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Continuous Modulated Shearlet Transform
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1. Introduction

The signal processing technology focuses on analyzingl various signals such as speech, image, music
and medical signals. For a long period, the classical Fourier transform has been a standard and fun-
damental tool for analyzing the frequency properties of a given signal. This transform captures all the
frequency content of the signal, but fails to capture the moment in time when various frequencies were
actually exhibited. For a music signal with high notes in the beginning and low notes during the middle,
the Fourier transform captures this information, but there is no indication of when the high or low notes
actually occur in time. In such cases, overall frequency obtained from the Fourier transform is inadequate
to describe these signals. Therefore a time-frequency analysis is required for characterizing the signals.

The short-time Fourier transform or Gabor transform includes a window function that localizes the
given signal over a specific window of time and the frequency content in that window is extracted. The
time-filtering window is then slided down the entire signal to pick the frequency information at each
instant of time. This transform captures the entire time-frequency content of the signal. According
to uncertainty principle, there is a trade-off between the resolution of time and frequency, i.e., higher
accuracy in one of these parameters comes at the cost of lower accuracy in the other parameter.

The Gabor transform method can be modified by allowing the scaling window to vary in order to
successively extract improvements in the time resolution. In other words, a broad scaling window is used
to extract out lower frequencies and poor time resolution. The scaling window is subsequently shortened
in order to extract out higher frequencies and better time resolution. The process can be conducted
to obtain excellent resolutions in both time and frequency of a given signal. This is the fundamental
principle of wavelet theory. Instead of dealing with the time-frequency plane, we decompose the signal
into the time-scale plane that is free from the restriction of the uncertainty principle.
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The Shearlet transform is advantageous over the classical wavelet transform as the former precisely
resolves the wavefront set of a distribution and provides information about the directionality within the
1mage, for details see [11].

The basic elements of these transforms are

(1) Short-time Fourier transform: Modulation and translation
(11) Wavelet transform: Scaling and translation

(ii1) Shearlet transform: Scaling, shear and translation

We treat all these elements, viz., translation, scaling, shear and modulation simultaneously, to create a
new transform referred as Continuous Modulated Shearlet Transform.

In quantum physics, the uncertainty principle tells us that the position and momentum of a particle
cannot be accurately measured simultaneously. Mathematically, uncertainty principles give limitations
on the simultaneous concentration of a non zero function and its Fourier transform. In signal analysis,
they tell us that if we observe a signal for a finite period of time, we will lose information about the
frequencies of the signal. A precise qualitative formulation of the uncertainty principles is the Heisenberg
uncertainty inequality, see [1].

THEOREM 1.1. For any f € L?(R") and a,b > 1, we have

1

8-

1

nf b a : r
|| ||2 /” Pir@Pdn) | [l FwPa)|

where || - ||2 being the L?-norm and || - || the Euclidean norm.

In [16], the Heisenberg uncertainty inequality has been proved for the Fourier transform on the Heisen-
berg group and further generalizations on the Heisenberg group have been established in [15] and [17].
For more details, see [1] and [7]. In [2], the Heisenberg uncertainty inequality has been proved for Gabor
transform on several classes of locally compact groups. The Heisenberg uncertainty inequality has been
obtained for wavelet transform in [14] and for shearlet transform in [13].

In this paper, we define continuous modulated shearlet transform that generalizes all the three trans-
forms mentioned previously. Several properties including the Plancherel formula and inversion formula
are also proved. As special cases, we obtain Gabor transform, wavelet transform and shearlet transform,
followed by some examples. Uncertainty inequalities are showcased for continuous modulated shearlet
transform.

2. Continuous Modulated Shearlet Transform

For a separable Hilbert space 7, let 3(.7) be the set of all bounded operators on .7 equipped with
the operator norm. An element 7" € B(.7) satisfying

Z | Tes]|* < oo
k
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for some orthonormal basis {e;} of 7 is known as Hilbert-Schmidt operator. The set HS(.77) of all
Hilbert-Schmidt operators on .7 is a Hilbert space with the inner product given by

(T, S>HS(%) =tr (S*T) = Z (S*Tey, ex).
k

For each T' € HS(2), let ||T||us be the Hilbert-Schmidt norm induced by (-, -)us( ). For more details,
refer to [6].

