, and 2, = 11, K. Hence, 2, satisfies
the finite weak uniform tracking property for € and is weakly equicontinuous on [0, c0).

5. Ay is a section of U,,:
Ay =2, (t) :={u(t) :u e Ay}, V> 0.
Definition 3.12. /28, Definition 2.11, Section 2.5]
(1) A set P C C(]0,00); X, strongly uniformly attracts a set Q C E([0,00)) if for any ¢ > 0 and
T > 0, there exists ty, such that

T(t)Q C {ve C([0,00); Xy) : zilel]fD S[i)pT} ds(u(T),v(1)) < €}, Vt > 1.

(2) A set P C C(]0,00); X)) is a strong trajectory attracting set for an evolutionary system & if it
strongly uniformly attracts ([0, 00)).

Note that a strong trajectory attracting set for an evolutionary system & is a weak trajectory attracting
set for £.
Definition 3.13. /28, Definition 3.8] A set 2, C C([0,00); Xy) is a strong trajectory attractor for an
evolutionary system £ if U is a minimal strong trajectory attracting set that is

(1) Closed in C([0,00); Xy)-

(2) Invariant: T ()25 = A, Vt > 0.

It is said that 2 is strongly compact if it is compact in C([0,00); X).

Definition 3.14. [28, Definition 3.9] A set P C C([0,00); X,,) satisfies the strong uniform tracking
property for an evolutionary system & if for any ¢ > 0 and T > 0, there exists ty, such that for any
t* > to, every trajectory u € £([0, 00)) satisfies

ds(u(t),v(t —t%)) <e, Vt e [t",t"+ T,
for some T-time length piece v € Pr. Here Pr := {v(-)|jo,r] : v € P}.

Definition 3.15. /28, Theorem 3.12] A set P C C([0, 00); X,,) satisfies the finite strong uniform tracking
property for an evolutionary system & if for any ¢ > 0 and T > 0, there exist ty and a finite subset
P:,’f C s, such that for any t* > to, every trajectory u € £([0, 00)) satisfies

dy(u(t),v(t —t*)) < e, Vt € [t*,t* +T],

: . f
for some T'-time length piece v € Pj.
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Theorem 3.3. [28, Theorem 3.12] Let £ be an asymptotically compact evolutionary system. Then
1. The strong global attractor A exists, it is strongly compact, and A5 = A,
Furthermore, assume that £ satisfies (A1). Let € be the closure of £. Then

2. The strong trajectory attractor U exists and Ay = A, = 11 IC, it is strongly compact.
3. Uy satisfies the finite strong uniform tracking property for £.
4. A, = 1K is strongly equicontinuous on [0, ), i.e.,

ds(v(ty),v(t2)) < O(|t1 — ta|), Vt1,t2 > 0,V € Ay,

where 0(s) is a positive function tending to 0 as s — 0.

Theorem 3.3 gives us the results that indicate how the dynamics on the global attractor determine
the long-time dynamics of all trajectories of an evolutionary system (see [28, Corollary 3.13; Corollary
3.14]). Comparing with Theorem 3.2, Theorem 3.3 implies that the strong compactness of both the strong
global attractor and the strong trajectory attractor follow simultaneously once we obtain the asymptotical
compactness of an evolutionary system. Moreover, the global attractor is a section of the trajectory
attractor and the trajectory attractor consists of the restriction of all the complete trajectories on the
global attractor on time semiaxis [0, 00); the notion of a global attractor stresses the property of attracting
trajectories starting from sets in phase space X while the notion of a trajectory attractor emphasizes the
uniform tracking property.

The following theorem is an important result for the asymptotical compactness of £.

