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ABSTRACT. We use pointwise Kan extensions to generate new subcategories out of old ones. We investigate the
properties of these newly produced categories and give sufficient conditions for their cartesian closedness to hold. Our
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Introduction

In this paper, a subcategory of any category is always assumed to be full.

A subcategory B of a category C is said to be reflective if the inclusion functor B −→ C has a left
adjoint. Examples of such are the subcategories of Hausdorff spaces, Tychonoff spaces, compact spaces
and realcompact spaces of the category Top of topological spaces. The reflective hull of a subcategory
W of C is the smallest replete, reflective subcategory of C containing W . Such a subcategory does not
always exist, for the intersection of all replete reflective subcategories of C containing W may not be
reflective, as is shown by Adámek and Rosický [2]. The existence of reflective hulls and their properties
have been extensively studied by several authors [2, 3, 20, 21, 28, 38].

We, in Theorem 1.8, show that a replete reflective subcategory of C containing W as a codense sub-
category is necessarily the reflective hull of W , and is therefore unique when it exists. We call such
a subcategory the strong reflective hull of W . Coreflective subcategories, coreflective hulls and strong
coreflective hulls are dually defined. The notion of the so-called strong reflective hull is strictly stronger
than that of the reflective hull, in the sense that there are examples of reflective hulls which are not strong
(see Remark 4.4 and Example 1.11).

When it exists, a (pointwise) right Kan extension R of a functor F : A −→ B along itself has a monad
structure. This monad R is called the codensity monad of F ; for R reduces to the identity functor 1B iff
the functor F is codense. One has a dual notion of density comonad of the functor F .

A monad (T, η, μ) is said to be idempotent when its multiplication μ : T 2 −→ T is an isomorphism.
Similarly, a comonad is said to be idempotent if its comultiplication is an isomorphism.

We define a subcategory W of C to be left Kan extendable if the inclusion functor W −→ C has
an idempotent density comonad (L, ε, δ). When this is the case, then the category of L-coalgebras is
denoted by Wl[C] and the forgetful functor U : Wl[C] −→ C is fully faithful and injective on objects.
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Consequently, Wl[C] is viewed as a subcategory of C. Dually, the subcategory W of C is said to be
right Kan extendable provided that the inclusion functor W −→ C has an idempotent codensity monad
(R, η, μ). In this case, the category of R-algebras is denoted by Wr[C].

The two notions of strong reflective hull and right Kan extendability are closely related: a subcategory
W of C has a strong reflective hull iff W is right Kan extendable in C. When this is the case, then the
strong reflective hull of W is precisely the subcategory Wr[C] of C (dual of Theorem 3.6).

As applications, we prove that the subcategory of Top whose only object is the square of the unit
interval has a strong reflective hull which is the subcategory of compact Hausdorff spaces. Similarly,
we prove that the subcategory of Top whose only object is the square of the real line is the subcategory
of realcompact spaces. Consequently, one recovers the Stone–Čech compactification and the Hewitt
realcompactification procedures.

Fibrewise topology is a branch of topology which studies the slice categories of Top. It plays an im-
portant role in homotopy theory as shown by Crabb and James in their book [10], and is now considered
as a subject in its own right. One of the main objectives of this paper is to extend some of the categorical
properties of certain subcategories of Top to their fibrewise counterparts.

It is a well known fact that the subcategories of Top of Fréchet spaces, Hausdorff spaces, Urysohn
spaces, completely Hausdorff spaces, weak Hausdorff spaces and k-Hausdorff spaces are reflective. Let
B be a topological space and let TopB be the category of fibrewise spaces over B. We use the theory
of Kan extendable subcategories to present a general theorem allowing one to recognize reflective sub-
categories of TopB. We then use it to prove, in a harmonized and systematic manner, that the fibrewise
versions of the above subcategories of Top are again reflective subcategories of TopB.

It is a classical result of Herrlich and Strecker that any subcategory W of Top containing a nonempty
space is, in our terminology, left Kan extendable ([18, Proposition 2.17], [20, Theorem 12] and [19, page
283]). Moreover, if the objects of W are exponentiable in Top and if W satisfies an additional condition,
then a celebrated theorem of Day asserts Wl[Top] is cartesian closed [11, Theorem 3.1]. In the most
famous application, one takes W to be the subcategory Comp of compact Hausdorff spaces to deduce
that the category of compactly generated spaces, which is the strong reflective hull of Comp, is cartesian
closed [11, Corollary 3.3]. Similarly, by taking W to be the subcategory of Top whose only object is
the one-point compactification of a discrete countable space, we deduce that the subcategory of Top of
sequential spaces is cartesian closed and, by taking W to be the subcategory of Top whose only object is
the Sierpinski space, one gets the fact that the subcategory of Alexandroff spaces is cartesian closed.

The category TopB is not cartesian closed. Lots of work with varying success has been done to provide
a convenient substitute for it. In [5, Theorem 2.2], Booth proves that the category of fibrewise quasi-
topological spaces, in which the category of fibrewise topological spaces embeds, is cartesian closed. In
a later work, Booth and Brown defined a partial map version of the compact-open topology and use it
to describe a fibrewise mapping-space satisfying certain exponential laws [4, Section 3]. Variants of the
Booth-Brown topology on the mapping space were used by James to show that an exponential law holds
in certain situations ([24, Proposition 5.6] and [25, Proposition 10.15]).

Let W be a left Kan extendable subcategory of C whose objects are exponentiable in C. We show that
under mild conditions, the subcategory Wl[C] of C is cartesian closed (Theorem 9.6).
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We here prove that a subcategory W of TopB , which is suitable in a specified sense, is left Kan ex-
tendable (Theorem 8.2). We then use Theorem 9.6 to derive a fibrewise version of Day’s theorem. As
application, we prove that the category of fibrewise compactly generated spaces is cartesian closed pro-
vided that the base B is T1 (Theorem 11.12); a result which is not proved neither in [5, 6, 4] nor in
[24, 25] and is new to author’s knowledge. Further applications include the cartesian closedness of
the category of fibrewise sequential spaces (Proposition 13.4) and that of fibrewise Alexandroff spaces
(Proposition 14.9), provided that the base B satisfies the right separation axiom.

The paper is structured as follows: Section 1 contains a brief discussion of reflective subcategories
and their properties that are being used throughout. In particular, the concept of strong reflective hull is
introduced and its connection with the ordinary reflective hull is investigated. In Section 2, we recall the
basic definitions and facts about codensity monads and their idempotency. These are used in Section 3
to define the notion of Kan extendable subcategories and study their properties. In Section 4, we use the
theory of Kan extendable subcategories to derive the Stone–Čech compactification and the Hewitt real-
compactification procedures. In Section 5, we prove that subcategories of fibrewise topological spaces
over B which satisfy certain separation axioms are reflective subcategories of TopB. In Section 6, we
investigate the concept of fibrewise compact spaces. We in particular prove that a fibrewise compact
fibrewise Hausdorff space over a T1 base B is an exponential object of TopB , a fact that is needed to give
one of the main applications of the paper. In Section 7, we introduce the subcategories of TopB of fibre-
wise weak Hausdorff spaces and fibrewise k-Hausdorff spaces and prove that they are reflective in TopB.
In Section 8, we present a sufficient condition for a subcategory of TopB to be left Kan extendable. In
Section 9, we state conditions that ensure the cartesian closedness of the strong coreflective hull of a sub-
category (Theorem 9.6). The fibrewise Day’s theorem is presented and proved in Section 10 (Theorem
10.2). It is then used in Sections 11 to prove that the category kTopB of fibrewise compactly generated
topological spaces over a T1 base B is cartesian closed. Properties of certain subcategories of kTopB
are inspected in Section 12. Sections 13 and 14 are devoted to the study of fibrewise sequential spaces
and fibrewise Alexandroff spaces respectively. In Appendix A, limits in a slice category are investigated.
Specializations of the results of Appendix A to either a slice category of sets or a category of fibrewise
topological spaces are given in appendices B and C.

Conventions and notations

Throughout this paper, the product of two categories A and B is denoted by A× B. A subcategory B
of a category C is always assumed to be full. Given two objects X,Y ∈ C, the set of morphisms from
X to Y is denoted by C(X,Y ). When it exists, the cartesian product of X and Y in C is denoted by
X ×C Y . If X and Y are in the subcategory B of C, then their cartesian product X ×B Y in B, when it
exists may be different from their product X ×C Y in the larger category C and should not be confused
with it. Given a family of objects (Xi)i∈I of C, when they exist, the product and coproduct over I of the

Xi’s are denoted by
i∈I∏
C
Xi and

i∈I∐
C
Xi respectively.

Throughout this paper, B denotes a fixed topological space. The slice category Top/B is called the
category of fibrewise topological spaces over B and denoted simply by TopB . (see Appendix C).
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1 Reflective subcategories

In this section, we briefly recall the notion of reflective subcategories and discuss some of their relevant
properties.

Definition 1.1. Let C be a category.

1. A subcategory C0 of C is said to be reflective if the inclusion functor C0 U
↪→ C is a right adjoint

functor. In this case, a left adjoint functor F of U is called a reflector and the adjoint pair (F � U)
is called a reflection of C on C0. The unit 1C

η
=⇒ UF and counit FU ε

=⇒ 1C0 of the adjunction
(F � U) are also called the unit and counit of the reflection (F � U) of C on C0.

2. Dually, a subcategory C0 of C is said to be coreflective if the inclusion functor C0 U
↪→ C is a left

adjoint functor. In this case, a right adjoint G of U is called a coreflector and the adjoint pair
(U � G) is called a coreflection of C on C0. The unit 1C0

η
=⇒ GU and counit UG ε

=⇒ 1C of the
adjunction (U � G) are also called the unit and counit of the coreflection (U � G) of C on C0.

Under the conditions of Definition 1.1.1, the objects of C0 are often identified with their images in C by
the inclusion functor U . In particular, the components of the unit η of the reflection (F � U) are viewed
as maps ηC : C −→ F (C) in C.

Lemma 1.2.

1. Let (F � U) be a reflection of C on C0 with unit 1C
η

=⇒ UF and counit FU ε
=⇒ 1C0. Then

(a) The natural transformation ε is an isomorphism.

(b) An object C ∈ C is isomorphic to an object in C0 iff the map ηC : C −→ F (C) is an
isomorphism.

2. Dually, let (U � G) be a coreflection of C on C0 with unit 1C
η

=⇒ GU and counit UG ε
=⇒ 1C0.

Then

(a) The natural transformation η is an isomorphism.

(b) An object C ∈ C is isomorphic to an object in C0 iff the map εC : G(C) −→ C is an
isomorphism.

Proof.

1. (a) The functor U : C0 ↪→ C is fully faithful, therefore by [32, Theorem 1 page 90], the counit
FU

ε
=⇒ 1C0 is an isomorphism.
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(b) If C ∈ C is such that ηC : C −→ F (C) is an isomorphism, then obviously, C is isomor-

phic to the object F (C) of C0. Conversely, assume that there is an isomorphism C0
f−→ C ,

where C0 ∈ C0. The counit FU ε
=⇒ 1C0 is an isomorphism, therefore UFU Uε

=⇒ U is an
isomorphism. By [32, Theorem 1 page 82] the composite

U
ηU
=⇒ UFU

Uε
=⇒ U

is the identity natural transformation. Therefore U
ηU
=⇒ UFU is an isomorphism. It follows

that ηC0 : C0 −→ F (C0) is an isomorphism. In the following commutative diagram

C0 F (C0)

C F (C)

ηC0

f F (f)

ηC

f , F (f) and ηC0 are isomorphisms. Therefore ηC is an isomorphism.

2. The second property is dual to the first.

Definition 1.3. Let B be a subcategory of a category C and C
f−→ C ′ a morphism in C. Then

1. f is said to be B-monic if given two maps α, β from an object B in B to C , then fα = fβ =⇒ α =

β.

2. Dually, f is said to be B-epic if given two maps α, β in C from C ′ to an object B in B, then
αf = βf =⇒ α = β.

Lemma 1.4.

1. Assume that (F � U) is a reflection of a category C on a subcategory C0 with unit 1C
η

=⇒ UF .
Then for every C ∈ C, the morphism C

ηC−→ F (C) is C0-epic.

2. Dually, assume that (U � G) is a coreflection of a category C on a subcategory C0 with counit
UG

ε
=⇒ 1C0. Then for every C ∈ C, the morphism G(C)

εC−→ C is C0-monic.

Proof.

1. LetC ∈ C andC0 ∈ C0. The map C0(F (C), C0)
C0(ηC ,C0)−−−−−→ C(C,C0) is bijective, therefore injective.

Thus ηC is C0-epic.

2. The second property is dual to the first.

Proposition 1.5. (Riehl, [36, Proposition 4.5.15])

1. Let C0 ↪→ C be a reflective subcategory, then
(a) The inclusion functor C0 ↪→ C creates all limits that C admits.

(b) The subcategory C0 has all colimits that C admits, formed by applying the reflector to the
colimit in C.
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In particular if C is either complete or cocomplete, then so is C0.
2. Let C0 ↪→ C be a coreflective subcategory, then

(a) The inclusion functor C0 ↪→ C creates all colimits that C admits.

(b) The subcategory C0 has all limits that C admits, formed by applying the coreflector to the limit
in C.

In particular if C is either complete or cocomplete, then so is C0.

The following result is a generalization of [21, Proposition 3].

Lemma 1.6. Let C0 be a subcategory of a category C which is either reflective or coreflective. Then the
retract in C of an object in C0 is isomorphic to an object of C0.

Proof. We only need to prove the property in the reflective case. Let

A
i−→ X

r−→ A

be a retraction in C of an object X ∈ C0. The diagram

A X Xi ir

1X
(1)

is an equalizer in C. For iri = i = 1Xi. Let f : Y −→ X be such that irf = f . Assume that
g : Y −→ A is such that ig = f .

Y

A X X

f
g=rf

i

ir

1X

Then ig = f = irf . The morphism i is monic, thus g = rf and g is unique. Now define g = rf ,
ig = irf = f . It follows that (1) is an equalizer. By Proposition 1.5.1.(a), A is isomorphic to an object
of C0.

Recall that a subcategory A of a category C is said to be replete if any object of C which is isomorphic
to an object of A is itself in A.

Definition 1.7. Let W be a subcategory of a category C.

1. A subcategory C0 of C is called the reflective hull of W in C if it is the smallest replete, reflective
subcategory of C containing W .

2. Dually, a subcategory C0 of C is called the coreflective hull of W in C if it is the smallest replete,
coreflective subcategory of C containing W .

A reflective (resp. coreflective) hull of a subcategory may not always exist, as is shown in [2], but if
it does, then it is unique. A subcategory W of a category C has a reflective (resp. coreflective) hull iff
the intersection of all reflective (resp. coreflective), replete subcategories of C containing W is again a
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reflective (resp. coreflective) subcategory of C. In which case, this intersection is precisely the reflective
(resp. coreflective) hull of W .

Let F : A −→ C be a functor. For C ∈ C, let F/C be standard comma category, DC : F/C −→ A be
the functor which takes an arrow-object F (A) σ−→ C to A and FC be the composite functor

F/C
DC−→ A F−→ C (2)

Recall that the functor F is said to be dense if for each C ∈ C, FC has a colimit and the natural map
colimFC −→ C is an isomorphism. If A is a subcategory of C and J : A −→ C is the inclusion functor,
then for C ∈ C, the comma category J/C is also denoted by A/C . The functor JC is the composite

A/C DC−→ A J−→ C. (3)

The subcategory A of C is said to be dense in C if the functor J is dense. One has dual notions of codense
functor and codense subcategory.

Theorem 1.8. Let W be a subcategory of a category C.

1. Assume that C0 is a replete reflective subcategory of C in which W is codense. Then C0 is the
reflective hull of W in C.

2. Dually, assume that C0 is a replete coreflective subcategory of C in which W is dense. Then C0 is
the coreflective hull of W in C.

Proof. We prove the first property, the second one is the dual of the first. Let C′
0 be a replete reflective

subcategory of C containing W . Define C0 U0−→ C and C′
0

U ′
0−→ C to be the inclusion functors and let

X ∈ C0. Define X/W to be the subcategory of the under category X/C whose objects are arrows
X → V with V ∈ W . Let JX : X/W −→ C be the functor which takes an arrow-object X → V to its
codomain V . The functor JX takes values in W which is contained in C0 and C′

0, therefore JX factors
through C0 and C′

0 as shown in the following commutative diagram

C0

X/W C

C′
0

U0

J ′X
0

JX
0

JX

U ′
0

The subcategory W is codense in C0, thus limJX
0 = X . Being a right adjoint, U0 preserves limits. Thus

JX = U0J
X
0 has a limit and limJX = X . We have JX = U ′

0J
′X
0 and C′

0 be a replete. By Proposition
1.5.1.(a), J ′X

0 has a limit, X ∈ C′
0 and limJ ′X

0 = X . It follows that C0 is a subcategory of C′
0. Therefore

C0 is the reflective hull of W in C.

Recall that subcategories are always assumed to be full.
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Remark 1.9. Given a subcategory W of C. Theorem 1.8 shows that:

1. There is at most one replete reflective subcategory of C in which W is codense. When it exists, it is
certainly the reflective hull of W , and is called the strong reflective hull of W in C.

2. Dually, there is at most one replete coreflective subcategory of C in which W is dense. When it
exists, it is certainly the coreflective hull of W , and is called the strong coreflective hull of W in C.

Corollary 1.10. Given a subcategory W of C.

1. The subcategory W has a strong reflective hull iff it has a reflective hull in which it is codense.

2. Dually, W has a strong coreflective hull iff it has a coreflective hull in which it is dense.

Proof. This is a consequence of Theorem 1.8.

We next give an example of a subcategory which has a coreflective hull but has no strong coreflective
hull.

Example 1.11. Let Vect be the category of Z/2Z-vector spaces and Z the subcategory of Vect con-
taining Z/2Z as its unique object. Let C be a replete coreflective subcategory of Vect containing Z . By
Proposition 1.5.2.(a), C contains Z/2Z⊕Z/2Z. By [32, page 247 Exercise 1], Z/2Z⊕Z/2Z is dense in
Vect. Thus by Proposition 1.5.2.(a), C = Vect. It follows that Vect is the unique coreflective subcategory
of Vect containing Z and it is consequently its coreflective hull. Let A = Z/2Z ⊕ Z/2Z ∈ Vect and
let JA : Z/A −→ Vect be the functor which takes an arrow-object Z/2Z −→ A in Z/A to its domain
Z/2Z. Clearly, colimJA ∼= Z/2Z⊕Z/2Z⊕Z/2Z. It follows that the subcategory Z of Vect is not dense
in Vect. By Corollary 1.10.2, Z has no strong coreflective hull.