Let G be a second countable, type I and unimodular locally compact group with left Haar measure
and the Plancherel measure on the dual space G as pa- Let H be a second countable, locally compact
Abelian group with Haar measure p77. Denote by Aut(H) the group of automorphisms of H. For a
locally compact group L with left Haar measure p, let A : L — Aut(H) be a homomorphism [ — \;
such that the mapping (I, h) — A;(h) from L x H onto H is continuous. The semi-direct product L x y H
is a locally compact group with the operation given by

(LAY =11, hN(R)).

By [8, (15.29)], the left Haar measure up of D = L x ) H is
dpp(l, h) = 0x(1) dpr(l) dpp(h),

where ) is a positive continuous homomorphism on L given by
dpr (h) = 0x(1) dpr(Ni(h))-

Alsothe set S = D x G = (L x, H) x G is a locally compact group with identity element 1 =
(11,15, 1¢), where 17, 1 and 1 denote the identity elements of the groups L, H and G respectively.
The left Haar measure of S is given by

For each (I, h,x,m) € S % G, let
e%ﬂ(z,h,x,w) = m(z)HS(7),

where 7(2)HS(7;) = {n(x)T : T € HS(J;)}. Then, S} ;) is a Hilbert space with the inner
product given by

<7r(x)T,7r(x)S>%a(l,hywvﬂ) =tr (S™T) = (T, S)us()-

Let || - ||(z,5,2,x) be the norm induced by the inner product on 7 j, ; ).

One can easily Verify that J7(; 1, » -y = HS(%;) for all (l h,x,m) € § X G. The family {jfl hoa) -
(l,h,z,m) € S X G} of Hilbert spaces indexed by S x G is a field of Hilbert spaces over § X G.

Let 7%(S x G) denote the direct integral of {Hhem o (Lho,m) €8 X G} with respect to the
measure

do(l,h,z,m) = dus(l, h,r) dug(r),
i.e., the space of all measurable vector fields ' on S X G such that

112600, / V(L by, 0|y dor(l, b, 7) < 00,
Sx@
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IS x G ) is a Hilbert space with the inner product given by

(F, K>%2(5X@) = / tr [K(I, h,z,7)* F(l,h,z,7)] do(l, h, z,T).
Sx@

For each (I, h,z) € S and ¢ € L*(H x (), we define
W : L*(H x G) = L*(H x G)
by
_ s1/2 ~1 ~1
W(l,hﬂ:) (¢)(l€7 y) - 5)\ (l) ¢(Al_1(h k)7 T y)
forall (k,y) € H x G.

PROPOSITION 2.1. (i) For each (I1, hy,x1), (l2, ho,z2) € S, we have
W(l1,h1,a71) © W(127h2,$2) = W(l1l27h1)\l1(h2),$11'2) = W(ll,hl,wl)(b,hz,m)'

(ii) Forevery ¢ € L*(H x G), we have W, 1,1, (¢) = ¥.
In other words, W1, 1,,,1,) is the identity operator on L*(H x G).

(iii) W p,») 18 @ unitary operator on L?*(H x G) having inverse Wi hz)—1

Proof. (i) Since ¢, is a homomorphism, we have for all v € L?(H x G), (k,y) € H x G and
(l1, h1,21), (l2, ho,z9) € S,
Wi hier) © Wit ha.en)) (©0)(F, )
= 6,*() (W b@m<>ﬂa;w1>xlw
= 6Y2(11)812(1y) o ( (h2 ) ,asglely)
= 6% (141y) ¥ ( (Al s (A (hy hllk)) vylzT y)
= 62 (02) ¥ (N (O (b)) ™ HTR) 2y 0Ty
= 52 (hls) ¥ Myt (A (h2)) ™1 k) | (120) 1)
= Witz b, (ha) a102) () (K, ).
(ii) It follows from the definition of W, ,) since 8,/ *(1z) = 1.

(iii) From (i), it follows that W j, .,y is a linear operator on L?(H x G) whose inverse is Wi ha) -1
For each f,¢ € L*(H x G) and (I,h,z) € S, using transformations k +~ hk, y + zy and
k +— X\i(k) at appropriate places, we have

L//fky W @)k, 9) duir (k) dpc(y)

//}ky 552 (1) YO (hTE), ) dps(k) dpc(y)
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- <W(l,h,a:)*1 (f>7 '¢>

Thus WE"Z ha) = W h,z)-1»> 1.€., Wi ) 1S @ unitary operator.