Theorem 3.4. [28, Theorem 3.17] An evolutionary system £ is asymptotically compact if and only if its
strongly compact strong global attractor Ay exists

Corollary 3.1. [28, Corollary 3.18] Let £ be an evolutionary system satisfying (A1) and let € be the
closure of €. If the strongly compact strong global attractor As for £ exists, then the strongly compact
strong trajectory attractor 2 for £ exists. Hence

(1) A, = 11K satisfies the finite strong uniform tracking property for &, i.e., for any ¢ > 0 and
T > 0, there exist ty and a finite subset PQJ: C Asljo,r), such that for any t* > to, every trajectory
u € &([0,00)) satisfies
ds(u(t),v(t —t*)) < e, Vt € [t", t" + T,

for some T'-time length piece v € P:,’f.
(2) A, = 11, K is strongly equicontinuous on [0, c0), i.e.,
ds(U(tl),U<t2)> S 19(|t1 — t2|), th,tz 2 O,VU € Q[s,

where 0(s) is a positive function tending to 0 as s — 0.
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Nonautonomous case and reducing to autonomous case

Let X be a parameter set and {7'(h)|h > 0} be a family of operators acting on X satisfying T'(h)X = X,
Vh > 0. Any element o € Y is called (time) symbol and Y is called (time) symbol space.

Definition 3.16. /28, Definition 2.7] A family of maps E,, o € X that for every o € 3 associates to
each I € T a subset E,(1) C §(I) will be called a nonautonomous evolutionary system if the following
conditions are satisfied:

(1) &([r,00)) # 0, V7 € R.

(2) E(I +5) = {u(:) 1 u(- + 5) € Epe)o (1)}, Vs > 0.

(3) {u()|n, :u(-) € &)} C E(12) for all pairs I, I, € T, such that Iy C 1.
(

(4) &5((—00,00)) = {u(-) : u(-)[jre0) € & ([7,00)), V7 € R}.

Define
= U EU(I), VI € T\{(_OO7OO>}7

and

Ex((—00,00)) :={u() : u(-)[jr0) € Ex([7,00)), VT € R}.

Therefore, the nonautonomous evolutionary system can be viewed as an (autonomous) evolutionary sys-
tem in the following way

E(I) = Ex(I), VI € T.

Consequently, the above notions of invariance, quasi-invariance, and a global attractor for £ can be ex-
tended to the nonautonomous evolutionary system {&, },cx. The global attractor in the nonautonomous
case will be conventionally called a uniform global attractor (or simply a global attractor). Thus, we will
not distinguish between autonomous and nonautonomous evolutionary systems. If it is necessary, we
denote an evolutionary system with a symbol space ¥ by & and its global attractor by A*, trajectory
attractor by 2>,

Definition 3.17. [28, Definition 2.7] An evolutionary system Ey, is a system with uniqueness if for every
up € X and o € %, there is a unique trajectory u € E,([0, 00)) such that u(0) = uy.

Definition 3.18. /28, Definition 3.20] An evolutionary system &, is (weakly) closed if for any T € R,
up € &, ([1,00)), the convergences u,, — w in C(|1,00), X,,) and o, — o in some topological space T
asn — oo imply u € E;([r, 00)).

Lemma 3.1. /28, Lemma 3.21-3.23] Let ‘T be some topological space and Y. C T be sequentially com-
pact in itself. Let Es, be a closed evolutionary system satisfying (Al). Then, E,((—o0,c0)) is nonempty
forany o € X, and

Ex((—00,00)) = | &((

oEY
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and

Ex([r.00)) = | & ([, 0)),
is closed in C([1,00); Xy).
Suppose that ¥ is the sequential closure of ¥ in some topological space T. Let s be an evolutionary

system with symbol space 3.

Theorem 3.5. [28, Theorem 3.24] Let Es, be an evolutionary system with uniqueness and with symbol
space Y satisfying (A1) and let Es. be the closure of Es. Let 3 be the sequential closure of ¥ in some
topological space T and Es D Ex, be a closed evolutionary system with uniqueness and with symbol
space X.. Then, Es C Es.. Hence,

1. The three weak uniform global attractors A%, AZ and AE for evolutionary systems Es, Es, and Es,
respectively, exist.

2. A%, A% and AE are the maximal invariant and maximal quasi-invariant set with respect to s, and
satisfy the following

A = AZ = A?U = {ug : up = u(0) for some u € Ex,((—o0,00))}.

3. The three weak trajectory attractors A=, A= and ng for evolutionary systems Es, Es, and Es,
respectively, exist and satisfy the following

AT = AL = A = T, Ex((—00, ).