We close this section with the following observation.

Remark 1.12. Let C be a cartesian closed category with internal hom functor

(.)(.) : Cop × C −→ C
(Y, Z) �−→ ZY

Let C0 be a reflective subcategory of C and assume that for every Y, Z ∈ C0, the power object ZY ∈ C0.
Then:

1. By Proposition 1.5.1.(a), for every X,Y ∈ C0, X ×C0 Y exists and is isomorphic to the product
X ×C Y of X and Y in C.

2. The category C0 is cartesian closed with internal hom functor induced by that of C.

2 Idempotent codensity monads

Here, we recall the concepts of monads, codensity monads and their algebras. Details may be found in
[32, Ch. VI], [36, Ch. 5], [7, Ch. 4], [13, page 67] and [9, Section 2]. These notions are needed to define
the main concept of this paper, which that of Kan extendable subcategories.
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Let C be a category.

• The category CC of endofunctors of C is a monoidal category with composition of functors as its
monoidal product.

• A monad on C is an unital associative monoid in CC. It consists then of a triple (T, η, μ), where
T : C −→ C is a functor, μ : T 2 −→ T is an associative multiplication with unit η : 1C −→ T .

Let (T, η, μ) be a monad on the category C.

• The monad (T, η, μ) is said to be idempotent if the multiplication μ : T 2 −→ T is an isomorphism.

• An algebra over T is a pair (A, u) consisting of an object A ∈ C and a morphism u : TA −→ A

rendering commutative the diagrams:

T 2A TA

TA A

Tu

μA u

u

A TA

A

ηA

1A
u

• Given two T -algebras (A, u) and (B, v). A morphism of T -algebras from A to B is an arrow
f : A −→ B rendering commutative the diagram

TA TB

A B

Tf

u v

f

• Algebras over T and their morphisms form a category denoted by CT . It admits a forgetful functor
U : CT −→ C which is right adjoint to the free T -algebras functor F : C −→ CT .

Proposition 2.1. (Borceaux, [7, Proposition 4.1.4])

Let (T, η, μ) be a monad on a category C. Let U : CT −→ C be the forgetful functor and F : C −→ CT

the free T -algebras functor. Then (F � U) is an adjunction with unit the unit η : 1C −→ T = UF of the
monad T .

In order to recall the notion of idempotent monad, we state the following result which is part of [29,
Proposition 7.2] of Kelly and Lack.

Proposition 2.2. Let (T, η, μ) be a monad on a category C. Then the following properties are equivalent:

1. The monad T is idempotent.

2. The natural transformation ηT : T −→ T 2 is an isomorphism.

3. The natural transformation Tη : T −→ T 2 is an isomorphism.
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4. The functors μ and ηT are mutually inverse.

5. The functors μ and Tη are mutually inverse.

6. The functors ηT and Tη are equal.

7. For each object A of C, a map u : TA −→ A defines an algebra structure on A iff it is inverse to
ηA.

8. The forgetful functor U : CT −→ C is full.

9. The forgetful functor U : CT −→ C is full and faithful.

Proposition 2.3. Let (T, η, μ) be an idempotent monad on a category C and letA be an object of C. Then
the following three conditions are equivalent:

1. The object A of C has a T -algebra structure.

2. The unit map ηA : A −→ TA is an isomorphism.

3. The object A of C is isomorphic to a certain T -algebra.

In particular, CT is a replete subcategory of C.

Proof.

• 1 ⇐⇒ 2 : The monad T is idempotent. Therefore by Proposition 2.2.7, an object A of C has a
T -algebra structure iff ηA : A −→ TA is an isomorphism.

• 2 =⇒ 3 : If ηA : A −→ TA is an isomorphism, then the object A of C is isomorphic to the free
algebra TA.

• 3 =⇒ 2 : Assume that f : A −→ B is an isomorphism, where B is a T -algebra. In the following
commutative diagram

A B

TA TB

f

ηA ηB

Tf

The maps f , Tf and ηB are isomorphisms, therefore ηA is an isomorphism. It follows that A is a
T -algebra.

• The monad T is idempotent. By Proposition 2.2.9, the forgetful functor U : CT −→ C is fully
faithful. By Proposition 2.2.7, any object of C admits at most one algebra structure. Therefore U
is injective on objects. The category CT may then be identified to a subcategory of C. The fact that
CT is a replete follows from the fact that properties 1. and 3. are equivalent.
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Let G : A −→ B be a functor and assume that G has a pointwise right Kan extension R along itself
with counit ε : RG −→ G. Then one has a diagram

A B

B
G

G

R

1B

η
ε

where η : 1B −→ R is the unique natural transformation rendering commutative the diagram

G G

RG

1G

ηG ε
(4)

Let B ∈ B, DB : B/G −→ A be the functor which takes an arrow-object B σ→ G(A) to A and GB be
the composite functor

B/G
DB−→ A G−→ B. (5)

Then by [32, Theorem 1 page 237],

R(B) = limGB. (6)

By [32, (6), page 238], the unit

ηB : B −→ R(B) (7)

is the map induced by the cone

B
λB

=⇒ GB (8)

whose component λBσ along an arrow-object B σ→ G(A) is the map σ : B −→ G(A). By the universal
property of (R, ε), there exists a unique natural transformation μ : R2 −→ R rendering commutative the
diagram

R2G RG

RG G

Rε

μG ε

ε

Then the triple (R, η, μ) is a monad called the codensity monad of the functor G.

Assume that a functor G : A −→ B has an idempotent codensity monad (R, η, μ). Then as explained in
the proof of the final statement of Proposition 2.3, the forgetful functor U : BR −→ B is fully faithful
and injective on objects. The category BR is then identified to its image by U , which is, by Proposition
2.3, a replete subcategory of C.
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Examples 2.4.

1. The unit of a monoidal category is a unital associative monoid.

2. Let B be a category. The trivial monod IB on B is the unit of the monoidal category of endofunctors
BB. It is the identity functor 1B with the identity natural transformation of 1B as its unit and its
multiplication, and it is idempotent. The trivial comonad on B is dually defined.

3. Clearly, a functor G : A −→ B is codense iff the trivial monad IB is a codensity monad of G [32,
Proposition 1 page 246].

Theorem 2.5. Let G : A −→ B be a fully faithful functor which has an idempotent codensity monad
(R, η, μ). Then

1. The functor G takes values in the subcategory of R-algebras. That is, G(A) ⊂ BR.

2. The functor G0 : A −→ BR induced by G is a codense functor.

Proof. Let ε : RG −→ G be the counit of the pointwise right Kan extension R of G along itself.

A B

B
G

G

R

1B

η
ε

1. The functor G is fully faithful. By [32, Corollary 3, page 239], ε is an isomorphism. Let A ∈ A,
by (4), the composite

G(A)
ηG(A)−−−→ RG(A)

εA−→ G(A)

is 1G(A). It follows that ηG(A) is an isomorphism. By Proposition 2.3, G(A) ∈ BR.

2. Let B be an R-algebra and G0 : A −→ BR be the functor induced by G. Let

GB : B/G −→ B and GB
0 : B/G0 −→ BR

be as defined by (5). Moreover, let

B
λB

=⇒ GB and B
λB
0=⇒ GB

0

be as defined by (8). As explained above, limGB = R(B) and the map B −→ limGB induced
by the cone λB is just the unit ηB : B −→ R(B), which is an isomorphism by Proposition 2.3. It
follows that λB is a limiting cone.

The category B/G0 is isomorphic to B/G and may be identified with it. The functor GB factors
through GB

0 as follows

B/G0 = B/G

BR B

GB
0 GB

U
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By Proposition 1.5.1.(a), the functor U creates limits. In particular, any cone setting above a limit
cone is itself a limit cone (see [36, page 90] ). We have U(λB0 ) = λB. Thus the cone λB0 is a
limiting cone. It follows that G0 is a codense functor.

The notions of comonads, idempotent comonads, coalgebras over them and density comonads are
dually defined and satisfy the appropriate dual properties.

3 Left and right Kan extendable subcategories and their properties

In this section, we introduce the key notion of left Kan extendable subcategories and investigate some
of its properties. We conclude the section by briefly introducing the dual notion of right Kan extendable
subcategories.

Definition 3.1. 1 A subcategory W of a category C is said to be left Kan extendable provided that:

1. The inclusion functor J : W −→ C has a density comonad (L, ε, δ).

2. The comonad (L, ε, δ) is idempotent.

Let W be a left Kan extendable subcategory of C and let (L, ε, δ) be the idempotent density comonad
of the inclusion functor J : W −→ C. The category of L-coalgebras is denoted by Wl[C]. It is, by the
dual of Proposition 2.3, a replete subcategory of C and is called the subcategory of W-generated objects
of C.

Examples 3.2. We here give examples of left Kan extendable subcategories.

1. Let Ab be the category of abelian groups. The subcategory Fin of Ab of finite abelian groups is
left Kan extendable, Finl[Ab] is the subcategory Tor of torsion abelian groups [30, page 42]. The
functor Ab −→ Tor which takes an abelian group to its torsion subgroup is a coreflector.

2. Let P the subcategory of the category Top consisting of just one object which is the one point
topological space. The subcategory P is left Kan extendable in Top and Pl[Top] is the category Dis
of discrete topological spaces [8, page 18]. Furthermore, the discretization functor Top −→ Dis is
a coreflector.

3. The simplicial category Δ has objects [n] = {0, 1, ..., n}, n ≥ 0. A map in Δ is an order preserving
function α : [n] −→ [m]. Let S be the category of simplicial sets and let Δn ∈ S be the standard
n-simplex. Fix a non-negative integer n and let Wn be the (full) subcategory of S whose objects
are Δk, k ≤ n. Then Wn is left Kan extendable in S and Wn[S] is the subcategory Sn of S of
simplicial sets of dimension ≤ n. Furthermore, the left Kan extension of the inclusion functor
Wn −→ S along itself is just the functor n-skeleton functor Skn : S −→ S as defined in [26,
page 11].

1 The author is greatly grateful to Richard Garner for helping him introduce this final form of the definition of Kan extendability.
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Proposition 3.3. Let W be a left Kan extendable subcategory of C, (L, ε, δ) the density comonad of the
inclusion functor J : W −→ C and U : Wl[C] −→ C the forgetful functor. Then:

1. The subcategory Wl[C] is the strong coreflective hull of W in C.

2. The free L-coalgebra functor FL : C −→ Wl[C] is a coreflector.

3. The coreflection (U � FL) has ε as its counit.

Proof. This follows from the duals of Propositions 2.1, 2.2, 2.3 and the dual of Theorem 2.5.

Proposition 3.4. Let W be a left Kan extendable subcategory of C.

1. The inclusion functor Wl[C] U−→ C creates all colimits that C admits.

2. The subcategory Wl[C] has all limits that C admits formed by applying the coreflector FL to the
limit in C.

In particular, if C is either complete, cocomplete or bicomplete, then so is Wl[C].

Proof. This follows from Proposition 3.3 and Proposition 1.5.2.

Corollary 3.5. Let W be a left Kan extendable subcategory of C and C ∈ C. Then the following two
properties are equivalent:

1. The object C is W-generated.

2. There exists a functor F : K −→ W such that C ∼= colimJF , where J : W ↪→ C is the inclusion
functor.

Proof.

• 2 =⇒ 1 : This follows from Proposition 3.4.1.

• 1 =⇒ 2 : Let (L, ε, δ) be the density comonad of the inclusion functor J : W ↪→ C. Define
DC : W/C −→ W to be the functor which associates to an arrow-object V −→ C its domain V
and let JC be the composite functor

JC : W/C
DC−→ W J

↪→ C

Then, L(C) ∼= colimJC . By the dual of Proposition 2.3, εC : L(C) −→ C is an isomorphism. Therefore
C ∼= colimJC .

The next result presents a criteria for the existence of a strong reflective hull of a subcategory.

© 2024 ISTE OpenScience – Published by ISTE Ltd. London, UK – openscience.fr Page | 34



Theorem 3.6. Let W be a subcategory of a category C and J : W −→ C the inclusion functor. The
following two properties are equivalent:

1. The subcategory W of C is left Kan extendable.

2. The subcategory W of C has a strong coreflective hull.

3. The functor J has a density comonad (L, ε, δ) and the morphism εC : L(C) −→ C is W-monic for
all C ∈ C.

When these conditions are satisfied, then Wl[C] is the strong coreflective hull of W .

Proof.

• 1 =⇒ 2: By Proposition 3.3.1, Wl[C] is the strong coreflective hull of W in C.

• 2 =⇒ 3: Let C0 be the strong coreflective hull of W in C, W J0−→ C0 the inclusion functor and
(U � G) a coreflection of C on C0. The subcategory W is dense in C0, thus J0 has a trivial density
comonad (dual of Example 2.4.3).

The functor 1C0 : C0 −→ C0 is a left pointwise Kan extension of J0 along itself. The functor G is a
right adjoint of U , thus by [36, Proposition 6.5.2], G is a left pointwise Kan extension of 1C0 along
U . Therefore G is a left pointwise Kan extension of J0 along J = UJ0. The functor U is a left
adjoint functor, therefore it preserves left pointwise Kan extensions. It follows that L = UG is a
density comonad of J .

W C0 C

C0

C

J

J

J0

J0

U

U

1C0
G

L

1C

ε

Let ε be the counit of the comonad L. By Proposition 3.3.3, ε : L = UG =⇒ 1C is the counit of
the coreflection (U,G). By Lemma 1.4.2, εC : L(C) −→ C is W-monic for all C ∈ C.

• 3 =⇒ 1: For C ∈ C, let W/C be the subcategory of the over category C/C whose objects are
arrows V −→ C with domain V ∈ W . Define DC : W/C −→ W to be the functor which
associates to an arrow-object V −→ C its domain V and let JC be the composite functor

JC : W/C
DC−−→ W J−→ C
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The functor J has a density comonad (L, ε, δ). Therefore by the dual of [32, Theorem 3 page 244],

∀C ∈ C, colimJC exists and L(C) = colimJC .

A morphism C
f−→ C ′ in C induces a functor W/C

W/f−−−→ W/C ′ rendering commutative the
diagram

W/C
W/f ��

JC ���
��

��
��

��
W/C ′

JC′����
��
��
��
�

C
This last diagram induces a map

colimJC −→ colimJC′

which is just
L(f) : L(C) −→ L(C ′).

Let η : J =⇒ LJ be the unit of the left Kan extension L of J along itself. The functor J is fully
faithful. By the dual of [32, Corollary 3 page 239], η is an isomorphism. We may therefore assume
that

L(V ) = V and ηV = 1V : V −→ V, for all V ∈ W .

In which case, by the commutativity of the diagram which is dual to (4),

εV = 1V : V −→ V, for all V ∈ W .

Therefore by the naturality of ε, for each C ∈ C and each arrow-object σ : V −→ C in W/C , there
exists a map σ̃ : V −→ L(C) rendering commutative the diagram

V

L(C) C

σ∃!σ̃

εC

Moreover, σ̃ is unique since εC is W-monic. It follows that the functor

W/L(C)
W/εC−−−→ W/C

is an isomorphism. The following diagram commutes

W/L(C)
W/εC ��

JL(C) ���
��

��
���

��
W/C

JC����
��
��
��
�

C
Therefore the map L(εC) : L2(C) −→ L(C) is an isomorphism. By the dual of Proposition 2.2, L
is an idempotent comonad and W is left Kan extendable in C.

Example 3.7. The subcategory Z of Vect of Example 1.11 has no strong coreflective hull. By Theorem
3.6, Z is not left Kan extendable.
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Corollary 3.8. Let W be a left Kan extendable subcategory of a category C and assume that C0 is a
replete coreflective subcategory of C containing W . Then W is left Kan extendable as a subcategory C0.
Furthermore, Wl[C0] = Wl[C].

Proof. By Theorem 3.6, Wl[C] is the coreflective hull of W . The subcategory C0 is a replete, coreflective
subcategory of C containing W , thus Wl[C] is a subcategory of C0, which is replete coreflective as a
subcategory of C0, in which W is dense. By Theorem 1.8.2, Wl[C] is the strong coreflective hull of W in
C0. By Theorem 3.6, W is left Kan extendable in C0 and Wl[C0] = Wl[C].
Corollary 3.9. Let W , W ′ be left Kan extendable subcategories of C.

1. If W ′ ⊂ Wl[C], then W ′
l [C] is a coreflective subcategory of Wl[C].

2. If W ′ ⊂ Wl[C] and W ⊂ W ′
l [C], then Wl[C] = W ′

l [C].

Proof.

1. By Corollary 3.8, W ′ is left Kan extendable as a subcategory of Wl[C] and W ′
l [Wl[C]] = W ′

l [C].
By Proposition 3.3, W ′

l [C] is a coreflective subcategory of Wl[C].
2. This follows from 1.

Theorem 3.10. Let C0 be a reflective subcategory of C, W a left Kan extendable subcategory of C con-
tained in C0 and (U � FL) the coreflection of C on Wl[C] given by Proposition 3.3. Assume further that
FL(C0) ⊂ C0. Then:

1. The subcategory W is left Kan extendable as a subcategory of C0.
2. A reflection of C on C0 induces a reflection of Wl[C] on Wl[C0].
3. We have Wl[C0] = C0 ∩Wl[C].
4. The coreflection (U � FL) of C on Wl[C] induces a coreflection of C0 on Wl[C0].

Proof. Let J : W −→ C, J0 : W −→ C0 be the inclusion functors and (F � V ) a reflection of C on C0.
We may, by Lemma 1.2.1, assume that the composite C0 V−→ C F−→ C0 is the identity 1C0 functor. We
then have FJ = J0.

1. Let (L, ε, δ) be a density comonad of J . The subcategory C0 of C contains W , thus J has a pointwise
left Kan extension along J0 : W −→ C0 which is L/C0. The functor F is left adjoint, it is then
cocontinuous and therefore preserves left pointwise Kan extensions. Thus J0 = FJ has a pointwise
left Kan extension along itself which is L0 = FL/C0. We have L/C0(C0) = L(C0) = FL(C0) ⊂ C0
and F/C0 = 1C0, therefore L induces an endofunctor of C0 which is simply the functor L0. Let
ε0 : L0 −→ 1C0 be the natural transformation induced by ε. Clearly, ε0 is the counit of the density
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comonad L0. By Theorem 3.6, ε is W-monic, hence ε0 is W-monic. Again, by Theorem 3.6, W is
left Kan extendable as a subcategory of C0.