L]
For each vy € L?(H x G) and (I, h,x) € S, we define L{(vah’x) : H x G — Cby
UL Ok ) = Wiap () (ks y) = 672(0) (0 (h k), 27 y) @1

and for each f € L*(H x G),Ez@h’z)f :Hx G — Cby

Lot ky) = Fk,) UG, (R y)
forall (k,y) € H x G.

PROPOSITION 2.2. For each ¢ € L2(H x G) and (I, h,z) € S, we have U

(Lha) € L*(H x G) and it

satisfies

124 o llz2irxcy = 1l z2gaxc.

Also, the operator W 5, ) is an isometry and hence an isomorphism from L?*(H x G) onto itself.

Proof. For every (I,h,z) € S and ¢p € L?*(H x @), applying transformations k — hk, y — zy and
k +— \(k) at appropriate places we have

//‘UZM (k y " du (k) duc(y)

//‘51/2 SO (), 27| dpanr (k) dpa ()

© 2022 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |33



zak(z)//w A (k), )| dpn (k) dpc(y)
H G
- z)//w k) dp((k)) dpc (y)
H G

://|¢(k,y| dur (k) dpc(y) = (012 rwe) < -

H

So, Uy, € L*(H x G) and U, [l r2r<cy = [l r2r<c)-

Also, we have

IWana) (O lL2mxe) = ||u(1é),h7x)||L2(H><G) = |9 L2(rrx -
Hence, W(; , ) 1s an isometry and so is an isomorphism from L*(H x G) onto itself. L]

REMARK 2.3. Although we will not be using Z/{(lfh 2) foriy € LP(H x G) (where p > 1), even then one
may note the following:

For each ¢y € LP(H x G) (where p > 1) and (I, h,z) € S, L{(vah € LP(H x G3) and it satisfies

)
—2)/2
||u(1?7h,a:)||Lp(H><G) - 5(Ap / p(l) ||¢||Lp(HxG)-

DEFINITION 2.4. A pair of functions 1, o € L?(H x G) is said to be an admissible pair if

Cpp = //ﬁHJ(no/\l,x) Fu (o, x) dup(l) duc(z) < oo,
L G

which is independent of almost every € H, %y being the Fourier transform on H and 1, ( are the
involutions of v, ¢ respectively.

In particular, a function ¢» € L?(H x @) is said to be admissible if 1, 1) is an admissible pair. We denote
Cy» by Cy and we have

~ 2
Coi= [ [|Fndtnono)| du) duo(e) < o
L G

which is independent of almost every 1 € H.

DEFINITION 2.5. Let f € C.(H x (), the set of all complex-valued continuous functions on H x G with
compact supports and let ) € L?>(H x G) be an admissible function. We define continuous modulated
shearlet transform of f with respect to ¢ as a measurable field of operators on (L x H) x G x G by

MSu (L) = [ [ £06) Uy o) 7o) dian(h) dic(v) 2)
G

We consider the operator-valued integral (2.2) in the weak sense. In other words, for each (I, h, x, ) €
(LxxH)xG x G and(,¢ € 5, we have

(M om0 = [ [ £ ) Uy () ()€ €) a8 ()
H G
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Since the map y — (7(y)*(, &) is a bounded continuous function on G, the right hand side integral is the
ordinary integral of a function in L'(H x G).

Using transformations k& — hk, y — xy, k — X\/(k) and Cauchy-Schwarz inequality at appropriate
places, we have

[(MSyf(l, h,z,m)C, &)
/ / e ) S (s )] ()G )] i (B) diac(y)

< <l Jel / / ) Uy (s )] s () drce(y)

< [ICll i€l ||f||L2(H><G)

1/2
/ / G (A7), )2 63(1) dyuns (k) dpc(y)
1/2
= [[CII IEN 11 z2car < |¢ N-1(K), )12 6x(1) dun (k) duc(y)