Hence, the three weak trajectory attractors satisfy the finite weak uniform tracking property for all
the three evolutionary systems and are weakly equicontinuous on [0, 00).

4. A%, A% and A?U are sections of A=, A= and 2[5 :

AD = A = AD =25(t) = A2 () = AL (1), Yt > 0.

Furthermore, assume that > C X is sequentially compact in itself. Then, Es = Es. Hence,

5. The following relationships on kernels hold:
Ex((—00,00)) = Ex((—00,00)) = | & ((—00,0)),

o€y

and E,((—o0, 00)) is nonempty for any o € X.

Theorem 3.6. [28, Theorem 3.25] Assume that all conditions of Theorem 3.5 hold and one of the follow-
ings is valid:

1. &s is asymptotically compact.
2. Ex satisfies (A1), (A2) and (A3), and Ex((—o0, ) C C((—00,0); Xj).

3. &s possesses a strongly compact strong global attractor.
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Then the three weak uniform global attractors in Theorem 3.5 are strongly compact strong uniform
global attractors and the three weak trajectory attractors are strongly compact strong trajectory attrac-
tors. Moreover, the three trajectory attractors satisfy the finite strong uniform tracking property for all
the three evolutionary systems and are strongly equicontinuous on [0, o).

3.2. Attractors

In this section we use theory of evolutionary systems to investigate attractors of our problem. We now
consider a fixed driving force fy(t) € L¥(R,V’). Let

Y= {fo(- +h) : h e R}.
Note that for every f € X, we have

| fllew < |l follew-

Let u(t), t € [1,00), be a weak solution of (1.2) with f € ¥ guaranteed by Theorem 2.1. Repeating the
same arguments in the proof of Theorem 2.1, we receive

d CAo
I3 +0lu(t)[3 < 205 + =2 fo(®)1} (3.1)

with # = A s \q — [ and hence

2¢5  Challfoll7e’
6 6(e? — 1)

Therefore, there exists a uniformly (w.r.t. 7 € R and f) absorbing ball B,(0, R) C H, where the radius
R depends on A, A4, B, cg and || fy||. We denote by X a closed absorbing ball

[u()f < urlze " +

X ={ueH :|uls <R}

That is, for any bounded set A C H, there exists a time t4 > 0 independent of the initial time 7, such
that

u(t) € X, Yt > 71 +ty,

for every weak solution u(t) with f € ¥ and the initial data u, € A. It is known X is weakly compact
in H and d,,-metrizable.

We investigate the following evolutionary system:

E([r,00)) := {u(-) : u(-) is a weak solution on |7, c0) with f € 3 and
u(t) € X, Vt € [1,00)}, 7 € R,

E((—00,00)) := {u(:) : u(-) is a weak solution on (—oc, o0) with f € ¥ and
u(t) € X, Vt € (—o0,00)}.

Clearly, all conditions in Definition 3.1 hold for the above evolutionary system &£ because of the transla-
tion identity, i.e., a weak solution of (1.2) with f € X initiating at time 7 + h is also a weak solution of
(1.2) with f(- + h) € X initiating at time 7.
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Lemma 3.2. Let uy(t) be a sequence of weak solutions of (1.2) with fi, € ¥, such that uy(t) € X for all
t > t1. Then
uy, is bounded in L*(ty,t; V),
0
% s bounded in L*(t1,t2; V'),

for all ty > ti. Moreover, there exists a subsequence uy,; converges in C([t1,12]; Hy,) to some v €

C([tl, tz]; H), i.e.,
(ug,, ) = (v, ) uniformly on [t1,1s],

as k; tends to infinity and all ¢ € H.