W C

C

J

J

L

1C

ε

W C C0

C0

J0

J

J0

F

L/C0 L0

1C0

ε0

2. We just need to prove that Wl[C0] ⊂ Wl[C] and F (Wl[C]) ⊂ Wl[C0]. Let X0 ∈ Wl[C0]. By the dual
of Proposition 2.3, εX0 = (ε0)X0 is an isomorphism, therefore X0 ∈ Wl[C] and Wl[C0] ⊂ Wl[C].
Let X ∈ Wl[C] and JX : W/X −→ C be the functor which takes an arrow-object V → X in
W/X to its domain V . The functor F preserves colimits, thus colimFJX ∼= F (X). The functor
FJX takes values in W , by Corollary 3.5, colimFJX ∈ Wl[C0]. It follows that F (X) ∈ Wl[C0] and
F (Wl[C]) ⊂ Wl[C0].

3. We have Wl[C0] ⊂ Wl[C], thus Wl[C0] ⊂ C0 ∩ Wl[C]. The induced functor F/C0 = 1C0, thus
C0 ∩Wl[C] = F (C0 ∩Wl[C]) ⊂ F (Wl[C]) ⊂ Wl[C0]. Therefore Wl[C0] = C0 ∩Wl[C].

4. One has FL(C0) ⊂ C0 ∩Wl[C] = Wl[C0]. Thus FL(C0) ⊂ Wl[C0] and the result follows.

We next introduce the dual notion of right Kan extendable subcategories.

Definition 3.11. A subcategory W of a category C is said to be right Kan extendable provided that:

1. The inclusion functor J : W −→ C has a codensity monad (R, η, μ).

2. The monad (R, η, μ) is idempotent.

Examples of right Kan extendable subcategories are given in the next section.

Let W be a right Kan extendable subcategory of a category C and (R, η, μ) the codensity monad of the
inclusion functor J : W −→ C. Define Wr[C] to be the category of R-algebras. Then by proposition
2.3, Wr[C] may be viewed as a replete subcategory of C. It is called the subcategory of W-cogenerated
objects of C.

Corollary 3.12. Let W be a right Kan extendable subcategory of C, (R, η, μ) the codensity monad of the
inclusion functor J : W −→ C and U : Wr[C] −→ C the forgetful functor. Then

1. The subcategory Wr[C] is the strong reflective hull of W in C.

2. The free R-algebra functor FR : C −→ Wr[C] is a reflector.

3. The reflection (FR � U) has η as its unit.

Proof. This is the dual of Proposition 3.3.
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4 Compactifications

Stone–Čech compactification and Hewitt realcompactification are procedures exhibiting the subcate-
gories of compact Hausdorff and realcompact spaces as reflective subcategories of Top. Our objective
in this section is to show how can these two facts be established using the notion of Kan extendable
subcategories. We begin with the following technical result.

Lemma 4.1. Let C be a complete category, C0 is a subcategory of C and J : C0 −→ C the inclusion
functor. Assume that for any small category I and any functor F : I −→ C0, the limit of the composite
functor JF is in C0. Then:

1. The subcategory C0 is complete.

2. The functor J : C0 −→ C preserves and creates small limits.

Observe that such a subcategory C0 is necessarily replete.

Proof. Clear.

Theorem 4.2. Let C be a complete category, W a small subcategory of C, C0 a subcategory of C contain-
ing W as a codense subcategory and J0 : C0 −→ C the inclusion functor. Assume further that for any
small category I and any functor F : I −→ C0, the limit of the composite functor J0F is in C0. Then C0
is the strong reflective hull of W .

Proof. The category C is complete and W is small, therefore the inclusion functor J : W −→ C has a
codensity monad (R, η, μ). By hypothesis, R(C) ⊆ C0. Moreover, the subcategory W is codense in C0.
Therefore by lemma 4.1, for each X ∈ C,

the morphism ηX : X −→ R(X) is an isomorphism iff X ∈ C0. (9)

As observed above, the functorR takes C into C0. Therefore by (9), ηR : R −→ R2 is an isomorphism.
By Proposition 2.2, R is an idempotent monad. It follows that W is right Kan extendable.

By Proposition 2.3, and object X ∈ C has an R-algebra structure iff ηX : X −→ R(X) is an isomor-
phism. Therefore by (9), Wr[C] = C0. By the dual of Theorem 3.6, C0 is the strong reflective hull of
W .

As before, let Comp be the subcategory of Top of compact Hausdorff spaces and let I the unit interval,
I2 = I ×Top I and Square the subcategory of Top having I2 as its unique object. The following result
strengthens the standard Stone–Čech compactification

Corollary 4.3. The subcategory Comp of Top is the strong reflective hull of Square.

Proof. Let J : Comp −→ Top be the inclusion functor, I be a small category and F : I −→ Comp

a functor. The limit of JF is clearly in Comp. By (Isbell, [22, Theorem 2.6]), Square is a codense
subcategory of Comp. By Theorem 4.2, Comp is the strong reflective hull of Square.
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Remark 4.4. An algebraic example of a coreflective hull which is not strong is given in Example 1.11.
We next provide another example which is topological.

Let U be the subcategory of Top having the unit interval I as its unique object. The subcategory Comp

of Top is reflective and contains U. Let top be a reflective subcategory of Top containing U. Clearly, top
contains Square, therefore it contains the reflective hull of Square which is Comp. It follows that Comp

is precisely the reflective hull of U. By [22, Theorem 2.6], U is not dense in Comp. Therefore U has no
strong reflective hull.

Let Rng be the category of commutative rings and let

C : Topop −→ Rng

be the functor which takes a space X to the ring of real-valued continuous maps defined on X . Recall
that a topological space is said to be realcompact if it is homeomorphic to a closed subspace of a product
of real lines [16, 11.12]. Let Rcomp be the subcategory of Top of realcompact spaces.

Theorem 4.5. ([16, Theorem 10.6])

The restriction functor C/ : Rcompop −→ Rng of C is fully faithful.

Let P be the subcategory of Rcomp having precisely one object which is R2 = R×Top R.

Theorem 4.6. The subcategory P of Rcomp is codense.

Proof. The proof is based on Theorem 4.5, and is strictly similar to Isbell’s proof of the fact that Square
is codense in Comp [22, Theorem 2.6].

The following result strengthens the standard Hewitt Realcompactification.

Corollary 4.7. The subcategory Rcomp of Top is the strong reflective hull of P.

Proof. Top is complete and Rcomp is a subcategory Top containing P as a codense subcategory. The
product in Top of a small set of realcompact spaces is realcompact. Similarly, the equalizer in Top of two
parallel maps in Rcomp is again in Rcomp. Therefore by Theorem 4.2, Rcomp is the strong reflective
hull of P.

5 Reflective subcategories of TopB

In this section, we apply the theory developed previously to prove that subcategories of fibrewise
topological spaces over B satisfying certain separation axioms are reflective subcategories of TopB.

Recall that a subcategory A of a category C is said to be closed under subobjects if whenever we have a
monomorphism X −→ Y in C with codomain Y ∈ A, then X is isomorphic to an object of A. Observe
that the next theorem may also be derived from [1, Theorem 16.8].
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Theorem 5.1. Let topB be a subcategory of TopB such that:

1. topB is replete and contains the fibrewise topological space B (over itself).

2. topB is closed under subobjects as a subcategory of TopB .

3. For every family (Vi)i∈I of objects of topB (indexed by a small set I), the product
i∈I∏
TopB

Vi is an object

of topB .

Then topB is a reflective subcategory of TopB. In particular, topB is bicomplete. Furthermore, the unit
η of this reflection is such that the maps ηX : X → R(X) are quotient maps, where R : TopB −→ topB
is a reflector.

Proof. Let X ∈ TopB and let JX : X/topB −→ TopB be the functor which takes an arrow-object
X −→ V to its codomain V . Define RX to be the equivalence relation on X given by x1RXx2 iff
f(x1) = f(x2) for every continuous fibrewise map f from X to any fibrewise topological space in topB.
The projection pX : X −→ B defines a continuous fibrewise map from X to B as follows:

X B

B

pX

pX

1B

Therefore if x1RXx2, then pX(x1) = pX(x2). It follows that the projection pX factors through X/RX

as follows:
X X/RX

B

pX

ηX

p̃X

In other words, RX is a fibrewise equivalence relation on X , thus X/RX is a fibrewise topological
space over B and the quotient map ηX : X −→ X/RX is a fibrewise map. Define AX = {{x1, x2} ⊂
X| pX(x1) = pX(x2) and x1��RXx2} and let (fi)i∈I be a family of maps in TopB such that:

• fi : X −→ Vi, where Vi ∈ topB for all i ∈ I .

• I is small and nonempty.

• For each {x1, x2} ∈ AX , there exists i ∈ I such that fi(x1) �= fi(x2).

Define f : X −→
i∈I∏
TopB

Vi to be the map whose i-component is fi. Observe that f(x1) = f(x2) ⇔

x1RXx2. Thus there exists a unique continuous fibrewise map f̃ : X/RX −→
i∈I∏
TopB

Vi rendering com-

mutative the diagram
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X
i∈I∏
TopB

Vi

X/RX

f

ηX

f̃

i∈I∏
TopB

Vi ∈ topB , f̃ is monic and topB is closed under subobjects. Therefore X/RX ∈ topB and the arrow

X
ηX−→ X/RX is an object of X/topB which is initial. Then clearly, lim JX ∼= X/RX ∈ topB exists. It

follows that the inclusion functor top J−→ TopB has a codensity monad R given by R(X) ∼= X/RX ∈
topB , with unit the natural transformation η : 1Top =⇒ R whose component along X is the quotient map
X

ηX−→ X/RX which is epic. By the dual of Theorem 3.6, topB is right Kan extendable in TopB . The
codensity monad R of the inclusion functor J : topB −→ TopB takes values in topB which is replete.
By Proposition 2.3, topB[TopB] ⊂ topB . If X ∈ topB, then RX is the trivial equivalence relation
and ηX = 1X . Therefore by Proposition 2.3.3, X ∈ topB[TopB] and topB ⊂ topB[TopB]. It follows
that topB[TopB] = topB . By Corollary 3.12, topB is a reflective subcategory of TopB with reflector
FR : TopB −→ topB the functor induced by R. Furthermore, the reflection of TopB on topB has unit η
which is an objectwise quotient map.

Examples 5.2. According to James [25, Chapter I, section 2], a fibrewise topological space X is said to
be fibrewise

• Fréchet (or T1) if each fibreXb ofX is an ordinary T1-topological space. The category of fibrewise
Fréchet spaces is denoted by fTopB .

• Hausdorff (or T2) if any two distinct points of X laying in the same fibre can be separated by
neighborhoods in X . The category of fibrewise Hausdorff spaces is denoted by hTopB .

Observe that if X is a fibrewise Ti-space over B, i = 1, 2 and B is an ordinary Ti-space, then X is a
Ti-space in the ordinary sense.

Similarly, define a fibrewise topological space X to be fibrewise

• Urysohn space (or T2
1
2) if any two distinct points of X laying in the same fibre can be separated

by closed neighborhoods in X . The category of fibrewise Urysohn spaces is denoted by uTopB.

• completely Hausdorff space (or functionally Hausdorff space) if any two distinct points ofX laying
in the same fibre can be separated by a continuous function (or equivalently, by a continuous
fibrewise map into B ×Top R). The category of fibrewise completely Hausdorff spaces is denoted
by hcTopB .

By Theorem 5.1, the categories fTopB , hTopB, uTopB and hcTopB are reflective subcategories of TopB .

A one point space pt is a terminal object of Top. Therefore one has the standard isomorphism

P : Toppt −→ Top. (10)

By substituting pt for B, Theorem 5.1 reduces to the following.
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Corollary 5.3. Let top be a subcategory of Top such that:

1. top is replete and contains a nonempty space.

2. top is closed under subobjects as a subcategory of Top.

3. For every family (Vi)i∈I of objects of top (indexed by a small set I), the product
i∈I∏
Top

Vi is an object

of top.

Then top is a reflective subcategory of Top. In particular, top is bicomplete. Furthermore, the unit
η of this reflection is such that the map ηX : X −→ R(X), X ∈ Top, is a quotient map, where
R : Top −→ top is the reflector.

Examples 5.4. A space X ∈ Top is Fréchet (resp. Hausdorff, Urysohn, completely Hausdorff) if it cor-
responds, under the isomorphism P of (10), to a fibrewise Fréchet (resp. Hausdorff, Urysohn, completely
Hausdorff) space over pt. The subcategory of Top of such spaces is reflective and is denoted by fTop

(resp. hTop, uTop, hcTop).

6 Fibrewise compact spaces

Let W be a left Kan extendable subcategory of a category C. One of the main objectives of this paper
is to present sufficient conditions, under which, the category Wl[C] is cartesian closed. Among other
conditions, one requires that the objects of W be exponentiable as objects of the category C. To be able
to apply this result to prove that the category of fibrewise compactly generated spaces over a T1-base B
is cartesian closed, one then needs to prove that a fibrewise compact fibrewise Hausdorff space over B is
an exponentiable object of TopB . This last result is precisely what this section is after.

We begin by introducing the notion of fibrewise compact spaces and recalling their relevant properties.
The main references of what is discussed here are the books of Bourbaki [8, Chapter I, Section 10] and
James [25, Chapter I].

Recall that a continuous map f : X −→ Y between two topological spaces X and Y is said to be
proper if the product map f ×Top 1Z : X ×Top Z −→ Y ×Top Z is closed for all Z ∈ Top [8, Section
10.1]. A fibrewise space X over the fixed topological space B is said to be fibrewise compact if its
projection p : X −→ B is a proper map.

The next proposition is an immediate consequence of [8, Proposition 5.b, Section 10.1].

Proposition 6.1. A continuous map Let f : X −→ Y and g : Y −→ Z be continuous maps. If g ◦ f is
proper, then the map f(X) −→ Z induced by g is proper.

The next theorem presents a criteria for a continuous map to be proper.

Theorem 6.2. [8, Theorem 1, Section 10.2]

A continuous map f : X −→ Y is proper iff f is closed and f−1(y) is compact for all y ∈ Y .
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Proposition 6.3. Let f : X −→ Y and f ′ : X ′ −→ Y ′ be two continuous fibrewise maps over B.
Assume that f and f ′ are proper. Then the map

f ×TopB f
′ : X ×TopB X

′ −→ Y ×TopB Y
′

is proper.

Proof. The maps f and f ′ are proper. By [8, Proposition 4, Section 10.1], the product map f ×Top f
′ :

X ×Top X
′ −→ Y ×Top Y

′ is proper. The commutative diagram

X ×TopB X
′ X ×Top X

′

Y ×TopB Y
′ Y ×Top Y

′
f×TopB

f ′ f×Topf
′

is a pullback diagram in Top. By [8, Proposition 3, Section 10.1], the map

f ×TopB f
′ : X ×TopB X

′ −→ Y ×TopB Y
′

is proper.

Corollary 6.4. Let X and Y be two fibrewise compact spaces over B. Then X ×TopB Y fibrewise
compact.

Proposition 6.5. [25, Proposition 2.7]

A fibrewise space X is fibrewise Hausdorff iff its diagonal ΔX is closed in X ×TopB X .

Definition 6.6. [25, Definition 2.15]

A fibrewise topological space p : X −→ B is fibrewise regular if for each point x0 ∈ X , and for each
open neighborhood V of x0 in X , there exist an open neighborhood Ω of b0 = p(x0) in B and an open
neighborhood U of x0 in X such that U ∩XΩ ⊂ V .

Proposition 6.7. [25, Proposition 3.19] Let φ : K −→ X be a continuous fibrewise map, where K is
fibrewise compact and X is fibrewise Hausdorff over B. Then φ is a proper map. In particular,

1. φ(K) is closed in X .

2. φ(K) is fibrewise compact fibrewise Hausdorff over B.

Corollary 6.8. [25, Corollary 3.20] A fibrewise compact subspace of a fibrewise Hausdorff space is
closed.

Corollary 6.9. A subspace of a fibrewise compact fibrewise Hausdorff space is fibrewise compact iff it is
closed.

Proof. The result follows from Corollary 6.8 and Theorem 6.2.

Proposition 6.10. ([8, Proposition 6 page 104]) Let p : X −→ B be a proper map and let K be a
compact subspace of B, then p−1(K) is a compact subspace of X .
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Proposition 6.11. [25, Proposition 3.22] Every fibrewise compact, fibrewise Hausdorff space over B is
fibrewise regular.

The next result reduces to the standard tube lemma [33, Lemma 26.8] in the case where B is a one
point space.

Lemma 6.12. (A fibrewise tube lemma)

Let X and K be two fibrewise spaces over B with K fibrewise compact. Let x0 ∈ X , O an open subset
of X ×TopB K and assume that {x0} ×TopB K ⊂ O. Then there exists an open neighborhood V of x0 in
X such that V ×TopB K ⊂ O.

Proof.

• Case 1: X = B and x0 = b0 ∈ B.
Observe that B×TopB K = K, {b0}×TopB K = Kb0 and O is an open subset of K containing Kb0.
Define C be the closed subset of K given by C = K \O. The projection pK : K −→ B is a proper
map, it is therefore closed. It follows that pK(C) is closed and does not contain b0. Define V =

B \ pK(C). Then clearly, V is an open neighborhood of b0 and V ×TopB K = p−1
K (V ) = KV ⊂ O

as desired.

• Case 2: The general case.
Let pX : X −→ B be the projection of the fibrewise space X and let b0 = pX(x0). We have
{x0} ×TopB K = {x0} ×TopB Kb0 ⊂ O. For every y ∈ Kb0 , there exist open neighborhoods Uy of
x0 in X and Wy of y in K such that Uy ×TopB Wy ⊂ O. The family (Wy)y∈Kb0

is an open cover
of Kb0 which is compact. There exist y1, y2, . . . , yn ∈ Kb0 such that Kb0 ⊂ ⋃n

i=1Wyi . Define
U =

⋂n
i=1 Uyi and W =

⋃n
i=1Wyi. Then U is an open neighborhood of x0, W is an open subset of

K containing Kb0 and U ×TopB W ⊂ O. By Case 1, there exists an open subset Ω of B such that
KΩ ⊂ W . Define V = XΩ ∩ U , then

V ×TopB K = U ×TopB KΩ ⊂ U ×TopB W ⊂ O.