1/2

= [ICIFIIEN 1] 22 e <y [0 (k, y)? 0x(1) dun (Ni(k)) dpc(y)

m\
A

1/2

— 11CH e 1A N2 / (k)P daa (k) dp(y)

G

= Il NN 1A Nl 2 <y ||¢||L2 HXG)-

So for each (I, h,x,m) € (L X\ H) x G % G, MS, f(l, h,z, ) is a bounded linear operator on 7, and
its operator norm satisfies

[MSy f(L bz, )| < [ fllzxa) 1] L2 xa)- (2.3)

Note that £, , . f € L'(H x G) N L*(H x G). So

(ﬁ@hx f) (1,-) € LY(G) N LA(Q).
Here I € H is the identity element. Let .% represent the Fourier transform on GG. By [6, Page 253],
it follows that %%y (szl hoa) f) (I,m) is a Hilbert-Schmidt operator for every (I, h,z) € S and for

almost every ™ € G.
It can be easily observed that for all (I, h,x,7) € (L x\ H) x G x G,

MSyf(l h,x,7) = FoFn (c;@m f) (I7) = L0 o F (1, 7). (2.4)
Hence, MS, f(l, h,z, ) is a Hilbert-Schmidt operator for all (I, 2, z) € S and for almost every 7 € G.
PROPOSITION 2.6. For every f € C.(H x () and every admissible function ¢) € L?(H x G), we have

MS,f(l bz, m)" = (ﬁ(@hx) f) (I,).
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Proof. Using transformations k¥ — k~! and y — !

(MSyf(l,h,z,m)C, &)
= (¢, MSyf(l,h,z,m)E)

// Cﬁlhx y) T(y)*E) duw (k) dua(y)

H G

at appropriate places, we have for each (, £ € J7;,

(Ll B y) (W), &) dpn (k) dpc(y)

(Ll By 7 (y) ¢, ) dun (k) duc(y)

~

—~—

(£l o £ 05 ) 7(0)°C, ) dpa () ducly) = <(£%f> , w><,§> .

I
Qe O O

Hence, MSyf(l,h,z,7)* = (ﬁ; - f) (I,m). O

Simple computations will lead to the following lemmas.

LEMMA 2.7. Let f,7 € L?*(H x G), then for every (I,h,z) € Sandy € G,

T (L) L) = (P U,y ey ) (1),

where *j denotes convolution on H.

LEMMA 2.8. Forevery ¢ € L2(H x G),l € L,z € G and (n,y) € H x G,
Fuv(no,y'z) =6%(1) 7 (Ufle ya—1 )) (7, y)-

LEMMA 2.9. For every admissible pair of functions ¢, ¢ € L?(HxG),l € L,z € G and (n,y) € HxG,

/ / Tt (U ery) 00) Zir (UG, vy ) 1.9) 9D 1) dic ()

is satisfied. In particular, Cy, , = C,, 4.

COROLLARY 2.10. Let vy € L*(H x G) be an admissible function. For every | € L, z € G and
(n,y) € H x G,

Cy = / / 1 (U1 ) ()] 530) i (1) i (2

1s satisfied.

PROPOSITION 2.11. For every admissible function ¢y € L*(H x G), the linear operator MS,, : C.(H x
G) — H*(S x G) given by f +— MS, f satisfies

1/2
IMSuf s = Col 2 I fll2(axc)-
( )
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Proof. By Plancherel formula, Lemma 2.7 and Corollary 2.10, we have
IMSuf %250

— / trMSyf(Lh,x,m)" MSyf(l,h,z,7)] do(l, h,z, )

//tr FaFn Zh’x)f) ([,m)* (909}1(

dﬂS(l7 h, 37) dﬂ@(ﬂ)
T (E(z hy f) (L, y) Fu (L’Z,h,x)f) (L, y) dus(l, h, ) duc(y)

S— O
m— Q\
Q\

/ 1 (C500) (10| 63(0) dp(t) dym(h) duc() duc(y)
G

Il
S—
A
A

/ ‘ (f *H ug?lHﬂyxly)) (R, y)‘z dNH(h)]
L7

ox(l) dur(l) duc(z) duc(y)

[ [ [ ]2t |20 U)o
L G G

o) dur(l) duc(z) duc(y)