Proof. It follows from the proof of Theorem 2.1 that, for all ¢, > ¢,

{u,} is bounded in L2(t1,t0; V) N L(ty, ty; H), (3.2)
and
auk’ . . 2 !
{W} is bounded in L*(t1,t2; V"), (3.3)
{F(ug)} is bounded in L?(ty,ty; H). (3.4)

By the compactness theorem (see [15, Theorem I1.1.4], [30, Theorem 8.1]), we obtain that
{uy,} is precompact in L%(ty, ty; H). (3.5)

Passing to a subsequence and dropping a subindex, we infer from (3.2), (3.3), (3.4) and (3.5) that

up =" vin L(ty, ty; H), (3.6)
up — vin L2(ty, ty; V), (3.7)
up — v in L*(ty, to; H). (3.8)

We also deduce from hypotheses of our problem that
O(ug) — £(v) in L*(ty,ts),
a (0(ug)) = a9 (0(v)) in L2(ty, ts),
Auk — Avin Lz(tl, tz; V/),
8u;€ ov . 2 !
— — —1in L*(t1,t2; V
ot ot m ( 1,02, )7
Flup) = F(v)in L(t, tg; H),
for some
v € L¥(ty, ta; H) N L2(t1, ta; V).

Note that fj is translation compact in LZZO’Z”(R, V') (see [15]). Thus, passing to a subsequence and drop-
ping a subindex again, we also have

fr = fin L?(ty,t9; V),
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with some f € L?(t1,t2; V'). Passing the limits yields the following equality

0

8_;] +Av=F(v)+ f
in the distribution sense of the space D’(t1,ts; V'). Thanks to [13, Lemma 2.2], we infer that v €
C([t1,t2]; H). Now we need to prove that uy, — v in C([ty, t2]; Hy). Using (3.6), (3.7) and (3.8) implies

that
ur(t) = v(t) in H, a.e. t € [t1,to].
Thus, for any test function ¢ € C3°(Q2)

(ug(t), ) — (v(t),p) a.e. t > t;.
Combining with (3.2), we obtain that {(ux(t), »)} is uniformly bounded on [t1,3]. On the other hand,
using (3.3),let0 < d < landt; <t <t+ 9 < ty, we have
t+6

(et + 8) — ug() |—|/8“’“, s

8uk

< E el || ||L2 (t,t+0;V")

< C52||90||,

for every p € C{°(Q2). That is, the sequence {(ux(t), )} is equicontinuous on [t1,ts]. Therefore, in
view of Arzela-Ascoli theorem, we get

(ur(t), ¢) = (v(t), ) uniformly on [t1, 15], Vi € C5°(92).
Thanks to density of C3°(2) in H, we get
(ug(t), p) = (v(t), @) uniformly on [t1, 5], Vi € H,

and so the proof is complete. The readers also can consult [28, Lemma 5.3], [27, Lemma 3.2] and [31,
Lemma 2.1] for more details and analogous proof. O]

Lemma 3.3. The evolutionary system £ of (1.2) with the fixed fy satisfies (A1) and (A3). Moreover, if

fois normal in L? (R; V') then £ of (1.2) also satisfies (A2).

loc

Proof. Using Lemma 3.2 and (3.1). First, we verify that (A1) holds. Indeed, by Theorem 2.1,
E([0,00)) C C([0,00); X5). Let {uy } be a sequence in £(]0, 00)). It follows from Lemma 3.2 that there
exists a subsequence, still denoted by {uy }, which converges in C([0, 1]; X,,) to some v! € C([0, 1]; X;)
as k — oo. Passing to a subsequence and dropping a subindex once more, we have that this subse-
quence converges in C([0,2]; X,,) to some v? € C([0,2]; X,) as k — oo. Note that v'(#) = v*(¢) on
[0, 1]. Continuing this diagonalization process, we obtain a subsequence {uy, } of {u;} that converges in
C([0,00); Xy) to some v € C([0,00); X5) as k; — o0.

Next, we prove that (A3) is valid. Take a sequence {ux} C £([0, 00)) be such that it is a de o, 7:x,,)-
Cauchy sequence in C'(]0, T]; X,,) for some 7" > 0. Thanks to Lemma 3.2 again, the sequence {uy} is
bounded in L*(0,7T; V). Hence, there exists some v(t) € C([0, T]; X,,), such that

T
/|Uk<8) —v(s)|3ds — 0, as k — oo.
0
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In particular, |ug(s)|a — |v(t)|2 as & — oo a.e. on [0, 7], which means that {u(¢)} is a ds-Cauchy
sequence a.e. on [0, 7']. Thus, (A3) is valid.