We next present a special case of the fibrewise compact-open topology defined in [25, page 64], (see
also [34, page 152]).

Let K,Y ∈ TopB with K fibrewise compact, fibrewise Hausdorff space. A subspace of K (or Y ) may
be viewed as a fibrewise space over B. For Ω open in B, C closed in K and O open in Y , let

(C,O,Ω) =
b∈Ω∐
Set

{γ ∈ Top(Kb, Yb) | γ(Cb) ⊂ Ob}. (11)

Define mapB(K,Y ) to be the topological space whose underlying set is
b∈B∐
Set

Top(Kb, Yb) and whose

topology is generated 2 by the subsets (C,O,Ω), where Ω is open in B, C is closed in K and O is open
in Y .

2 The topology of mapB(K,Y ) is then the coarsest topology on the set
b∈B∐
Set

Top(Kb, Yb) containing (C,O,Ω)’s as open subsets.
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Our definition agrees with that of James mentioned above with the difference that in our case, mapB(K,Y )

is only defined when K is fibrewise compact, while in [25], mapB(X,Y ) is defined for any fibrewise
space X in precisely the same way.

Open subsets given by (11) are called elementary open subsets of mapB(K,Y ). For b ∈ B, let
map(Kb, Yb) be the subspace of mapB(K,Y ) whose underlying set is Top(Kb, Yb)

3. Define

pmap
B

(K,Y )
: mapB(K,Y ) −→ B (12)

to be the map whose fibre over b is map(Kb, Yb). Let Ω be open in B, then

p−1

map
B

(K,Y )
(Ω) =

b∈B∐
Set

Top(Kb, Yb) = (K,Y,Ω)

is open in mapB(K,Y ). It follows that pmap
B

(K,Y )
is continuous. The space mapB(K,Y ) is therefore

viewed as a fibrewise space over B.

Example 6.13. For b ∈ B, let Bb be the fibrewise subspace of B having b as its unique point. Then Bb is
fibrewise Hausdorff. Assume that B is T1. Then by Theorem 6.2, Bb is fibrewise compact. If Z ∈ TopB,
then mapB(B

b, Z) is a fibrewise space over B. It is such that

mapB(B
b, Z)b′ ∼=

{
Zb if b′ = b

One point space if b′ �= b
(13)

The next proposition is a special case of that of James [25, Corollary 9.13].

Proposition 6.14. Let K, Y be fibrewise topological spaces over B with K fibrewise compact fibrewise
Hausdorff. Then the evaluation map

ev : mapB(K,Y )×TopB K −→ Y

is continuous.

Proof. Let b0 ∈ B, γ0 ∈ map(Kb0, Yb0), x0 ∈ Kb0, O open in Y and suppose that γ0(x0) ∈ O. The
map γ0 : Kb0 −→ Yb0 is continuous, therefore there exists an open neighborhood V of x0 in K such that
γ0(V ∩Kb0) ⊂ O. The fibrewise space K fibrewise compact, fibrewise Hausdorff, by Definition 6.6, K
is regular. There exists an open neighborhood Ω of b0 ∈ B and an open neighborhood U of x0 in K such
that U ∩ KΩ ⊂ V . Define W = U ∩ KΩ. Then (U,O,Ω) ×TopB W is a neighborhood of (γ0, x0) ∈
mapTopB

(K,Y )×TopB K and ev((U,O,Ω)×TopB W ) ⊂ O. It follows that ev is continuous.

Recall that an object Y in a category C is said to be exponentiable if for each X ∈ C, the binary product
X ×C Y exists and the functor .×C Y : C −→ C has a right adjoint.

The following fact is a consequence of [25, Proposition 9.7 and Corollary 9.13] of James.

Theorem 6.15. Let K be a fibrewise compact fibrewise Hausdorff space over B. Then the functor

.×TopB K : TopB −→ TopB

3 Observe that if Kb is empty, then Top(Kb, Yb) contains precisely one element.
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has a right adjoint which is the functor

mapB(K, .) : TopB −→ TopB.

In particular, K is an exponentiable object of TopB.

Proof. Let X,Y ∈ TopB and f : X ×TopB K −→ Y a fibrewise function with adjoint (as a fibrewise
map between sets) the fibrewise function f̂ : X −→ mapB(K,Y ). We need to prove that f is continuous
iff f̂ is.

Assume that f : X ×TopB K −→ Y is continuous and let x0 ∈ X , (C,O,Ω) be an elementary
open subset of mapB(K,Y ) and assume that f̂(x0) ∈ (C,O,Ω). Then f({x0} ×TopB C) ⊂ O. By the
fibrewise tube Lemma 6.12, there exists an open neighborhood U of x0 such that f(U ×TopB C) ⊂ O.
Define V = U ∩XΩ. Then f̂(V ) ∈ (C,O,Ω). It follows that f̂ is continuous.

Conversely, assume that f̂ : X −→ mapB(K,Y ) is continuous. By Proposition 6.14, the evaluation
map

ev : mapB(K,Y )×TopB K −→ Y

is continuous. Therefore f which is the composite

X ×TopB K
̂f×TopB

1K−−−−−−→ mapB(K,Y )×TopB K
ev−→ Y (14)

is continuous.

Proposition 6.16. Assume that B is T1. Let K,Z ∈ TopB with K fibrewise compact fibrewise Haus-
dorff and let mapB(K,Z) be the exponential object defined by (12). If Z is fibrewise T1, then so is
mapB(K,Z).

Proof.

• Step 1: K is the fibrewise space Bb defined by Example 6.13, b ∈ B.

B is T1 and the fibre Zb is closed T1-subspace of Z. Then by Example 6.13, mapB(B
b, Z) is a

fibrewise T1-subspace.

• Step 2: The general case.

Let γ ∈ mapB(K,Z). we need to show that {γ} is closed in mapB(K,Z). Let b = p(γ), where
p is the projection of the fibrewise space mapB(K,Z). Then γ ∈ Top(Kb, Zb). For each x ∈ Kb,
define

fx : Bb −→ K

to be the fibrewise map given by fx(b) = x and let

mapB(fx, Z) : mapB(K,Z) −→ mapB(B
b, Z)
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be the fibrewise map induced by fx. Furthermore, let γx ∈ Top({b}, Zb) to be the map given by
γx(b) = γ(x). Then γx ∈ mapB(B

b, Z). We have

{γ} =
⋂

x∈Kb

mapB(fx, Z)
−1({γx}).

By Step 1, {γ} is closed in mapB(K,Z).

Remark 6.17. Let K,Z ∈ TopB with K fibrewise compact, fibrewise Hausdorff and Z fibrewise Haus-
dorff. Then the exponential space mapB(K,Z) is not in general fibrewise Hausdorff even if Z is Haus-
dorff (not just fibrewise Hausdorff) and B is T1.

7 Fibrewise weak and k-Hausdorfifications

Our objective in this section is to prove that if B is T1, then the subcategories of fibrewise weak
Hausdorff spaces and fibrewise k-Hausdorff spaces are reflective subcategories of TopB . We adopt a
definition of fibrewise weak Hausdorff spaces that is seemingly weaker than that of James [24, Definition
1.1]. Our definition has the advantage that it agrees with the ordinary definition of weak Hausdorff spaces
when B is reduced to a point (Strickland, [37, Definition 1.2]).

Definition 7.1.

1. A fibrewise space X over B is said to be fibrewise weak Hausdorff if for each open set Ω of B, each
fibrewise compact, fibrewise Hausdorff space K over Ω and each fibrewise map α : K −→ XΩ,
the image α(K) is closed in XΩ.

2. The subcategory of TopB whose objects are the weak Hausdorff spaces is denoted by hwTopB .

Proposition 7.2. A fibrewise Hausdorff space is fibrewise weak Hausdorff.

Proof. Let X be a fibrewise Hausdorff space, Ω open in B, K a fibrewise compact, fibrewise Hausdorff
space over Ω and u : K −→ XΩ a continuous fibrewise map. By Proposition 6.7, u(K) is closed in XΩ.
Hence X is weak Hausdorff.

Proposition 7.3. Let f : X −→ Y be an injective, continuous fibrewise map with Y fibrewise weak
Hausdorff. Then X is fibrewise weak Hausdorff. In particular, a subspace of a fibrewise weak Hausdorff
space is fibrewise weak Hausdorff.

Proof. Clear.

Proposition 7.4. Assume that the base space B is a T1-space. Then every fibrewise weak Hausdorff
space over B is fibrewise T1.

Proof. Let X be a fibrewise weak Hausdorff space over B and let x ∈ X . B is T1, thus the fibrewise
subspace {x} of X is fibrewise compact, fibrewise Hausdorff space. X is weak Hausdorff, thus {x} is
closed in X and X is T1.
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Proposition 7.5. Assume that the base space B is a T1-space. Let u be a fibrewise continuous map from
a fibrewise compact, fibrewise Hausdorff space K to a fibrewise weak Hausdorff space X . Then:

1. The map u : K −→ X is proper.

2. The subspace u(K) is a closed, fibrewise Hausdorff subspace of X .

Proof.

1. We use the characterization of proper maps given by Theorem 6.2: Let C be a closed subset of
K. C is fibrewise compact, fibrewise Hausdorff space over B, X is weak Hausdorff thus u(C) is
closed. u is then a closed map. B is T1, by Proposition 7.4, X is T1. Let x ∈ X and b = p(x)

where p is the projection of X on B. The subset {x} is closed in X , thus u−1(x) is closed in the
compact space Xb. It follows that u−1(x) is compact. Therefore u is proper.

2. The map u is proper, thus u(K) is closed. By Proposition 7.3, the subspace of a fibrewise weak
Hausdorff space is fibrewise weak Hausdorff. We therefore may assume without loss of generalities
that u is onto. By the first point, u is proper, thus by Proposition 6.3, the map

u×TopB u : K ×TopB K −→ X ×TopB X

is proper. K is fibrewise Hausdorff, therefore by Proposition 6.5, the diagonal Δ(K) of K is
closed in K ×TopB K. It follows that Δ(X) = u×TopB u(K ×TopB K) is closed in X ×TopB X . By
Proposition 6.5, X is fibrewise Hausdorff.

Proposition 7.6. Assume that the base space B is T1 and let (Xi)i∈I be a family of fibrewise weak

Hausdorff spaces indexed by a (small) set I . Then
i∈I∏
TopB

Xi is fibrewise weak Hausdorff.

Proof. Let X =
i∈I∏
TopB

Xi and p : X −→ B the projection of X on B.

• Step 1: LetK be a fibrewise compact, fibrewise Hausdorff space overB, u : K −→ X a continuous
fibrewise map, ui : K −→ Xi the i-component of u and Ki = ui(K), i ∈ I . Each Ki is closed

and by Proposition 7.5.2, each Ki is a fibrewise Hausdorff subspace of Xi. It follows that
i∈I∏
TopB

Ki

is closed, fibrewise Hausdorff subspace of X . By Proposition 6.7, u(K) is closed in
i∈I∏
TopB

Ki. Thus

u(K) is closed in X .

• Step 2: Let Ω be an open subset of B, K a fibrewise compact, fibrewise Hausdorff space over Ω,

Y = XΩ and u : K −→ Y a continuous, fibrewise map. Define Yi = p−1
i (Ω). Then Y =

i∈I∏
TopΩ

Yi.

By Proposition 7.3, each Yi is weak Hausdorff, thus by Step 1, u(K) is closed in Y . It follows that
i∈I∏
TopB

Xi is weak Hausdorff.
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Theorem 7.7. Assume that the base spaceB is T1. Then the category hwTopB is a reflective subcategory
of TopB . In particular, hwTop is bicomplete.

Proof. This follows from Theorem 5.1, Proposition 7.3 and Proposition 7.6.

k-Hausdorff spaces are defined by Rezk in [35, Section 4]. We here introduce the notion of fibrewise
k-Hausdorff spaces.

Definition 7.8.

1. A fibrewise space X over B is said to be fibrewise k-Hausdorff if for each open set Ω of B, each
fibrewise compact, fibrewise Hausdorff space K over Ω and each continuous fibrewise map u :

K −→ XΩ ×TopΩ XΩ, the inverse image by u of the diagonal of XΩ is closed in K.

2. The subcategory of TopB whose objects are the fibrewise k-Hausdorff spaces is denoted by hkTopB.

By Proposition 6.5, a fibrewise Hausdorff space is fibrewise k-Hausdorff. The product in TopB of
fibrewise k-Hausdorff spaces is fibrewise k-Hausdorff. Similarly, a subobject of a fibrewise k-Hausdorff
spaces is fibrewise k-Hausdorff space. We can apply Theorem 5.1 to get the following result.

Proposition 7.9. Assume that the base space B is a T1-space. The subcategory hkTopB of TopB is
reflective. In particular, hkTopB is bicomplete.

The next result generalizes that of Rezk [35, Proposition 11.2].

Proposition 7.10. Assume that the base space B is a T1-space. Then hwTopB is a reflective subcategory
of hkTopB.

Proof. In the light of Theorem 7.7, we just need to prove that hwTopB is a subcategory of hkTopB . Let
X be a fibrewise weak Hausdorff space.

• Step 1: Let f : K −→ X ×TopB X be a continuous, fibrewise map, where K is fibrewise compact,
fibrewise Hausdorff space. Let f1 and f2 be the components of the map f . Define K1 = f1(K),
K2 = f2(K) and L = K1 ∪ K2. The subspace L of X is the image of the continuous, fibrewise
map f1

∐
TopB

f2 : K
∐

TopB
K −→ X . The space K

∐
TopB

K is fibrewise compact fibrewise
Hausdorff, thus L is closed and by Proposition 7.5.2, L is fibrewise Hausdorff. f factors through
L×TopB L as follows

K X ×TopB X

L×TopB L

f

g j

where g : K −→ L×TopB L is continuous, fibrewise map and j is the inclusion map. Let ΔX and
ΔL be the diagonals of X and L respectively. By Proposition 6.5, ΔL is closed in L×TopB L, thus

f−1(ΔX) = g−1(j−1(ΔX)) = g−1(ΔL)

is closed in K.
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• Step 2: Let Ω be open in B, K a fibrewise compact, fibrewise Hausdorff space over Ω and u :

K −→ XΩ ×TopΩ XΩ a continuous, fibrewise map. X is fibrewise weak Hausdorff, by Proposition
7.3, XΩ is fibrewise weak Hausdorff. Therefore by Step 1, u(K) is closed in XΩ ×TopΩ XΩ. It
follows that X is k-Hausdorff.

Remark 7.11. A space X ∈ Top is weak Hausdorff (resp. k-Hausdorff) if it corresponds, under the iso-
morphism P of (10) to a fibrewise weak Hausdorff (resp. k-Hausdorff) space over Pt. The subcategory
of Top of such spaces is reflective and is denoted by hwTop (resp. hkTop)

8 Left Kan extendable subcategories of TopB

It is well known that any subcategory of Top containing a nonempty space has a coreflective hull ([20,
Theorem 12], [18, Proposition 2.17] and [19, page 283]). In this section, we prove that any subcategory
of TopB , which is suitable in the sense of the definition below, has a strong coreflective hull.

Definition 8.1. A subcategory W of TopB is said to be suitable if for every b ∈ B, there exists a fibrewise
topological space E(b) in W such that{

E(b)b �= ∅
E(b)c = ∅ for all c �= b

(15)

where E(b)c is the fibre of E(b) over c ∈ B.

Let W be a suitable subcategory of TopB (See Definition 8.1). For X ∈ TopB , let

JX : W/X −→ TopB (16)

be the functor which takes an arrow V → X to its domain V,

|JX | : W/X −→ Set|B| (17)

its underlying functor as defined by (71) and

P|B| : Set|B| −→ Set

the functor defined by (61). For (V σ−→ X) ∈ W/X , define a map

λσ : |V | −→ |X|
v �→ |σ| (v)

The maps λσ define a cone

P|B| |JX | λ
=⇒ |X| (18)

• Let V σ−→ X , V ′ σ′−→ X be in W/X , pσ and pσ′ the projections of the fibrewise spaces V and V ′

and v ∈ V , v′ ∈ V ′. The fact that W is suitable implies that λσ(v) = λσ′(v′) iff the objects (σ, v)
and (σ′, v′) of

∫
P|B| |JX | are in the same connected component.
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• Let x0 ∈ |X| and let b0 = |pX | (x0), where pX : X −→ B is the projection of the fibrewise space
X over B. Let E(b0) be as in (15) and define σ0 : E(b0) −→ X to be the fibrewise map given by
λσ0(e) = x0 for all e ∈ E(b0). Then σ0 ∈ W/X and x0 ∈ λσ0(E(b0)).

Therefore by Remark B.4.1.(c), the cone P|B| |JX | λ
=⇒ |X| given by (18) is a colimiting cone. By

Remark B.4.2, |JX | has a colimit. Therefore by Lemma C.3, JX has a colimit whose underlying set is
|X| and whose topology is the final topology defined by the functions P|B|λσ = |PB(σ)| : |V | −→ |X|,
σ ∈ W/X .

This proves that the inclusion functor W J
↪→ TopB has a density comonad (L, ε, δ) satisfying |L(X)| =

|X|, ∀X ∈ TopB . Furthermore, the underlying map |εX | of the counit εX : L(X) −→ X of the
subcategory W of TopB is just the identity map 1|X|. In particular, εX is monic and by Theorem 3.6, we
have the following result.

Theorem 8.2. Let W be a suitable subcategory of TopB. Then:

1. The subcategory W is left Kan extendable in TopB .

2. The coreflector TopB
ω−→ Wl[TopB] takes a fibrewise topological space X to the fibrewise topo-

logical space ω(X) having the same underlying set as X and whose topology is the final topology

induced by the functions |V | |PB(σ)|−−−−→ |X|, σ ∈ W/X .

3. A fibrewise topological space X over B is W-generated iff X has the final topology defined by all
continuous fibrewise maps V → X , where V is a fibrewise space in W .

Example 8.3. For b ∈ B, let Bb be the fibrewise subspace of B defined by Example 6.13. Let D be the
subcategory of TopB whose objects are the fibrewise spaces Bb, b ∈ B. Then D is a suitable subcategory
of TopB . It is then left Kan extendable and Dl[TopB] is precisely the subcategory DisB of TopB of discrete
fibrewise spaces over B.