- [ [17usonu { 175 (i) 0] 550) s 0 duc(x)]
G & L G

dug(n) duc(y)

Im>

f(k, ) dpn (k) duc(y)

=Cy ||f||L2(HxG)-
1/2
Hence, ||M5wf||%2(sx6) = 01/,/ | fllz2(zrx)- =

The above equality shows that MS,, : C.(H x G) — H*(S x G) defined by f — MS,; f is a multiple
of an isometry. So, we can extend MS,;, uniquely to a bounded linear operator from L*(H x G) into a

closed subspace N of J#%(S x é) which we still denote by MS, and this extension satisfies

IMSyfll 2 se) = Ci/z | fllz2(rx ), (2.5)

foreach f € L?(H x G).
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THEOREM 2.12. For every function f € L?(H x () and admissible function 1) € L?(H x G, we have

—

My f(l, b,z ) = L, o f(I7)
forall (I,h,z,7) € S X G.

Proof. Let f € L?>(H x G). Since C.(H x G) is dense in L?(H x G), there exists a sequence {¢,} in
C.(H x G) such that f = lim ¢, in the L?>(H x G)-norm. Then using (2.4), we have for all n € N
n—oo

—

M8yl hyw,7) = Ly bl 7).
By (2.5), the operator MSy, : L*(H x G) — N C (S x @) satisfies
||M81l)f MS1/)¢N||%2 Sx@G) ||MS1/)(f ¢n)||%2 (SxG)
= Cy |If = dnlli2rxa):
Therefore MSyf = lim MS,;6, in the #2(S x G)-norm.
n—o0
Using Plancherel formula, Lemma 2.7 and equation (2.4), we can write
||MS1/)f MS1/)¢TL||%2 (SxG)
= Cy ||f = dullz2mxa

=C¢//|(f—q5n)(k,y)|2duH(k?) dpc(y)
G H

_q, / / L Zu(f — o) 9 dug(n) dpc(y)
G g

//|JHf bn) (0, y |://JH (1 a1 y)) (777?/)‘2 ox(l) dur(l) d/JG(I)]

dpg(n) duc(y)

/ /L%(f — éa)(n,9)[* ‘%1 (U&H,yxly)) (n,y)
G

-~

‘ 2

o) dur(l) duc(z) dpc(y)

:/// -/‘((f—%) *Hung’yx_ly)) (h,y)2d,uH(h)]
L GG

LH
oa(l) dpr(l) dpc(r) duc(y)
2
| 170 (€t = 60) )] 550 dia) dan(0) dc(o) diaty)
G G

P (£ ) (19) = Fi (£0py0) (L9)| s h) dp()
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/ ||£ oy (L) = L0 0L, |[fs do(l, bz, m)
SxG
— / |2(l, hy 2, 70) — MSyon(l, h,x,m)||5is do(l, h, @, 7)
SxG
= ||(I) - MSwQSnH;ﬂ(SXG) )

—

where & : 8 x G — (S x G) defined by ®(I, h, x,7) = L, . f(I, 7).

Thus |MSyf — M5¢¢n||;f2(sx@) = [|® - MS?/)(bTLHJf?(SX@)
= nh_)Igo [MSyf = MSydnll 25y = nh_{go |® = MSynll yo(sx6
So IMSyf = lim MSydnll ypz(sxgy = 1P — i MSyénl| 125, =0
- MSyf = lim MSyp, = &.
Hence, MS, f(l,h,z, ) = ®(l,h,z,7) = E%f([, ). H

As a corollary to the above theorem, the inequality (2.3) for f € C.(H x G) can be extended for
functions in L?(H x G).

COROLLARY 2.13. For every function f € L*(H x G) and admissible function vy € L*(H x G), we
have

||M8¢f(l7h7$77r>|| < ||f||L2(H><G) ||¢||L2(H><G)-

We now prove the following orthogonality relation.