Finally, for any u € £([0,00)) and ¢ > 0, it follows from (3.1) and the absolute continuity of |u(-)|3
that

CA
u(t) < luto) § + 25t — t0) + =2 / 1 fo(s)|[2ds. (3.9)

forall 0 < ¢y < t. Assume now that f; is normal in L? .(R; V). So given e > 0, there exists 0 < § <
such that

4c’

Oc
2
ds < .
sup [ 1fa()feds < 5y
t—5
It follows from (3.9) that
()3 < Ju(to)[5 + ¢, Vo € (1 = 6,1),

which concludes that (A2) holds. The readers also can find more details in [18, Lemma 3.4], [28, Lemma
5.4]. O

As a direct consequence of Theorem 3.1, Theorem 3.2, Theorem 3.3 and Lemma 3.3, we get the
following result.

Theorem 3.7.

(i) Let ¢ = a/', 1 < i,§ < N, be bounded continuous from R into R satisfying (1.3), (1.4) and f is

translation bounded in L} (R;V'). Assume that the hypotheses (H1), (H2) and (H3) hold for F.
Then the weak uniform global attractor A, and the weak trajectory attractor 2, for (1.2) with the
fixed fo exist, Ay, is the maximal invariant and maximal quasi-invariant set w.r.t. the closure £ of
the corresponding evolutionary system € and

A = wa(X) = wi(X) = {u(0) : u € K},
A, = LK = {u()]jpm0) : u € K},
Aw = Ao (t) = {ut) : u € Ay}, V> 0.

Moreover, 2L, satisfies the finite weak uniform tracking property and is weakly equicontinuity on
[0, 00).

(ii) Furthermore, if fy is normal in LZQOC(R; V'), then then the weak global attractor Ay, is a strongly
compact strong global attractor As, and the weak trajectory attractor A, is a strongly compact
strong trajectory attractor U;. Moreover, A; = 11 K satisfies the finite strong uniform tracking
property and is strongly equicontinuous on [0, 00).

Denote by

YS:={fo(- +h): h € R} Luge (V')

Then, 3 endowed with the topology of Lloc (R; V") is metrizable and the corresponding metric space is
compact (see [15]). The Lemma 3.2 can be improved as follows
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Lemma 3.4. Let uy(t) be a sequence of weak solutions of (1.2) with fy € 3, such that uy(t) € X for all
t > t1. Then
uy, is bounded in L*(ty,t; V),
0
% s bounded in L*(t1,t2; V'),

for all ty > t1. Moreover, there exists a subsequence kj, such that fy, converges in L?O’EU(R; V') to some

f € %, and uy, converges in C([t1,t2]; Hy) to some weak solution v of (1.2) with f, i.e.,
(g, 0) = (v, p) uniformly on [t1,1s].

as k; tends to infinity and all ¢ € H.

The proof is similar to the proof of Lemma 3.2, so we omit it here. We can now consider another
evolutionary system with ¥ as a symbol. The family of trajectories for this evolutionary system consists
of all weak solutions of the family of (1.2) with f € ¥ in X:

Es([r,00)) := {u(-) : u(-) is a weak solution on [, 00) with f € ¥ and
u(t) € X, Vt € [r,00)},7 € R,

Es((—00,00)) := {u(-) : u(-) is a weak solution on (—o0, 00) with f € ¥ and
u(t) € X, Vt € (—o0,00)}.

We carry out the arguments step by step as in [18, Lemma 3.4], [28, Lemma 5.10; Lemma 5.11; Lemma
5.12], we will have proved the following results.

Lemma 3.5.

(i) The evolutionary system Es. of the family of (1.2) with f € ¥ satisfies (B1) and (B3). Moreover; if
fois normal in L} (R; V"), then (B2) holds.

loc
(ii) The evolutionary system Es, of the family of (1.2) with f € 3 is closed.
(iii) Es = Es.
It follows from Lemma 3.5 that £ C £ C &s. We get the following results for the evolutionary system
Es.
Theorem 3.8.