A subcategory W of Top is said to be suitable if it corresponds, under the isomorphism P of (10) to
a suitable subcategory of TopB. That is, if W contains a nonempty space. By substituting pt for B, one
partially recovers a result of Herrlich and Strecker [18, Proposition 2.17].

Corollary 8.4. Let W be a suitable subcategory of Top. Then:

1. W is left Kan extendable in Top.

2. The coreflector Top ω−→ Wl[Top] takes a topological spaceX to the topological space ω(X) having
the same underlying set as X and whose topology is the final topology induced by the functions

|V | |σ|−→ |X|, σ ∈ W/X .

3. A topological space X is W-generated iff X has the final topology defined by all continuous maps
V −→ X, V ∈ W .

Let W be a suitable subcategory of TopB . For b ∈ B, let E(b) in W be as in (15) and let Bb to
be as defined in Example 8.3. Bb is a retract of E(b). By Lemma 1.6, Bb is W-generated. Therefore
by Example 8.3 and Corollary 3.9.1, every discrete fibrewise space is W-generated and we have the
following.
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Lemma 8.5. Let W be a suitable subcategory of TopB . Then every discrete fibrewise space over B is
W-generated.

Proposition 8.6. Let W be a suitable subcategory of TopB . Then:

1. The fibrewise quotient of a W-generated fibrewise space is W-generated.

2. A fibrewise space is W-generated iff it is the fibrewise quotient of a coproduct of spaces in W .

Proof.

1. Let X be a W-generated fibrewise space and ∼ a fibrewise equivalence relation on |X|. Let R the
discrete topological space whose underlying set is the graph of the equivalence relation ∼. The
space R is a fibrewise space over B. The fibrewise quotient quotient space X/ ∼ is the coequalizer
in TopB

R X X/ ∼
pr1

pr2

q

where pr1 and pr2 are induced by the projections on the first and second factors. The fibrewise
space X is W-generated and by Lemma 8.5, R is W-generated. Therefore by Proposition 3.4.1,
X/ ∼ is W-generated.

2. Straight forward generalization of the Escardó-Lawson proof of the same result when B is a one
point space [15, Lemma 3.2.(iv)].

Corollary 8.7. Let W be a suitable subcategory of TopB . Assume that a fibrewise space X is such that
every point of X has a neighborhood which is in W . Then X is W-generated.

Proof. For each x ∈ X , choose a neighborhood Vx of x which is in W and let ix : Vx −→ X be the
inclusion map. Then the map

x∈X∐
TopB

Vx −→ X (19)

whose restriction to Vx is ix, is a fibrewise quotient map. By Proposition 8.6.2, X is W-generated.

Proposition 8.8. Let topB be a reflective subcategory of TopB that is closed under subobjects and let W
be a suitable subcategory of topB . Then

1. The subcategory W of topB is left Kan extendable.

2. Wl[topB] = topB ∩Wl[TopB].

3. A reflection of TopB on topB induces a reflection of Wl[TopB] on Wl[topB].

4. A coreflection of TopB on Wl[TopB] induces a coreflection of top on Wl[top].

Proof. By Theorem 8.2.1, W is left Kan extendable subcategory of TopB . Let (L, ε, δ) be the density
comonad of the inclusion functor J : W −→ TopB. Let X0 ∈ topB , by Theorem 3.6, the map εX0 :

L(X0) −→ X0 is W-monic. The subcategory W of TopB is suitable, therefore εX0 is monic. The
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subcategory topB is closed under subobject, thus L(X0) ∈ topB . Therefore L(topB) ⊂ topB and then
the points 1-4 follow from Theorem 3.10.

9 Cartesian closed category of W-generated objects

Given a left Kan extendable subcategory W of a category C, In this section, we present sufficient
conditions for the category Wl[C] to be cartesian closed.

Assume that Y is an exponentiable object in a category C and let G : C −→ C be a right adjoint of the
functor . ×C Y : C −→ C. For Z ∈ C, the object G(Z) is called an exponential object and denoted by
ZY .

Examples 9.1.

1. In Top, the exponentiable objects are precisely the core compact spaces [12, 14, 23]. In particular,
locally compact Hausdorff spaces are exponentiable.

2. By Theorem 6.15, every fibrewise compact fibrewise Hausdorff space over B is exponentiable in
the category TopB.

3. By [34, Corollary 2.9], every local homeomorphism X −→ B is an exponentiable object of TopB.

Lemma 9.2. Let W be a left Kan extendable subcategory of a bicomplete category C. Assume that

1. Every object in W is exponentiable in C.

2. For every V,W ∈ W , the object V ×C W ∈ Wl[C].

Then for every V ∈ W and every Y ∈ Wl[C], V ×C Y is a W-generated object. That is V ×Wl[C] Y ∼=
V ×C Y .

Proof. Let V ∈ W and Y ∈ Wl[C]. By Corollary 3.5, there exists a functor F : K −→ C taking values
in W such that Y ∼= colimF . Define V ×C F to be the composite functor K F−→ C V×C−−→ C. Then

V ×C Y ∼= V ×C colimF
∼= colimV ×C F (because V is exponentiable in C)

By 2., V ×C F takes values in Wl[C]. Therefore, by Proposition 3.4.1, V ×C Y ∼= colimV ×C F is in
Wl[C]. Thus by Proposition 3.4.2, V ×Wl[C] Y exists and

V ×Wl[C] Y ∼= FL(V ×C Y ) ∼= V ×C Y.

Assume next that W and C are as in Lemma 9.2.

• For X,Y ∈ Wl[C], let JX : W/X −→ C be as defined by (3) and let JX ×C Y be the composite
functor

JX ×C Y : W/X
JX−→ C −×CY−−−→ C (20)
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By Proposition 3.4, Wl[C] is complete. For (V σ−→ X) ∈ W/X , define

θσ = σ ×Wl[C] 1Y : V ×C Y = V ×Wl[C] Y −→ X ×Wl[C] Y.

The maps θσ define a cone

JX ×C Y
θ

=⇒ X ×Wl[C] Y (21)

• Let
Hom(V, .) : C −→ C

be a right adjoint of the functor .×C V : C −→ C. For Y, Z ∈ Wl[C], define

SY
Z = Hom(JY (.), Z) : (W/Y )op −→ C

(V
σ−→ Y ) �−→ Hom(V, Z)

(22)

Definition 9.3. A left Kan extendable subcategory W of a bicomplete category C is said to be closeable
if

1. Every object in W is exponentiable in C.

2. For every V,W ∈ W , the object V ×C W ∈ Wl[C].
3. For all X,Y ∈ Wl[C], the cone JX ×C Y

θ
=⇒ X ×Wl[C] Y given by (21) is a colimiting cone.

4. For all Y, Z ∈ Wl[C], the functor SY
Z : (W/Y )op −→ C given by (22) has a limit.

For the remainder of this section, we assume that W is a closeable left Kan extendable subcategory of
a bicomplete category C. Define

hom(., .) : Wl[C]op ×Wl[C] −→ C (23)

by
hom(Y, Z) = limSY

Z = lim
(V

σ→Y )∈W|Y
Hom(V, Z)

Then for V ∈ W , the arrow-object 1V of W/V is terminal, it is therefore an initial object in the opposite
category (W/V )op. It follows that the limit of the functor

SV
Z : (W/V )op −→ C

is just SV
Z (1V ) which is Hom(V, Z). That is hom(V, Z) ∼= Hom(V, Z).

Lemma 9.4. Let V ∈ W and Y, Z ∈ Wl[C]. There exists a natural bijection

C(V, hom(Y, Z)) ∼= C(V ×C Y, Z).

Proof.

C(V, hom(Y, Z)) ∼= C(V, lim
(W

σ→Y )∈W|Y
Hom(W,Z))

∼= lim
(W

σ→Y )∈W|Y
C(V,Hom(W,Z))

∼= lim
(W

σ→Y )∈W|Y
C(V ×C W,Z)

∼= C( colim
(W

σ→Y )∈W|Y
V ×C W,Z)

∼= C(V ×C Y, Z) (because V is exponentiable in C)
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Let FL : C −→ Wl[C] be the coreflector. Define

(−)(−) : Wl[C]op ×Wl[C] −→ Wl[C]
(Y, Z) �→ ZY (24)

to be the composite functor

Wl[C]op ×Wl[C] hom−−→ C FL−→ Wl[C] (25)

Then for Y, Z ∈ Wl[C], ZY = FL(hom(Y, Z)).

Lemma 9.5. Let V ∈ W and Y, Z ∈ Wl[C]. There exists a natural bijection

Wl[C](V, ZY ) ∼= Wl[C](V ×Wl[C] Y, Z).

Proof.
Wl[C](V, ZY ) ∼= Wl[C](V, FL(hom(Y, Z)))

∼= C(V, hom(Y, Z)) (by Proposition 3.3)
∼= C(V ×C Y, Z) (by Lemma 9.4)
∼= C(V ×Wl[C] Y, Z) (by Lemma 9.2)
∼= Wl[C](V ×Wl[C] Y, Z)

Theorem 9.6. Wl[C] is cartesian closed with internal hom functor the functor

(−)(−) : Wl[C]op ×Wl[C] −→ Wl[C]
defined by (25).

Proof. Let X,Y, Z ∈ Wl[C].
Wl[C](X,ZY ) ∼= Wl[C]( colim

(V
σ→X)∈W|X

V, ZY )

∼= lim
(V

σ→X)∈W|X
Wl[C](V, ZY )

∼= lim
(V

σ→X)∈W|X
Wl[C](V ×Wl[C] Y, Z) (by Lemma 9.5)

∼= lim
(V

σ→X)∈W|X
Wl[C](JX ×C Y (σ), Z)

∼= Wl[C](colimJX ×C Y, Z)
∼= Wl[C](X ×Wl[C] Y, Z) (by Definition 9.3.3)

The next result is a generalization of that of Escardó-Lawson [15, Corollary 5.5].

Corollary 9.7. Let W ′ be another closeable, left Kan extendable subcategory of C which is contained in
W . Then the inclusion functor W ′

l [C] −→ Wl[C] preserves finite products.
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Proof. Let J ′ : W ′ −→ C be the inclusion functor, X,Y ∈ W ′
l [C] and J ′

X ×C Y : W ′/X −→ C be as in
(20). The functor J ′

X ×C Y factors through Wl[C] as follows:

W ′/X C

Wl[C]

J ′
X×CY

H U

X ×W ′
l [C] Y

∼= colimJ ′
X ×C Y (by Definition 9.3.3)

∼= colimUH
∼= colimH (by Proposition 3.4.1)
∼= X ×Wl[C] Y (by Lemma 9.2 and Theorem 9.6)

10 A fibrewise Day’s theorem

The aim of this section is to use the notion of Kan extendable subcategories to provide a fibrewise
version of Day’s theorem ([11, Theorem 3.1]). We begin with the following simple observation.

Remark 10.1. Let I F−→ C, J G−→ C and I P−→ J be functors. Assume that F and G have colimits
and let F α

=⇒ GP be a natural transformation.

I C

J
P

F

α
G

Then there exists a unique map h : colimF −→ colimG rendering commutative the diagram

F (i) GP (i)

colimF colimG

αi

h

for all i ∈ I .

Theorem 10.2. Assume that

1. The space B is a T1-space.

2. The subcategory W of TopB is suitable (See Definition 8.1).

3. Every fibrewise space in W is exponentiable as an object of TopB .

4. For every V,W ∈ W , the fibrewise space V ×TopB W is W-generated.

Then W is left Kan extendable. Moreover, Wl[TopB] is a cartesian closed subcategory of TopB.
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Proof. By Theorem 8.2, W is left Kan extendable. In the light of Theorem 9.6, we just need to prove
that conditions 3 and 4 of Definition 9.3 are satisfied.

Let X,Y ∈ Wl[TopB], JX : W/X −→ TopB be the functor defined by (16) and JX ×TopB Y :

W/X −→ TopB be the composite functor

JX ×TopB Y : W/X
JX−→ TopB

−×TopB
Y−−−−−→ TopB (26)

By Theorem 8.2, the functor JX has a colimit. Therefore by Lemma C.3, the functor |JX | : W/X −→
Set|B| has a colimit. Set|B| is cartesian closed, thus the functor − ×SetB |Y | : Set|B| −→ Set|B| is
left adjoint and preserves colimits. It follows that the composite of these last two functors, which
is

∣∣JX ×TopB Y
∣∣, has a colimit. Again by Lemma C.3, the functor JX ×TopB Y has a colimit. Let

JX×TopB
Y

λ
=⇒ X ×Wl[TopB] Y and JX ×TopB Y

μ
=⇒ colim(JX ×TopB Y ) be colimiting cones. Observe

that for (f : V −→ X ×TopB Y ) ∈ W/X ×TopB Y , the component λf of the cone λ along f is the map

λf = FL(f) : V −→ X ×Wl[TopB ] Y (27)

where FL : Top−→Wl[TopB] is the coreflector.

The cone θ : JX ×TopB Y =⇒ X ×Wl[TopB ] Y defined by (21) induces a map

colim(JX ×TopB Y )
θ̃−→ X ×Wl[TopB ] Y (28)

It is such that for every (V
σ−→ X) ∈ W/X , the diagram commutes

V ×TopB Y = V ×Wl[TopB ] Y

colim(JX ×TopB Y ) X ×Wl[TopB ] Y

μσ

σ×Wl[TopB ]1Y

θ̃

(29)

We need to prove that θ̃ is an isomorphism. Let P : W/X×TopB Y −→ W/X be the functor which takes
an object in W/X ×TopB Y , which is an arrow f = (σ, τ) : V −→ X ×TopB Y , to its first component
σ : V −→ X , which is an object in W/X . Define a natural transformation

JX×TopB
Y

α
=⇒ (JX ×TopB Y )P (30)

as follows:

For f = (σ, τ) : V −→ X ×TopB Y , αf = (1V , τ) : V −→ V ×TopB Y

W/X ×TopB Y TopB

W/X

P

JX×TopB
Y

α
JX×TopB

Y
(31)

The natural transformation α is such that the following diagram commutes

V

V ×TopB Y X ×TopB Y

fαf

σ×TopB
1Y

(32)
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Applying the coreflector FL : Top−→Wl[Top] to (32), we get a new commutative diagram

V

V ×TopB Y X ×Wl[TopB] Y

λfαf

σ×Wl[Top]
1Y

(33)

By Remark 10.1, the natural transformation JX×TopB
Y

α
=⇒ (JX ×TopB Y )P induces a map X ×Wl[TopB ]

Y
h−→ colimJX ×TopB Y . It is such that for every (f = (σ, τ) : V −→ X ×TopB Y ) ∈ W/X ×TopB Y ,

the diagram commutes

V V ×TopB Y

X ×Wl[TopB] Y colimJX ×TopB Y

αf

λf μσ

h

(34)

Gluing together diagrams (34) and (29) along their common edge, we get the following commutative
diagram

V V ×TopB Y

X ×Wl[TopB ] Y colimJX ×TopB Y X ×Wl[TopB] Y

αf

λf μσ

σ×Wl[Top]
1Y

h θ̃

(35)

By (33), (σ×Wl[TopB ]1Y )αf = λf . Therefore θ̃h = 1X×Wl[TopB ]Y . The maps θ̃ and h induce isomorphisms
on the underlying sets, therefore, we also have hθ̃ = 1colimJX×TopB

Y . It follows that θ̃ is an isomorphism
and condition 3 of Definition 9.3 is fulfilled. Condition 4 results from Lemma 10.4 below.

Lemma 10.3. Let W,Y ∈ TopB with W exponentiable in TopB and Hom(W, .) : TopB −→ TopB a
right adjoint of the functor W ×TopB . : TopB −→ TopB . Then

|Hom(W,Y )b| ∼= Top(Wb, Yb), ∀b ∈ B.

Proof. Let b ∈ B, Bb be the fibrewise space over B defined by Example 8.3. Then

|Hom(W,Y )b| ∼= TopB(B
b,Hom(W,Y )) ∼= TopB(B

b ×TopB W,Y ) ∼= Top(Wb, Yb).

Lemma 10.4. Assume that B is T1, W is a suitable subcategory of TopB and that every object of W is
exponentiable in TopB. Let Y, Z ∈ Wl[TopB], then the functor

SY
Z : W/Y −→ TopB

(W
σ−→ Y ) �−→ Hom(W,Z)

has a limit.

Proof. Let TY : W/Y −→ TopB be as in (16). Then colimTY ∼= Y . Let b ∈ B and let

πsb : Set|B| −→ Set and πtb : TopB −→ Top
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be the functors defined by (63) and (73) respectively.

Top(Yb, Zb) ∼= Top(πtb(colimTY ), Zb)
∼= Top(colimπtbTY , Zb) (by Lemma C.7.2)
∼= Top( colim

(W
σ→Y )∈W|Y

Wb, Zb)

∼= lim
(W

σ→Y )∈W|Y
Top(Wb, Zb)

∼= lim
(W

σ→Y )∈W|Y
|Hom(W,Z)|b (by Lemma 10.3)

∼= lim
(W

σ→Y )∈W|Y

∣∣SY
Z (σ)

∣∣
b

∼= lim πsb
∣∣SY

Z

∣∣
By Lemma B.3.1,

∣∣SY
Z

∣∣ has a limit. Therefore by Lemma 9.2, SY
Z has a limit.

Remark 10.5. Let W be as in Theorem 10.2 and

hom(., .) : Wl[TopB]
op ×Wl[TopB] −→ TopB (36)

be the functor defined by (23). Let Y, Z ∈ Wl[TopB].

|hom(Y, Z)|b ∼= πsb(|hom(Y, Z)|)
∼= πsb(

∣∣limSY
Z

∣∣)
∼= πsb(lim

∣∣SY
Z

∣∣) (| | preserves limits)
∼= lim πsb(

∣∣SY
Z

∣∣) (by Lemma B.3.1)

That is, lim πsb(
∣∣SY

Z

∣∣) ∼= Top(Yb, Zb). It follows from Lemma C.4.2 that hom(Y, Z) is the topological
space whose underlying set is

∐
b∈B

Top(Yb, Zb) and whose topology is the initial topology induced from

the spaces Hom(W,Z) by the maps
∐
b∈B

σb :
∐
b∈B

Top(Yb, Zb) −→
∐
b∈B

Top(Wb, Zb) = |Hom(W,Z)|, where

(W
σ→ Y ) ∈ W/Y .

By substituting Pt for B, Theorem 5.1 corresponds under the isomorphism P of (10) to the following
celebrated theorem of Day.