THEOREM 2.14. Forevery f,g € L?>(H x ) and for every admissible pair of functions 1, ¢ € L?(H x
(), we have

(MSyf, MSEg) spoisxiy = Cupe (f2 9120 x6)-

Proof. By Parseval formula, Lemma 2.7 and Lemma 2.9, we have
(MSy f, M5s09>3f2(5x6)
— / trMS,g(l, h,x,m)* MSyf(l, h,z, )| do(l, h,z, )

SxG

//tr %JH £ o )(1,7)) (%%{ (Llh )f) (1,7))} dpg () dps(l, h, )

S
/
/ / / Fu (czi,hx) ) (L) Zi (£500F) (Lw) 53(0) dpi (1) dpre(h) dysc () ()
L G G
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/ (9 *H U{Zmyz_ly)) (h,y) (f 1 UZfJH,W-ly)) (h,y) dpp (h)
LH

I
S—
Q—_
Q—_

o) dur(l) duc(z) dpc(y)

Ty (g - ug’leyx_ly)) (n,y) Fu ( fan ugf’lH’yx_ly)) (n,y) dug(n)

I
S~ —
Q—_
Q—_
m>\

_ ox(l) dur(l) duc(z) duc(y)

/ T 9n.y) Fu (uilmwly)) (n,y)

H

% Fuf,9) Far (U, o)) 09) diig ()] Sx(0) dpun (1) dpic(e) dpa(y)

=//ﬂHf(n,y)m
G

Il
S—
A
A

Tt (U1 1y) 009) Tt (UG, 1y)) (029 (D) A (1) dbs () | dpg () dpc(y)

Fafn,y) Fu 9, y) dug(n) duc(y)

= Cy f(ky) g(k,y) dun(k) duc(y)
G
= Oy (f, 9) 12(HxG)-
Hence, <M8¢f7M3(Pg>jf2(5><é) = Oy ([, 9) 201 %G)- [l

COROLLARY 2.15. Let G be a compact group and 1) € L?(H x G) be an admissible function. Then for
each f € L?(H x (), we have

/ S UMS (0 by m)Es dns(l b ) = Co [
S TrGé

3. Inversion Formula

For (s,t) € H x G, the left translation operator T} ; on L?(H x G) is given by
Tsﬂf g<h7 ZIZ') = g(silhﬂ tilx)
forall g € L*(H x G) and (h,x) € H x G. Simple computations show the following:

PROPOSITION 3.1. Let f,1 € L?*(H x G) with ¢ an admissible function. Then for each (I, h,z,7) €
S x Gand (s,t) € H x G we have

MS [ Tsr fI(L bz, ) = 7(t) MSy f(L, s h,t e, m).

© 2022 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |40



For every m € L, we define an operator S,,, on L?(H x G) given by
(Smth) (k) = 8, (m) (A1 (k) )
forall v € L?(H x G) and (k,y) € H x G. Note that Spth = Sy

PROPOSITION 3.2. If ¢ € L?*(H x G) is an admissible function, then S,,,¢) is also an admissible function
forallm € L.

Proof. Given that v is an admissible function. Therefore

Co= [ [|Fni0r0 3| di) dpo@) < o
L G

For each m € L, using transformations k + \,,(k) and [ +— Im~! at appropriate places, we have

[ [ 176 5mto 30 dustt) duoto
2

L G
= [ [ Sthew) o a0 din(6)| dian ) dta)
L G

/] |

52 (m) (A1 (k), @) (o M) (k™) dpasn (k)| dpar (1) dpa ()
/]

=

m\

2

532 (m) Gk, ) (70 M) A(k™Y) dugr(An(R))| dpr(l) dpc(z)

m\

2

532 (m) Gk, ) (10 M) (71) dpir (k)| dpai (1) dpaci(a)

Il
S—
Q—_
m\

2
— 55 (m) / / / Bk, ) (70 M) (67Y) dusa ()| dpez () dps()
L
2

G |H
— 55 (m) A(m™) / / / Fk, ) (70 M)(E™Y) dasg ()] dpn (1) dace(z)
L G |H

~

=531 m) M) [ [ [Fa 90 32| dian(h) deta) < o
L G

where A being the modular function of L.
Hence, 5,,% is also an admissible function for all m € L. U]

The definition of continuous modulated shearlet transform and the operator 5,,, will give the following:

PROPOSITION 3.3. Let f € L*(H x G) and ¢ € L?>(H x G) be an admissible function. Then for each
(l,h,z,m) € S x G and m € L, we have