(i) Let a7 = a’', 1 < i,j < N, be bounded continuous from R into R satisfying (1.3), (1.4) and f;

is translation bounded in L} (R;V'). Assume that the hypotheses (H1), (H2) and (H3) hold for
F. Then the weak uniform global attractor A?U and the weak trajectory attractor 2[@% for (1.2) with
f €3 exist, A§ is the maximal invariant and maximal quasi-invariant set w.r.t. the corresponding
evolutionary system Es, and

A5 = {u(0) s u € Ex((—00,00))} = {u(0) 1 u € | J Er((—00,00))},

fes
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Ay =11, | &((—00,0)),

AS = AZ(t) = {ult) 1 u € AT}, Wt >0,

where E;((—00,0)) is nonempty for any f € 3. Moreover, ng satisfies the finite weak uniform
tracking property and is weakly equicontinuity on [0, o).

2
loc

(R; V"), then then the weak global attractor A§ is a strongly
compact strong global attractor AZ, and the weak trajectory attractor 2[1% is a strongly compact
strong trajectory attractor lei Moreover, lei satisfies the finite strong uniform tracking property
and is strongly equicontinuous on [0, 00).

(ii) Furthermore, if fq is normal in L

Proof. Using Lemma 3.5, & is equal to its closure &s. Moreover, Es((—00,00)) = Es((—00,00)).

Using Lemma 3.1 implies that £ ((—00,00)) = |J &¢((—00, 00)). It follows from Lemma 3.5 that £,
fes
satisfies (B1). Due to Lemma 3.1, £;((—o00, 00)) is nonempty. By applying Theorem 3.2 and Theorem

3.3, we get the rest part of the conclusions (see also [28, Theorem 4.14; Theorem 5.15] for analogous
proof). ]

We now have an interesting problem as follows: Are the attractors .4,, 2, and .A,i, 2[,2 in Theorem 3.7
and Theorem 3.8 are identical ?

By Theorem 2.1, Lemma 3.3, Lemma 3.5, Theorem 3.5 and Theorem 3.6, the answer of the above
problem is positive. We get the following theorem

Theorem 3.9.

(i) Let a7 = @', 1 < 4,5 < N, be bounded continuous from R into R satisfying (1.3), (1.4), (1.5)
and fy is translation bounded in L} (R;V'). Assume that the hypotheses (H1), (H2), (H3) and
(H4) hold for F. Then the two weak uniform global attractors A,, A§ and the two weak trajectory
attractors 2, Ql?u for (1.2) with the fixed fo and for (1.2) with f € ¥, respectively, exist, A,, and
.A?U are the maximal invariant and maximal quasi-invariant set w.r.t. the closure £ = Es of the

corresponding evolutionary system &£ and

Ay = A = {u(0) s u € Ex((—00,00))} = {u(0) 1 u € | J Er((—00,00))},
fex
2, = ng = H+ U gf((—OO, OO)),
fes
Ap = A2 =205 (1) = {u(t) :u e ASY, Vt > 0,

where E¢((—o0,00)) is nonempty for any f € . Moreover, 2, = AZ satisfies the finite weak
uniform tracking property for Es, and is weakly equicontinuity on [0, 00).

> (R; V"), then then the two weak global attractors A, and

A are strongly compact strong global attractors Ay and AZ, respectively, and the two weak
trajectory attractors 2, and A= are strongly compact strong trajectory attractors U, and A>,

(ii) Furthermore, if fo is normal in L

respectively. Moreover, s = A% satisfies the finite strong uniform tracking property and is strongly
equicontinuous on [0, 00).
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Proof. Thanks to Theorem 2.1, the evolutionary systems £ and & are unique. Lemma 3.3 indicates that
€ satisfies (A1) and Lemma 3.5 indicates that & is closed. By applying Theorem 3.5 and Theorem 3.6,
we receive the rest part of the conclusions (see also [28, Theorem 4.20; Theorem 5.17; Theorem 5.18]
for analogous proof). [

Remark 3.1. Our results in this paper extend and improve the previous results such as in [4, 5, 7] because
we cannot use directly the classical scheme of the dynamical system of the Cauchy problem which has
non-unique solution to find attractors.
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