Corollary 10.6. ([11, Theorem 3.1])

Assume that:

1. The subcategory W of Top is suitable.

2. Every space in W is exponentiable as an object of Top.

3. For every V,W ∈ W , the space V ×Top W is W-generated.

Then W is left Kan extendable. Furthermore, Wl[Top] is a cartesian closed subcategory of Top.

Remark 10.7. Let W be as in Corollary 10.6 and Y, Z ∈ Wl[Top]. By Remark 10.5, lim
∣∣SY

Z

∣∣ exists
and is isomorphic to Top(Y, Z). Therefore by Lemma C.1, hom(Y, Z) = limSY

Z is the topological space
whose underlying set is Top(Y, Z) and whose topology is the initial topology defined by the functions

Top(Y, Z)
Top(σ,Z)−−−−−→ ∣∣SY

Z (σ)
∣∣ = Top(W,Z) (37)
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By (25), the exponential object ZY is given by ZY ∼= FL(hom(Y, Z)), where FL : Top −→ Wl[Top] is
the coreflector.

Examples 10.8. Let Comp be the subcategory of Top of compact Hausdorff spaces.

1. By Corollary 10.6, Comp is left Kan extendable and Compl[Top] is a cartesian closed coreflective
subcategory of Top. The Comp-generated objects of Top are precisely the compactly generated
spaces so that we recover ([11, Theorem 3.1] and [31, page 49]). Let kTop = Compl[Top] and
k : Top −→ kTop a coreflector. By Corollary 8.7, kTop contains every locally compact Hausdorff
space. We next give a description of the internal hom functor of kTop.

Recall that if K is compact Hausdorff and Z is any space, then the exponential object Hom(K,Z)

is the topological space whose underlying set is Top(K,Z) and whose topology is generated by the
subsets

(C, V ) = {f ∈ Top(K,Z) | f(C) ⊂ V } (38)

where C is closed in K and V is open in Z [17, Proposition A.14.].

For σ : K −→ Y continuous, the pull back of the subsets (C, V ) of Top(K,Z) by the maps

Top(Y, Z)
Top(σ,Z)−−−−−→ Top(K,Z) (39)

are the subsets

(C, σ, V ) = {f ∈ Top(Y, Z) | fσ(C) ⊂ V } (40)

where C is any compact Hausdorff space, V is any open subset of Z and σ : C −→ Z is any
continuous map. Let hom(Y, Z) be the topological space whose underlying set is Top(Y, Z) and
whose topology is generated by the subsets (C, σ, V ). By Remark 10.7, the exponential object ZY

in the cartesian closed category kTop is given by

ZY = k(hom(Y, Z)) (41)

2. Assume that B is Hausdorff. The category Comp/B is suitable. By Theorems 6.2 and 6.15, every
object in Comp/B is exponentiable in TopB. The base spaceB is Hausdorff, therefore the diagonal
of B is closed. It follows that the product, in TopB , of two objects of Comp/B is again in Comp/B.
By Theorem 10.2, the subcategory Comp/B of TopB is left Kan extendable and (Comp/B)l[TopB]

is cartesian closed. By Proposition C.2.2, (Comp/B)l[TopB] = kTop/B. Thus kTop/B is carte-
sian closed. We therefore recover a theorem of Booth ([6, Theorem 1.1]).

We next use the terminology developed in this paper to state another result due to Day and compare it
to Theorem 10.2.

Theorem 10.9. (Day [11, Theorem 3.4]).

Let E be a subcategory of Top such that:

1. The subcategory E contains the one point space.

2. Each object of E is an exponentiable object of Top.
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3. For any two fibrewise spaces p : V −→ B and q : W −→ B in E/B, the domain of the product
p×TopB q (in TopB) is closed in V ×Top W .

Then E/B is left Kan extendable in TopB and (E/B)l[TopB] is cartesian closed.

Theorems 10.2 and 10.9 do overlap. Actually, the proof of [6, Theorem 1.1] given in Example 10.8.2,
and which uses Theorem 10.2, can also be derived from Theorem 10.9. There are however some essential
differences:

1. The subcategory W of TopB in Theorem 10.2 has the form E/B in Theorem 10.9. Not any subcat-
egory of TopB has this form.

2. Objects of W in Theorem 10.2 are assumed to be exponentiable in TopB , while the objects of E in
Theorem 10.9 are assumed to be exponentiable in Top. For instance, Theorem 10.2 can be used to
prove that the category of fibrewise compactly generated spaces over a T1-space is cartesian closed
as shown in a latter section. Theorem 10.9 does not apply to prove this fact.

3. In Theorem 10.2, B is assumed to be T1. Theorem 10.9 uses a different separation condition
(condition 3).

Observe that Theorem 10.9 can be derived from Theorem 10.2 when B is Hausdorff.

11 The category kTopB of fibrewise compactly generated spaces

Our objective in this section is to prove that the category of fibrewise compactly generated spaces over
a T1-base is cartesian closed.

Let CompB be the subcategory of TopB of fibrewise compact, fibrewise Hausdorff spaces over B.

Proposition 11.1. Assume that B is a T1-space. Then CompB is left Kan extendable in TopB .

Proof. B is a T1-space. Thus CompB contains the fibrewise spaces Bb of Example 8.3 for all b ∈ B.
Therefore CompB is a suitable subcategory of TopB. By Theorem 8.2, CompB is left Kan extendable in
TopB.

Assume that B is T1. Then kTopB = (CompB)l[TopB] is a coreflective subcategory of TopB . Let

k : TopB −→ kTopB (42)

be a coreflector. An object in kTopB is called a fibrewise compactly generated space over B.

Proposition 11.2. Assume that B is a T1-space and let X be a fibrewise Hausdorff space over B. Then
the following properties are equivalent:
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1. The fibrewise space X is fibrewise compactly generated.

2. If a subset A of X is such that A ∩ K is open in K for any subspace K of X which is fibrewise
compact over B, then A is open in X .

3. If a subset A of X is such that A ∩K is closed in K for any subspace K of X which is fibrewise
compact over B, then A is closed in X .

Proof. Let u : K → X be a continuous fibrewise map with K fibrewise compact over B. By Proposition
6.7.2, u(K) is fibrewise compact fibrewise Hausdorff. The result then follows from Theorem 8.2.3.

Recall that if X is a fibrewise space over B with projection p : X −→ B and W ⊂ B, then the
subspace p−1(W ) of X is denoted by XW .

Definition 11.3. ([25, Definition 10.1])

Let X be fibrewise space over B. Then a subset A of X is said to be quasi-open (resp. quasi-closed) if
the following condition is satisfied:

For each point b ∈ B and each neighborhood V of b, there exists a neighborhood W ⊂ V of b such
that whenever K ⊂ XW is fibrewise compact over W , then A ∩K is open (resp. closed) in K.

Lemma 11.4. Let X be a topological space and (Vi)i∈I a family of subsets of X whose interiors cover
X . Then a subset A of X is open (resp.closed) iff A ∩ Vi is open (resp.closed) in Vi for all i ∈ I .

Proof. Clear.

Corollary 11.5. 4 Assume that B is a T1-space. Let X be a fibrewise compactly generated fibrewise
Hausdorff space over B. Then every quasi-open (resp. quasi-closed) subset of X is open (resp.closed).

Proof. The two claims concerning quasi-open sets and quasi-closed sets are equivalent. We therefore
only need to prove one of them.

Let O be a quasi-open subset of X . For each b ∈ B, there exists a neighborhood Wb of b such that
given any subspace K of XWb

which is fibrewise compact over Wb, O ∩K is open in K.

Let K be any subspace of X which is fibrewise compact over B and let b ∈ B. The fibrewise subspace
K ∩ XWb

is fibrewise compact over Wb. Therefore K ∩ XWb
∩ O is open in K ∩ XWb

. The family
(K ∩ XWb

)b∈B is a family of subsets of K whose interiors in K cover K. By Lemma 11.4, K ∩ O is
open in K. By Proposition 11.2, O is open in X .

Recall that a topological space X is said to be regular if for every x ∈ X and every neighborhood V of
x, there exists a closed neighborhood W of x which is contained in V . Observe that a regular T1-space
is Hausdorff.

4 I would like to greatly thank the first referee for explicitly stating this result to me.
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Proposition 11.6. Let B be a regular Hausdorff space and X a fibrewise Hausdorff space over B.
Assume that every quasi-open (resp.quasi-closed) subset of X is open (resp.closed) in X . Then X is
fibrewise compactly generated.

Proof. Again, we only need to prove the proposition under the quasi-open hypothesis.

Let O ⊂ X be such that O∩K is open in K for any subspace K of X which is fibrewise compact over
B. We want to show that O is quasi-open.

Let b ∈ B and let V be any neighborhood of b. The space B is regular. There exists a closed neighbor-
hood W of b which is contained in V . Let K be any subspace of XW which is fibrewise compact over
W . The subspace W of X is closed. By Theorem 6.2, K is fibrewise compact over B. Therefore O ∩K
is open in K. It follows that O is a quasi-open subset of X , and is therefore open in X . By Proposition
11.2, X is fibrewise compactly generated.

Remark 11.7. We next compare our notion of fibrewise compactly generated space to the equally named
notion considered by James in [25, Definition 10.3].

1. Our notion of fibrewise compactly generated spaces is defined only when the base space B is T1.

2. A fibrewise space X over B is fibrewise compactly generated in the sense of James iff:

(a) X is fibrewise Hausdorff.

(b) Every quasi-open subset of X is open, or equivalently, if every quasi-closed subset of X is
closed.

3. Assume that B is a T1-space and X is a fibrewise Hausdorff space over B.

(a) By Corollary 11.5, if X is fibrewise compactly generated in our sense, then it is so in the sense
of James.

(b) Assume further that B is a regular space. Then by Corollary 11.5 and Proposition 11.6, X is
fibrewise compactly generated in our sense iff it is so in the sense of James.

To fit our purposes, we give a definition of fibrewise locally compact spaces which is slightly stronger
than the one given by James in [25, Definition 3.12.].

Definition 11.8. A fibrewise space X over B is said to be fibrewise locally compact if for each x ∈ X ,
there exists a neighborhood K of x which is fibrewise compact over B.

Proposition 11.9. Assume that B is T1. Then every fibrewise locally compact, fibrewise Hausdorff space
is fibrewise compactly generated.

Proof. This is a consequence of Corollary 8.7.

Assume thatB is T1 and let LcompB be the subcategory of TopB of fibrewise locally compact, fibrewise
Hausdorff spaces. LcompB contains the suitable subcategory CompB of TopB . Therefore LcompB is
suitable. By Theorem 8.2, LcompB is left Kan extendable in TopB . Let lkTopB = (LcompB)l[TopB].
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Corollary 11.10. Assume that B is T1. Then lkTopB = kTopB.

Proof. CompB is a subcategory of LcompB and by Proposition 11.9, LcompB is a subcategory of kTopB.
Therefore by Corollary 3.9, lkTopB = kTopB .

The next result generalizes Proposition 11.9 and is a fibrewise version of [37, Proposition 2.6].

Proposition 11.11. Assume that B be is T1. Let X be a fibrewise locally compact fibrewise Hausdorff
space and Y a fibrewise compactly generated space. Then the product X×TopB Y is fibrewise compactly
generated.

Proof. This follows from Lemma 9.2 and Corollary 11.10.

Theorem 11.12. Assume that B is T1. Then kTopB is cartesian closed.

Proof. B is T1, thus CompB is a suitable subcategory of TopB . By Theorem 6.15, every fibrewise
compact fibrewise Hausdorff space is exponentiable in TopB . By Corollary 6.4, the product of two
fibrewise compact spaces is fibrewise compact. By Examples 5.2, the subcategory of fibrewise Hausdorff
spaces over B is reflective. Therefore by Proposition 1.5.1.(a), the product (in TopB) of two fibrewise
Hausdorff spaces is fibrewise Hausdorff. It follows from Theorem 10.2 that kTopB is cartesian closed.

We next give a description of the internal hom functor of kTopB .

Let K ∈ CompB and Z ∈ TopB. By Theorem 6.15, K is exponentiable in TopB and the exponential
object mapB(K,Z) is the topological space whose underlying set is

∐
b∈B

Top(Kb, Zb) and whose topology

is generated by the subsets

(C,O,Ω) =
∐
b∈Ω

{γ ∈ Top(Kb, Zb) | γ(Cb) ⊂ Ob} (43)

where C is closed in K, O is open in Z and Ω is open in B.

Let

hom(., .) : kTopopB × kTopB −→ TopB (44)

be the functor defined as in (36) and let Y, Z ∈ kTopB . By Remark 10.5, hom(Y, Z) is the topological
space whose underlying set is

∐
b∈B

Top(Yb, Zb) and whose topology is generated by the subsets

(σ,C,O,Ω) =
∐
b∈Ω

{γ ∈ Top(Yb, Zb) | γσb(Cb) ⊂ Ob} (45)

Where (σ : K −→ Y ) ∈ CompB/Y , C closed in K and O open in Z. By Theorem 9.6, the composite
functor

(.)(.) : kTopopB × kTopB
hom−−→ TopB

k−→ kTopB (46)

is an internal hom functor for the cartesian closed category kTopB , where TopB
k−→ kTopB is a core-

flector.
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Proposition 11.13. Assume that B is T1 and let topB be one of the reflective subcategories

fTopB, hTopB, uTopB, hkTopB or hwTopB. (47)

Then

1. CompB is left Kan extendable as a subcategory of topB .

2. (CompB)l[topB] = topB ∩ kTopB.

3. A reflection of TopB on topB induces a reflection of kTopB on Compl[topB].

4. The coreflection of TopB on kTopB given by Proposition 3.3 induces a coreflection of topB on
(CompB)l[topB].

Proof. topB is reflective, closed under subobjects subcategory of TopB containing the suitable subcate-
gory CompB . Properties 1-4 are then consequences of Proposition 8.8.

Corollary 11.14. Let top be one of the reflective subcategories

fTop, hTop, uTop, hcTop, hkTop or hwTop (48)

of Top. Then

1. Comp is left Kan extendable as a subcategory of top.

2. A reflection of Top on top induces a reflection of kTop on Compl[top].

3. Compl[top] = top ∩ kTop.

4. The coreflection ofTop on kTop given by Proposition 3.3 induces a coreflection of top onCompl[top].

Notation 11.15.

1. Let kfTopB = kTopB ∩ fTopB , khTopB = kTopB ∩ hTopB , kuTopB = kTopB ∩ uTopB and
khkTopB = kTopB ∩ hkTopB.

2. Similarly, let kfTop = kTop ∩ fTop, khTop = kTop ∩ hTop, kuTop = kTop ∩ uTop, khcTop =

kTop ∩ hcTop, khkTop = kTop ∩ hkTop and khwTop = kTop ∩ hwTop.

12 Cartesian closed subcategories of kTopB and kTop

In this section, we prove that kfTopB is a cartesian closed subcategory of kTopB . We also prove that
the subcategories kfTop, khTop, kuTop, khcTop, and khwTop are cartesian closed.

Proposition 12.1. Assume that B is T1. Then the reflective subcategory kfTopB of kTopB is cartesian
closed with internal hom functor induced by that of kTopB .
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Proof. By Proposition 11.13 , kfTopB is a reflective subcategory of kTopB. By Remark 1.12, we just
need to prove that if Y, Z ∈ kfTopB, then the exponential object ZY in kTopB defined by (46) is again
an object of kfTopB.

So let Y, Z ∈ kfTopB.

hom(Y, Z) ∼= lim
(K

σ→Y )∈CompB |Y
mapB(K,Z). (49)

By Proposition 6.16, the spaces mapB(K,Z) in (49) are T1. The subcategory fTopB is a reflective, by
Proposition 1.5.1.(a), hom(Y, Z) is T1. Let ε be the counit of the coreflection of TopB on kTopB . The
hom(Y, Z)-component

ZY = k(hom(Y, Z))
εhom(Y,Z)−−−−−→ hom(Y, Z) (50)

of ε is monic. The category fTopB is closed under subobjects, therefore ZY ∈ fTopB. The space
ZY ∈ kTopB , thus ZY ∈ kTopB ∩ fTopB = kfTopB.

Remark 12.2.

1. Assume that B be a T1-space. Let K be a fibrewise compact, fibrewise Hausdorff space and
Z ∈ khTopB. Then as observed in Remark 6.17, the space mapB(K,Z) may not be fibrewise
Hausdorff. Therefore the argument used in the proof of Proposition 12.1 cannot be used to prove
that khTopB is cartesian closed. In fact, this does not seem to be true.

2. Let K be the subcategory of TopB of compactly generated spaces in the sense of James ([25,
Definition 10.3] and Remark 11.7.2). Then K is cartesian with binary product ×′

B defined in ([25,
Page 83]. For any X ∈ K that is locally sliceable [25, Definition 1.16], the functor

−×′
B X : K −→ K

has a right adjoint which is the functor

map′
B(X,−) : K −→ K

defined in [25, Page 84]. This follows from the fact that the evaluation functions

map′
B(X,Z)×′

B X −→ Z

are continuous [25, Page 85] and that the adjoint of a continuous function

h : Y ×′
B X −→ Z

can be regarded as a continuous function

kB(ĥ) : Y −→ map′
B(X,Z)

as in [25, Lemma 10.16].

Proposition 12.3. [35, Proposition 11.4.]

Every compactly generated, k-Hausdorff space is weak Hausdorff. That is,

kTop ∩ hkTop ⊂ hwTop.
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Proof. Let X be a compactly generated k-Hausdorff space. Let f : K −→ X be continuous where K
is compact Hausdorff. Let g : L −→ X be a continuous map from a compact Hausdorff space L to X ,
f ×Top g : K×TopL −→ X ×TopX and prL : K×TopL −→ L is the projection. The map prL is closed,
therefore g−1(f(K)) = prL((f ×Top g)

−1)(ΔX) is closed. It follows that f(K) is closed and X is weak
Hausdorff.

Remark 12.4. Observe that by Propositions 12.3 and 7.10, khkTop = khwTop.

Proposition 12.5. The reflective subcategories

kfTop, khTop, kuTop, khcTop, khkTop and khwTop (51)

of kTop are cartesian closed with internal hom functor induced by that of kTop.

Proof. Let top be one of the categories in (51). By Proposition 11.14, top is a reflective subcategory
of kTop. By Remark 1.12, we just need to prove that if Y, Z ∈ top, then the exponential object ZY in
kTop defined by Examples 10.8.1 is again in top. So let Y, Z ∈ top. For y ∈ Y , the evaluation map
Evy : Z

Y −→ Z at y and is continuous.