MSis, 1 f(l, b2, m) = MSy f(lm, h,z, 7).
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For every 7 € @, the modulation operator
M, : L*(H x G) — L*(H x G, B(4t,))

is defined by (M, f)(k,y) = f(k,y) w(y) forall (k,y) € H x G.
It is easy to check that M is an isometry.
Expressing Z/l(zf hoa) in terms of the operators 5; and 7}, ,,, we have

Z/{Zé)’h@)(k‘, y) W(y) = Mﬂ'(Th@(Sl ¢>)<k7 y) = My Th,a: Si ¢(7€; y)
forall (k,y) € H x Gand (l,h,xz,m) € S X G.
LEMMA 3.4. Forevery K € #%(S x G) and for every admissible function ¢ € L*(H x G), the function
K .
(% L?(H x G) — C, defined by
(5 (9) = / tr [K(I,h,z,7)" MS,9(l, h,x, )] do(l, h,z, )
Sx@

for all g € L?(H x G), is a bounded linear functional on L*(H x G) and it also satisfies (5 (g) =
(9, 90>L2(H><G)’ where g( defined on H x G is given by

go(k,y) = / tr [K (L, h,x,m) MyTh.S p(k,y)] do(l, h,z, 7).

-~

SxG

Proof. Forall g € L?>(H x (), we use (2.5) and Cauchy-Schwarz inequality to obtain

) = | [l (b ) MS,g(tha ) do(l b, )
Sx G

= |(IMSE9, K) 12561

<

||M84pg||;f2(5x@) ||K||%2(Sx@)
= Céﬂ 9]l z2 (%) ||K||jf2($><@)‘

Hence, (X is a bounded linear functional on L*(H x G).
By Riesz representation theorem [9, Corollary 5.5.1], there exists a unique element gy € L*(H x Q)
such that £5 (9) = (g, go) 12 (#rxc;)- We have

(5 (g)

= / tr [K(l,h,z,m)* MSy,g(l,h,x,m)] do(l, h,z,)
= [ | Kby | [ [ o) U o) 70) dua(4) duc(w) || do(t bz, m)

— [ [otk) | [ o [wbwm UE o) 7o) dottbe.m) | dun() dualy
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= //g k,y) go( k: ) dpp (k) dpc(y),
H

where go(k,y) = [ tr |K(Lh, 2,7 UT, (k. y) 7(y)°| do(l, bz, m)

>\

SxG

tr [K (I, h,x,m) (M:Th .51 ¢)(k,y)] do(l, h,z, ).

‘ I
Q>\

[

THEOREM 3.5 (Inversion Formula). For every f € L?(H x () and for every admissible pair of functions
Y, p € L*(H x Q) such that Cy, , # 0, we have

f= C;ij / tr ([MSyf(l, h,x,m) M1} .5 ¢ do(l, h,x, ).

~

SxG

Proof. Using (2.5), it is clear that MS,, f € J#%(S x @) On applying Lemma 3.4 for K = MS,; f and
then using Theorem 2.14, we obtain

(5 (9) = / tr [MSyf(l,h,z,7)" MS,g(l, h,z, )] do(l, h,z, )
SxG
= <MS@Q7MS1/)f>%2(S><a)
o <g7f>L2(H><G)

= <g7mf>L2(H><G)

= <9,Cw,go f>L2(H><G)-
Again applying Lemma 3.4 for K = MS, f, we have Eg(g) = (9, 90) L2(m xc)» Where for all (k,y) €
H x G,

go(k,y) = / tr [MSy f(l, h,x,m) M:Th S 0(k,y)| do(l, h, x, ).

-~

SxG
So Cyp f = / tr [MSy f(l, h, 2, m) M;T) .S ] do(l, b, x, )
SxG
ie., f= Cijo / tr ([MSy f(l, h,x,m) M1} .5 @] do(l, h,x,m).
SxG

Following is an immediate consequence of Theorem 3.5.

COROLLARY 3.6. For every f € L?>(H x () and for every admissible function ¢y € L?(H x G) such
that Cy, # 0, we have

f= CJl / tr ([MSyf(l, h,x,m) M1} Sv¢) do(l, h,z, 7).
SxG
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LEMMA 3.7. For every admissible function ¢ € L*(H x (), the adjoint operator of MS,, is an operator
MS, - H*(S x G) — L*(H x G) given by

MS(K) = / tr [K (L, h,x, ) M:Th .S1 9] do(l, h,x, 7).