• top = kfTop:
Let f0 ∈ ZY . Evy is continuous, Z is Fréchet, thus Ev−1

y (f(y)) is closed in ZY . It follows that
{f0} = ∩

y∈Y
Ev−1

y (f0(y)) is closed in ZY and ZY is a Fréchet space.

• top = khTop:
Let f, g ∈ khTop with f �= g. Let y0 ∈ Y be such that f(y0) �= g(y0). Let U, V be disjoint open
neighborhoods of f(y0) and g(y0). Then Ev−1

y0 (U) and Ev−1
y0 (V ) are disjoint open neighborhoods

of f and g. It follows that ZY is Hausdorff.

• top = kuTop:
Let f, g ∈ khTop with f �= g. Let y0 ∈ Y be such that f(y0) �= g(y0). Let A,B be disjoint closed
neighborhoods of f(y0) and g(y0). ThenEv−1

y0 (A) and Ev−1
y0 (B) are disjoint closed neighborhoods

of f and g. It follows that ZY is Urysohn.

• top = khcTop:
Let f, g ∈ khcTop with f �= g. Let y0 ∈ Y be such that f(y0) �= g(y0). Z is completely Hausdorff,
thus there exists a continuous fonction ψ : Z −→ [0, 1] such that ψ(f(y0)) = 0 and ψ(g(y0)) = 1.
Evy0 is continuous, thus ψEvy0 : ZY −→ [0, 1] is continuous. ψEvy0(f) = 0 and ψEvy0(g) = 1.
It follows that ZY is completely Hausdorff.

• top = khkTop = khwTop :

For a topological space X , let ΔX denote the diagonal of X . Let

f : K −→ ZY ×Top Z
Y

be a continuous map, where K is compact Hausdorff. Then

f−1(ΔZY ) =
⋂
y∈Y

((Evy ×Top Evy)f)
−1(ΔZ) (52)

is closed in K. It follows that ZY is k-closed.
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Proposition 12.6. Assume that B is Hausdorff. Then kTop/B ⊂ kTopB.

Proof. B is Hausdorff, by Theorem 6.2, Comp/B ⊂ CompB. By Examples 10.8.2, Comp/B is left Kan
extendable and (Comp/B)l[TopB] = kTop/B. It follows from Corollary 3.9 that

kTop/B = (Comp/B)l[TopB] ⊂ (CompB)l[TopB] = kTopB.

Proposition 12.7. Assume that B is locally compact Hausdorff space. Then kTopB = kTop/B.

Proof. By Proposition 12.6, kTop/B ⊂ kTopB .

Let (X
p−→ B) ∈ CompB , let x0 ∈ K, b0 = p(x0) and K a compact neighborhood of b0. Then

p−1(K) is a neighborhood of x0 which is Hausdorff. By Proposition 6.10, p−1(K) is compact. Therefore
(p−1(K)

p/−→ B) ∈ Comp/B. By Corollary 8.7, (X
p−→ B) ∈ (Comp/B)l[TopB]. It follows that

CompB ⊂ (Comp/B)l[TopB]. By Corollary 3.9,

kTopB = (CompB)l[TopB] ⊂ (Comp/B)l[TopB] = kTop/B.

Therefore kTopB = kTop/B.

Assume that B is locally compact Hausdorff. Then by Example 10.8.1, B ∈ kTop and by Proposition
12.7, the category kTopB is just the slice category kTop/B. The adjunction given by lemma A.2 yields
an adjunction

kTopB kTop.
PB

.×kTopB
(53)

13 Fibrewise sequential spaces

It is a well known fact that the category of sequential spaces is cartesian closed. We here show that this
fact extends to the fibrewise setting, provided that the base space B is Hausdorff.

Let N be the discrete space of non-negative integers, N+ = N ∪ {∞} its one point compactification.
Let NB be the subcategory of TopB whose objects are continuous maps N+ −→ B.

Proposition 13.1. The subcategory NB is a left Kan extendable in TopB.

Proof. The subcategory NB is suitable. By Theorem 8.2, NB is left Kan extendable.

We will call NB-generated objects fibrewise sequential spaces. The category (NB)l[TopB] of fibrewise
sequential spaces will be denoted by SeqB.

Remark 13.2. Let Seq be the subcategory of Top that corresponds to SeqB under the isomorphism P of
(10). Then N is a dense subcategory of Seq. The objects of Seq are called sequential spaces.

Proposition 13.3. A fibrewise topological space X −→ B is fibrewise sequential iff its domain X is a
sequential space.
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Proof. This is a consequence of Corollary 3.5 and lemma A.2.1.

Proposition 13.4. Assume that B is T2. Then:

1. SeqB is cartesian closed.

2. SeqB is a coreflective subcategory of kTopB . Furthermore, the inclusion functor SeqB ↪→ kTopB
preserves finite products.

Proof.

1. The space B is T2. By Theorem 6.2, objects of NB are fibrewise compact, fibrewise Hausdorff. By
Theorem 6.15 they are exponentiable in TopB . The space N+ is a metric space. Let N+ p−→ B

and N+ q−→ B be two objects in NB . The domain of the product p ×TopB q is a subspace of
N+ ×Top N

+ and is therefore a metric space. It follows that the domain of p ×TopB q, which is a
subspace of N+ ×Top N

+, is a metric space. A metric space is sequential, thus by Proposition 13.3,
p×TopB q ∈ SeqB . By Theorem 10.2, SeqB is cartesian closed.

2. The base space B is T2, therefore NB is a subcategory of CompB. By Corollary 3.9.1, SeqB is
a coreflective subcategory of kTopB , and by Corollary 9.7, the inclusion functor SeqB ↪→ kTopB
preserves finite products.

Remark 13.5.

1. Assume that B is a sequential space. Then by Proposition 13.3, SeqB is just the slice category
Seq/B and the adjunction given by Lemma A.2.2 yields an adjunction

SeqB Seq.
PB

.×SeqB
(54)

2. Let s : Top −→ Seq be a coreflector. Then the functor SeqB −→ Seqs(B) which takes a fibrewise

sequential space X
p−→ B to X

s(p)−→ s(B) is an isomorphism of categories.

3. By the previous points, for any topological space B, the functor PB : SeqB −→ Seq is left adjoint.
Its right adjoint takes a sequential space X to the fibrewise sequential space X ×Seq s(B) whose
projection is the composite map

X ×Seq s(B)
pr−→ s(B)

εB−→ B,

where s : Top −→ Seq is a coreflector and εB is theB-component of the counit ε of the coreflection
of Top on Seq.

14 Fibrewise Alexandroff spaces

The category of Alexandroff space is known to be equivalent to the cartesian category of preorders
and is therefore cartesian closed (Escardó, Lawson [15, Examples (2), page 114]). Our objective in this
section is to extend this fact to the fibrewise setting.
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For b ∈ B, let
πtb : TopB −→ Top

be the functor which takes a fibrewise space over B to its fibre over b as defined by (73), and let

ib : Top −→ TopB

be the functor which takes a space X to the fibrewise space whose domain is X and whose projection
X −→ B is constant at b.

Lemma 14.1. Let b ∈ B. Then

1. The functor ib is left adjoint to πtb.

2. Assume that {b} is closed in B. Then πtb is left adjoint to the functor

map(Bb, ib(.)) : Top −→ TopB
Y �−→ mapB(B

b, ib(Y )).
(55)

where Bb is the fibrewise space defined by Example 8.3.

Proof.

1. Let X ∈ Top and Y ∈ TopB . Then TopB(ib(X), Y ) ∼= Top(X, πtb(Y )).

2. Let X ∈ TopB and Y ∈ Top. Then

Top(πtb(X), Y ) ∼= Top(Xb, Y )
∼= TopB(X ×TopB B

b, ib(Y ))
∼= TopB(X,mapB(B

b, ib(Y ))) (by Theorem 6.15)

Proposition 14.2. Let E ∈ Top be an exponentiable space and let b ∈ B be such that {b} is closed.
Then ib(E) is an exponentiable object of TopB .

Proof. Let
(.)E : Top −→ Top

be a right adjoint of the functor
.×Top E : Top −→ Top

and let X,Y ∈ TopB. We have

X ×TopB ib(E) = ib(π
t
b(X)×Top E).

Therefore

TopB(X ×TopB ib(E), Y ) ∼= TopB(ib(π
t
b(X)×Top E), Y )

∼= Top(πtb(X)×Top E, Yb) (by Lemma 14.1.1)
∼= Top(πtb(X), Y E

b )
∼= TopB(X,mapB(B

b, ib(Y
E
b ))) (by Lemma 14.1.2)

Thus ib(E) is exponentiable in TopB .
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The Sierpinski space is the topological space denoted by S, whose underlying set is {0, 1} and whose
set of open sets is O(S) = {∅, {1},S}. Let Sier be the subcategory of Top having S as its unique object
and SierB the subcategory of TopB whose objects are all continuous maps S → B.

Proposition 14.3. SierB is a left Kan extendable subcategory of TopB .

Proof. SierB is a suitable subcategory of TopB . By Theorem 8.2, SierB is left Kan extendable.

The subcategory Sier of Top corresponds to the subcategory Sierpt of Toppt under the isomorphism P

of (10). We therefore have the following.

Corollary 14.4. Sier is left Kan extendable subcategory in Top.

Proposition 14.5. A fibrewise topological space X −→ B is SierB-generated iff its domain X is Sier-
generated.

Proof. This is a consequence of Proposition 3.3.1 and lemma A.2.1.

Recall that an Alexandroff space is a topological space in which arbitrary intersections of open subsets
are open. Equivalently, an Alexandroff space is a topological space for which arbitrary unions of closed
subsets are closed. Let Alex be the subcategory of Top of Alexandroff spaces. A finite topological space
has only finitely many open sets, and is therefore an Alexandroff space.

Let B be a subset of an Alexandroff space X and let B denote the topological closure of B. The
subspace

⋃
b∈B

{b} is a closed subset of X containing B. It follows that B =
⋃
b∈B

{b}.

We next provide a simple proof of the following result which is given (without proof) in [15, Examples
(2), page 114].

Proposition 14.6. A topological spaceX is Sier-generated iff it is an Alexandroff space. That is Sierl[Top] =
Alex.

Proof. Let X be a Sier-generated topological space, (Oi)i∈I a family of open sets in X and f : S −→ X

a continuous map. Then f−1(
⋂
i∈I
Oi) =

⋂
i∈I
f−1(Oi) which open in S since S is an Alexandroff space. By

Corollary 8.4.2,
⋂
i∈I
Oi is open in X and X is an Alexandroff space. Conversely, assume that X is an

Alexandroff space. Let B ⊂ X be such that f−1(B) is closed for every continuous map f : S −→ X

and let a ∈ B. There exists b ∈ B such that a ∈ {b}. If a = b then a ∈ B, if a �= b, define g : S −→ X

by g(0) = a and g(1) = b. Then

g({1}) = g(S) = {a, b} ⊂ {b} ⊂ g({1})
Therefore g is continuous and g−1(B) is a closed subset of S containing 1. It follows that g−1(B) = S,
in particular, a = g(0) ∈ B and B is closed in X . By Corollary 8.4.2, X is Sier-generated.

It follows that (SierB)l[TopB] is the subcategory AlexB of fibrewise spaces X → B whose domain X
is an Alexandroff space. Objects of AlexB are called fibrewise Alexandroff spaces over B.
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Corollary 14.7.

1. Alex is a coreflective subcategory of Top containing Sier as a dense subcategory.

2. AlexB is a coreflective subcategory of TopB containing SierB as a dense subcategory.

Proof. This follows from Proposition 14.6, Proposition 3.3, Proposition 3.3.1 and Proposition 14.5.

We next generalize [15, Lemma 4.6.].

Proposition 14.8.

1. The Sierpinski space S is sequential.

2. The category Alex is a coreflective subcategory of Seq.

3. The category AlexB is a coreflective subcategory of SeqB .

Proof. Define q : N+ −→ S by q(∞) = 0 and q(n) = 1 for all n ∈ N. The map q is a quotient map,
thus by Proposition 8.6.1, S is sequential. By Corollary 3.9, Alex is a coreflective subcategory of Seq.
Similarly, AlexB is a coreflective subcategory of SeqB .

Proposition 14.9.

1. The subcategory Alex of Top is cartesian closed.

2. If B is T1, then the subcategory AlexB of TopB is cartesian closed.

Proof. We just need to prove 2.

Being finite, S is a core-compact space. It is therefore an exponentiable object of Top. Let S
p−→ B

be continuous. Assume the space B is T1, therefore p is constant. By Proposition 14.2, S
p−→ B is

an exponentiable object of TopB . The product in TopB of two fibrewise Sierpinski spaces is a fibrewise
Alexandroff space. By Theorem 10.2, AlexB is cartesian closed.

Remark 14.10.

1. Assume that B is an Alexandroff space. Then AlexB is just the slice category Alex/B and the
adjunction given by Lemma A.2.2 yields an adjunction

AlexB Alex.
PB

.×AlexB
(56)

2. Let a : Top −→ Alex be a coreflector. Then the functor AlexB −→ Alexa(B) which takes a fibrewise

Alexandroff space X
p−→ B to X

a(p)−→ a(B) is an isomorphism of categories.
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3. By the previous two points, for any topological space B, the functor PB : AlexB −→ Alex is
left adjoint. Its right adjoint takes an Alexandroff space X to the fibrewise Alexandroff space
X ×Alex a(B) with projection the composite

X ×Alex a(B)
pr−→ a(B)

εB−→ B.

Where a : Top −→ Alex is a coreflector and εB is the B-component of the counit ε of the of the
coreflection of Top on Sier.

Appendices

A Limits in a slice category

The aim of this section is to prove that if C is a bicomplete category and b ∈ C, then the slice category
C/b of C over b is bicomplete.

Let F : A −→ C an G : B −→ C be two functors. The comma category F/G is defined to be
the category whose objects are arrows F (a) α−→ G(b) and whose morphisms from F (a)

α−→ G(b)

to F (a′) α′
−→ G(b′) are pairs of morphisms (f, g) ∈ A(a, a′) ×Set B(b, b′) rendering commutative the

diagram

F (a) F (a′)

G(b) G(b′)

α

F (f)

α′

G(g)

(57)

We have functors

P : F/G −→ A and Q : F/G −→ B (58)

defined as follows: if F (a) α−→ G(b) ∈ F/G, then P (α) = a and Q(α) = b. If (f, g) is a morphism

from F (a)
α−→ G(b) to F (a′) α′

−→ G(b′) as in (57), then P ((f, g)) = f and Q((f, g)) = g.

Notations A.1. Let F : A −→ C an G : B −→ C be two functors.

1. If A is a subcategory of C and F : A −→ C is the inclusion functor, then F/G is also denoted by
A/G.

2. If B is a subcategory of C and G : B −→ C is the inclusion functor, then F/G is also denoted by
F/B.

3. If A,B are subcategories of C and F : A −→ C, G : B −→ C are the inclusion functors, then F/G
is denoted by A/B.

4. If A has just one object ∗ and just one morphisms id∗, then F/G is denoted by c/G where c = F (∗).
If further B = C and G is the identity functor, then c/G is called the slice category under c and is
denoted by c/C.
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5. If B has just one object ∗ and just one morphisms id∗, then F/G is denoted by F/c where c = G(∗).
If further A = C and F is the identity functor, then F/c is called the slice category over c and is
denoted by C/c. Observe that this notation is consistent with the one previously used.

Let C be category, b ∈ C, C/b the slice category of C over b and define

Pb : C/b −→ C (59)

to be the functor which takes an arrow-object c→ b to its domain c.

Lemma A.2.

1. The functor Pb creates colimits. In particular, if C is cocomplete, then so is C/b.
2. Assume that the categorical product c ×C b exists for every c ∈ C, then Pb is left adjoint. In

particular Pb preserves colimits.

Proof.

1. This follows from the dual of a straightforward generalization of [32, Lemma, page 121].

2. The functor C −→ C/b which takes an object c ∈ C to the arrow c×C b→ b is a right adjoint of Pb.
Thus Pb preserves colimits.

Let Cat be the category of small categories. A poset carries a category structure in the standard way.
Thus the ordinal numbers 1 = {0} and 2 = {0, 1} may be viewed as small categories. The small category
1 is a terminal object in Cat. The cone I	 of I ∈ Cat is defined in [36, Exercice 3.5.iv] to be the pushout
in Cat:

I 1

I ×Cat 2 I	
�

∗

i1

Let i be the composite functor I i0
↪→ I ×Cat 2 → I	. Then i : I ↪→ I	 is fully faithful and I may be

viewed as a full subcategory of I	. Furthermore

1. The category I	 contains one more object than I , it is denoted by ∗.

2. The set I	(i, ∗) contains precisely one morphism denoted by σi, ∀i ∈ I .

3. The set I	(∗, ∗) contains solely the identity morphism.

4. The set I	(∗, i) is empty, ∀i ∈ I .
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Let X : I −→ C/b be any functor. Define X	 : I	 −→ C to be the unique functor satisfying the
following properties:

1. The functor X	 extends PbX over the category I	. That is the following diagram commutes

I C/b

I	 C

X

Pbi

X�

2. X	(∗) = b.

3. X	(σi) is the arrow X(i) in C, i ∈ I .

Then one has the following result.

Lemma A.3.

1. The functor X has a limit if and only if X	 has a limit. Furthermore, a limiting cone l λ
=⇒ X	

induces a limiting cone from λ∗ : l −→ b to X , where λ∗ is the ∗-component of the cone λ.

2. If C is complete, then so is C/b.

Proof. Clear.

Examples A.4. Assume that C is complete

1. Let x σ−→ b, y
τ−→ b ∈ C/b, p1 : x×C y −→ x, p2 : x×C y −→ y be the projections and let

e x×C y bi
σp1

τp2

be the equalizer (in C) of the maps σp1 and τp2. The diagram

e y

x b

p2i

p1i

�
τ

σ

is a pullback diagram. By Lemma A.3, the composite σp1i = τp2i : e −→ b is the product of the
objects σ and τ of C/b.

2. Using generalized equalizers, the previous example may be extended to the case where one has a
family of arrow-objects xi

σi−→ b of C/b indexed be a small set I .
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B Limits in a slice category of sets

The aim of this section is to establish certain properties of limits and colimits in a slice category of sets.

The category Set of (small) sets is a bicomplete category. For X,Y, Z ∈ Set, there is a natural isomor-
phism

Set(X ×Set Y, Z) ∼= Set(X, Set(Y, Z)) (60)

so that Set is cartesian closed.

Let E ∈ Set. The slice category of Set over E is denoted by SetE. An object of SetE is called a set
over E. It consists of a set X together with a function p : X −→ E called projection. A set X

p−→ E

over E is often identified with its domain X . Let

PE : SetE −→ Set (61)

be the functor defined as in (59).

Proposition B.1.

1. The category SetE is bicomplete.

2. The functor PE creates and preserves colimits.

Proof. This follows from Lemma A.2, Lemma A.3 and the fact that Set is bicomplete.

Let F ⊂ E, Js
F : F → E the inclusion map and

Js,∗
F : SetE → SetF (62)

the functor given by pulling back along the inclusion map Js
F .

Lemma B.2. Let F ⊂ E. Then the functor Js,∗
F : SetE −→ SetF preserves both limits and colimits.

Proof. Clearly, Js,∗
F is at once a right adjoint and a left adjoint. Therefore it preserves both limits and

colimits.

Let e ∈ E. For X ∈ SetE, define the fibre of X over e to be the set Xe = p−1(e), where p is the
projection of the set X over E. One has a functor

πse : SetE −→ Set (63)

defined as follows: For X ∈ SetE , πse(X) = Xe and for f ∈ SetE(X,Y ), πse(f) is the map fe : Xe −→
Ye induced by f .

Lemma B.3.

1. The functors πse, e ∈ E, preserve limits and a functor X : I −→ SetE has a limit iff the composite
functor πseX has a limit for all e ∈ E.
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2. The functors πse, e ∈ E, preserve colimits and a functor X : I −→ SetE has a colimit iff the
composite functor πseX has a colimit for all e ∈ E.

Proof. By Lemma B.2, πse preserves limits and colimits. The other properties are easy to verify.

Let X,Y ∈ SetE . Then

PE(X) ∼=
e∈E∐
Set

Xe (64)

and a map f : X −→ Y can be written as

f =
e∈E∐
Set

fe :
e∈E∐
Set

Xe −→
e∈E∐
Set

Ye (65)

so that one has a natural isomorphism

SetE(X,Y ) ∼= SetE(
e∈E∐
Set

Xe,

e∈E∐
Set

Ye) ∼=
e∈E∏
Set

Set(Xe, Ye) (66)

Define

(.)(.) : SetopE × SetE −→ SetE

(Y, Z) �→ ZY =
e∈E∐
Set

Set(Ye, Ze)
(67)

That is, ZY is the set over E whose fibre over e ∈ E is Set(Ye, Ze).

Let X,Y, Z ∈ SetE . By Lemma B.3.1, (X ×SetE Y )e = Xe ×Set Ye. Therefore

SetE(X ×SetE Y, Z)
∼=

e∈E∏
Set

Set(Xe ×Set Ye, Ze) (by (66))

∼=
e∈E∏
Set

Set(Xe, Set(Ye, Ze)) (by (60))

∼= SetE(X,Z
Y ) (by (66) and (67))

It follows that SetE is cartesian closed.

Remark B.4. (Category of elements, [36, Definition 2.4.1.] and [27, (3.35)])

1. Let Set be the category of (small) sets and T : I −→ Set be a functor. Recall that

(a) The category
∫
T of elements of T is the category whose objects are pairs (i, s) where i ∈ I

and s ∈ T (i) and morphisms from (i, s) to (j, t) are morphisms f from i to j satisfying
T (f)(s) = t.

(b) The functor T has a colimit iff the connected components of the category
∫
T form an object

π0(
∫
T ) ∈ Set, i.e. a small set . In this case, the cone T λ

=⇒ π0(
∫
T ) whose i-component is

the map
λi : T (i) −→ π0(

∫
T )

t �→ [(i, t)]

is a colimiting cone.
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(c) It follows from the previous point that if a cone T λ
=⇒ S from the functor T to S ∈ Set is such

that:

• ∀s ∈ T (i), ∀t ∈ T (j), λi(s) = λj(t) ⇔ the objects (i, s) and (j, t) of
∫
T are in the same

connected component.
•
⋃

i∈I λi(T (i)) = S.

Then λ is a colimiting cone.

2. Assume now that T : I −→ SetE is a functor. Let pi : T (i) −→ E be the projection of the set
T (i) over E and PE : SetE −→ Set the functor given by (61). Then by Lemma A.2 and Remark
B.4.1.(b), T has a colimit iff the connected components of the category

∫
PET form a (small) set.

When this is the case, then the colimit of T is

π0(
∫
PET ) −→ E

[(i, t)] �→ pi(t)

Lemma B.5. Let X : I −→ Set be a functor and Y ∈ Set. Assume that X λ
=⇒ Y is a colimiting cone

and let Y ′ ⊂ Y . Then the functor X induces a functor X ′ : I −→ Set given by X ′(i) = λ−1
i (Y ′), i ∈ I .

Furthermore, the cone λ′ : X ′ =⇒ Y ′ induced by λ is a colimiting cone.

Proof. Clearly, the functorX induces a functorX ′ : I −→ Set and the cone λ induces a cone λ′ : X ′ =⇒
Y ′. Two objects (i1, x1) and (i2, x2) in the category

∫
X ′ are in the same path-component iff they are

in the same path-component of the category
∫
X . That is iff λ′i1(x1) = λi1(x1) = λi2(x2) = λ′i2(x2).

Furthermore,
⋃

i∈I λ
′
i(X

′(i)) = Y ′. By Remark B.4.3, λ′ is a colimiting cone.

C Limits in the category of fibrewise spaces

Define | | : Top −→ Set to be the underlying set functor. |.| has a left adjoint which is the discrete
functor

Disc : Set −→ Top

and has a right adjoint which is the codiscrete functor

Codisc : Set −→ Top

In particular, the underlying functor |.| preserves limits and colimits.

For any functor T : I −→ Top, define the underlying set functor of T to be the composite functor

|T | : I T−→ Top
|.|−→ Set. (68)

Lemma C.1. Let I be a (not necessarily small) category and T : I −→ Top a functor. Then:

1. T has a limit (resp. colimit) iff |T | has a limit (resp. colimit).

2. Suppose that |T | has a limit (resp. colimit). Then limT (resp. colimT ) is the topological space
whose underlying set is lim |T | (resp. colim |T |) and whose topology is the initial (resp. final)
topology defined by the limiting (resp. colimiting) cone components lim |T | −→ |T (i)| (resp.
|T (i)| −→ colim |T |).
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Proof. Clear.

It follows from the above lemma that functor |.| : Top −→ Set preserves and lifts limits and colimits.
Set is bicomplete, then so is Top.

The slice category of Top over B is denoted by TopB . An object of TopB is called a fibrewise topo-
logical space over B. It consists of a topological space X together with a continuous map p : X −→ B

called projection. A fibrewise topological space p : X −→ B is often identified with its domain X . Let

PB : TopB −→ Top (69)

be the functor defined as in (59).

Proposition C.2.

1. TopB is bicomplete.

2. The functor PB creates and preserves colimits.

Proof. This follows from Lemma A.2 and Lemma A.3.

If X is a fibrewise space over B, then |X| is a set over |B| so that one has an underlying “fibrewise”
set functor

|.| : TopB −→ Set|B|.

The functor |.| has a left adjoint which is the ordinary discrete functor

Disc : Set|B| −→ TopB,

and a right adjoint which is the codiscrete functor

Codisc : Set|B| −→ TopB.

It associates to a fibrewise set S over |B| the topological space whose underlying set is S and whose
topology is the initial topology defined by the projection p : S −→ |B| of the fibrewise set S on |B|.

It follows that the underlying fibrewise set functor |.| preserves both limits and colimits. We have a
commutative diagram of colimit preserving functors

TopB Set|B|

Top Set

|.|

PB P|B|

|.|

(70)

where PB and P|B| are the functors defined by (69) and (61) respectively. For any functor T : I −→
TopB, define the underlying functor of T to be the composite functor

|T | : I T−→ TopB
|.|−→ Set|B| (71)
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Lemma C.3. Let I be a (not necessarily small) category and T : I −→ TopB a functor.

1. If one of the functors T , |T |, PBT , |PBT | = P|B| |T | has a colimit, then so do the others.

2. Assume that T has a colimit, then PB(colimT ) is the topological space whose underlying set is
colim |PBT | and whose topology is the final topology induced by the components of the colimiting
cone |PBT | ⇒ colim |PBT |.

Proof.

1. The functors in diagram (70) are left adjoints, they are therefore colimit preserving, we just need to
prove that if |PBT | has a colimit, then so is T . Assume then that |PBT | has a colimit. By Lemma
C.1, PBT has a colimit. PB creates colimits, therefore T has a colimit as desired.

2. This follows immediately the first property, Lemma C.1 and the fact that PB preserves colimits.

Lemma C.4. Let I be a (not necessarily small) category and T : I −→ TopB a functor. Then:

1. T has a limit iff |T | has a limit.

2. Assume that S is a set over |B| and S λ⇒ |T | is a limiting cone. Let L be the topological space
whose underlying set is S and whose topology is the initial topology defined by the components of
λ. Then L is a fibrewise space over B and the cone L⇒ T induced by λ is a limiting cone.

Proof. These are consequences of Lemmas A.3 and C.1.

Lemma C.5. Let X : I −→ Top be a functor and Y ∈ Top. Assume that X λ
=⇒ Y is a colimiting cone

and let Y ′ ⊂ Y . Let X ′ : I −→ Top be the functor given by X ′(i) = λ−1
i (Y ′), i ∈ I . Then the cone

λ′ : X ′ =⇒ Y ′ induced by λ is a colimiting cone, provided that Y ′ is either open or closed in Y .

Proof. By Lemma B.5, the cone |λ′| : |X ′| =⇒ |Y ′| is a colimiting cone in Set. Assume that Y ′ is
closed, then X ′(i) is closed in X(i), all i ∈ I . Let C ⊂ Y ′ such that λ′−1

i (C) is closed in X ′(i) for all
i ∈ I . The subset λ−1

i (C) = λ′−1
i (C) is closed in X(i) for all i ∈ I . By Lemma C.1, C is closed Y and

therefore C is closed Y ′. It follows that Y ′ has the final topology defined by the components of the cone
|λ′|. By Lemma C.1, λ′ is a colimiting cone. A similar argument can be used in the case where Y ′ is
open.

Let A ⊂ B, J t
A : A→ B the inclusion map and

J t,∗
A : TopB −→ TopA (72)

The functor given by pulling back along the inclusion map J t
A.

Lemma C.6.

1. The functor J t,∗
A preserves limits.

2. The functor J t,∗
A preserves colimits provided that A is either open or closed in B.
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Proof. The first point results from the fact that J t,∗
A is a right adjoint. The second is a consequence of

Lemma C.5 and Proposition C.2.

Let b ∈ B. For X ∈ TopB , define the fibre of X over b to be the subspace Xb = p−1(b), where p is the
projection of the fibrewise space X . One has a functor

πtb : TopB −→ Top (73)

defined as follows: For X ∈ TopB, πtb(X) = Xb and for f ∈ TopB(X,Y ), πtb(f) is the map fb : Xb −→
Yb is the map induced by f .

Lemma C.7. Let X : I −→ TopB be a functor.

1. The functors πtb, b ∈ B, preserve limits and the functor X has a limit iff the composite functor πtbX
has a limit for all b ∈ B.

2. Assume B is a T1-space. Then the functors πtb, b ∈ B, preserve colimits and the functor X has a
colimit iff the composite functor πtbX has a colimit for all b ∈ B.

Proof.

1. By Lemma C.6.1, the functors πtb preserve limits. The fact that πtbX has a limit for all b ∈ B implies
that X has a limit is a consequence of Lemmas C.1.1, B.3.1 and C.4.1.

2. By Lemma C.6.2, the functors πtb preserve colimits. The fact that πtbX has a colimit for all b ∈ B

implies that X has a colimit is a consequence of Lemmas C.1.1, B.3.2 and C.3.1.

References

[1] J. Adámek, H. Herrlich, G. Strecker, Abstract and Concrete Categories, Wiley 1990, reprinted as: Reprints in Theory
and Applications of Categories, 17 (2006) 1-507.

[2] Adámek, J., Rosický, J.: Intersections of reflective subcategories. Proc. Amer. Math. Soc. 103(3), 710–712 (1988)

[3] Barr, M., Kennison, J.F., Raphael, R.: On the reflective and coreflective hulls. Géom. Différ. Catég. Vol.LVI(3),
163–208 (2015)

[4] Booth, P.I., Brown, R.: Spaces of partial maps, fibred mapping spaces and the compact-open topology. Gen. Top.
Appl. 8, 181–195 (1978)

[5] Booth, P.I.: The exponential law of maps i. Proc. London Math. Soc. 20(3), 179–192 (1970)

[6] Booth, P.I.: The exponential law of maps ii. Math Z 121, 311–319 (1971)

[7] Borceaux, F.: Handbook of categorical algebra 2, categories and structures. In: Rota, G.C. (ed.) Encyclopedia Math.
Appl, vol. 51. Cambridge University Press, Cambridge (1994)

[8] Bourbaki, N.: Topologie Générale. Hermann, Paris (1965)

[9] Casacuberta, C., Frei, A.: Localizations as idempotent approximations to com- pletions. J. Pure Appl. Algebra 142,
25–33 (1999)

[10] Crabb, M.C., James, I.M.: A Concise Course in Algebraic Topology. Springer, Oxford (2012)

[11] Day, B.J.: A reflection theorem for closed categories. J. Pure Appl. Algebra 2(1), 1–11 (1972)

© 2024 ISTE OpenScience – Published by ISTE Ltd. London, UK – openscience.fr Page | 82



[12] Day, B.J., Kelly, G.M.: On topological quotient maps preserved by pullbacks or products. Math. Proc. Cambridge
Philos. Soc. 67(3), 553–558 (1970)

[13] Dubuc, E.J.: Kan extensions in enriched category theory. In: Zaimis, E. (ed.) Lecture Notes in Mathematics, vol. 145.
Springer, Berlin–Heidelberg–New York (1970)

[14] Escardó, M.H., Heckmann, R.: Topologies on spaces of continuous functions. Topology Proc. 26(2), 545–564 (2001)

[15] Escardó, M.H., Lawson, J., A., S.: Comparing cartesian closed categories of (core) compactly generated spaces.
Topology Appl. 143, 105–145 (2004)

[16] Gillman, L., Jerison, M.: Rings of Continuous Functions. Van Nostrand, Princeton (1960)

[17] Hatcher, A.: Algebraic Topology. Cambridge University Press, Cambridge (2002)

[18] Herrlich, H.: Categorical topology. Gen. topol. appl. (1), 1–15 (1970)

[19] Herrlich, H., Strecker, G.: Categorical topology-its origins, as exemplified by the unfolding of the theory of topolog-
ical reflections and coreflections before 1971. In: Aull, C.E., Lowen, R. (eds.) Handbook of the History of General
Topology, vol. 1, pp. 255–341. Kluwer Acad. Publ., Dordrecht (1971)

[20] Herrlich, H., Strecker, G.: Coreflective subcategories in general topology. Fundam. Math. 73, 199–218 (1972)

[21] Herrlich, H., Strecker, G.: Coreflective subcategories. Trans. Amer. Math. Soc. 157, 205–226 (1971)

[22] Isbell, J.: Adequate subcategories. Illinois J. Math. 4, 541–552 (1960)

[23] Isbell, J.: General function spaces. products, continuous lattices. Math. Proc. Cambridge Philos. Soc. 100, 193–205
(1986)

[24] James, I.M.: Fibrewise compactly-generated spaces. Publ. Res. Inst. Math. Sci. 31, 45–61 (1995)

[25] James, I.M.: Fibrewise Topology. Cambridge University Press, Cambridge (1990)

[26] Joyal, A., Tierney, M.: Notes on simplicial homotopy theory. Preprint at https://mat.uab.cat/ kock/crm/hocat/advanced-
course/Quadern47.pdf

[27] Kelly, G.M.: Basic concepts of enriched category theory. Reprints in Theory Appl. Categ. 10, 1–136 (2005)

[28] Kelly, G.M.: On the ordered set of reflective subcategories. Bull. Aust. Math. Soc. 36(1), 137–152 (1987)

[29] Kelly, G.M., Stephen, L.: On property-like structures. Theory Appl. Categ. 3(9), 213–250 (1997)

[30] Lang, S.: Algebra. In: Axler, S., Gehring, F.W., Ribet, K.A. (eds.) Grad. Texts in Math., vol. Vol 211. Springer, New
York (2002)

[31] May, P.: Fibrewise Homotopy Theory. University of Chicago Press, Chicago (1999)

[32] Mac Lane, S.: Categories for the working mathematician, 2nd ed. In: Axler, S., Gehring, F.W., Ribet, K.A. (eds.)
Grad. Texts in Math., vol. Vol 5. Springer, New York (1998)

[33] Munkres, J.: Topology, 2nd Ed. Pearson Education Limited, Pearson (2014)

[34] Niefield, S.B.: Cartesianness, topological spaces and affine schemes. J. Pure and Appl. Algebra 23, 147–168 (1982)

[35] Rezk, C.: Compactly generated spaces. Preprint at
https://rezk.web.illinois.edu/cg-spaces-better.pdf

[36] Riehl, E.: Category Theory in Context. Courier Dover Publications, New York (2017)

[37] Strickland, N.P.: The category of CGWH spaces. Preprint at
https://ncatlab.org/ nlab/files/StricklandCGHWSpaces.pdf (2009)

[38] Tholen, W.: Reflective subcategories. Topology Appl. 27, 201–212 (1987)

© 2024 ISTE OpenScience – Published by ISTE Ltd. London, UK – openscience.fr Page | 83


	Kan extendable subcategories and fibrewise topology
	Reflective subcategories
	Idempotent codensity monads
	Left and right Kan extendable subcategories and their properties
	Compactifications
	Reflective subcategories of TopB
	Fibrewise compact spaces
	Fibrewise weak and k-Hausdorfifications
	Left Kan extendable subcategories of TopB
	Cartesian closed category of W-generated objects
	A fibrewise Day's theorem
	The category kTopB of fibrewise compactly generated spaces
	Cartesian closed subcategories of kTopB and kTop
	Fibrewise sequential spaces
	Fibrewise Alexandroff spaces
	Limits in a slice category
	Limits in a slice category of sets
	Limits in the category of fibrewise spaces



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