-~

SxG

Proof. Let J, : #2(S x G) — L*(H x G) be defined by

Jo(K) = / tr [K (L, h,x, ) M:T} .S ] do(l, h,z, )
SxG
forall K € 52(S x @) Then J,, is a bounded linear operator.
By Lemma 3.4, we have forall g € L2(H x G) and K € 2%(S x G),
(9, Jo(K)) r2(mrxcy = L5 (9)
= / tr [K(l, h,z, )" MS,q(l,h,xz,7)] do(l, h,x, )

SxG
:<M3<pg7 >%2(S><G <97MS*< )>L2(H><G)-

So J,(K) = MS(K) forall K € #%(S x G). Hence, we have

MSL(K) = / tr [K(I, hyx,7) M;Th S o] do(l, h,x,m).

-~

SxG
U]

COROLLARY 3.8. For every admissible pair of functions ¢, o € L*(H x G) such that C, , # 0, we
have

MS:;MS¢ = Cw,go ILQ(HXG)7

where I72(f7y ) denotes the identity operator on L*(H x G).

Proof. On applying Lemma 3.7 for X = MGS, f and then using Theorem 3.5, we have for all f €
L*(H x G),

(MS MSy)(f) = / tr [MSyf(l, h,x,m) MTh 0S¢ do(l, b, x,m)
SxG
=Cyy f
= Cyy I12(x0)(f)-
Hence, MS MSy, = Cy o, I12(x0)- O

For f € L*(H x G)and ¥ € L*(H x G, B(#)), we consider an operator (f, V), on 7, as

//fk:y (. )" du (k) dyia(y).
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Using Cauchy-Schwarz inequality, we have for all (, £ € 77,
(000 = | [ [ $00) (V(E0)" €.€) duenh) duclo)
H G

< / / Fkyy) (U (k,)° € )] dyur (k) duc(y)

H G

< ¢l Jel / / )] 10k ) | dparr (k) dp(y)
H G

< I NEN N lz2caxay 19 L2 caxa s
So for each 7 € G, (f, W), defines a bounded linear operator on .7, and its operator norm satisfies
1{F Ol < N fllz2xey 1Y remxcse))-
Thus
() L(H x G) x L*(H x G, B(z)) — B(Ar)
is a separately continuous sesquilinear map with values in B(J7%;).

REMARK 3.9. We can rewrite the expression of continuous modulated shearlet transform as follows:

MSuf(thaem) = [ [ 1) Uy (i) 7o) dira () diclo)
H G

Flk,y) 82 (1) (-1 (A=), 27 1y) w(y)* dpup (k) dpc(y)

Let ¢1, ¢2 € L*(H x G,B(3#%)). Consider an operator
d1@n 622 LA(H x G) — L*(H x G, B(7))

defined by (¢1 @ ¢2)(f) = (f, ¢2)x ¢1 forall f € L?(H x G).
The inversion formula given as Theorem 3.5 can be restated as follows:

COROLLARY 3.10. For every admissible pair of functions 1, o € L*(H x G) such that Cy, , # 0, we
have

F= Gk [ e UOLTaS10) ©0 LTS 0)(1) do(l. b 7).

SxG

© 2022 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |45



4. Special Cases

4.1. Gabor Transform

Let us consider the particular case when L = {11} and H = {1z}. Then f and v can be considered
as functions in L*(G). The condition for ¢ to be admissible becomes

Cy = / 3@ dua(z) = [l < oo,
G

which is true. So every v € L*(G) is an admissible function.

Also the group S x G = ({12} x» {1x}) x G x G is isomorphic to G x G, so the continuous modulated
shearlet transform of f € L?(G) with respect to ) € L?(G) can be written as a measurable field of
operators on G X G by

M8, f(z,m) = / F(0) BET) 7(y)” duc(y),
G

which is just the Gabor transform. For details, see [5].
The equation (2.5) becomes

||M8wf||;f2(0xé) = ||¢||L2(G) ||f||L2(G);

which is same as [2, (3.2)]. Other properties of Gabor transform can also be established in similar
manner.

4.2. Wavelet Transform

Let us consider the case when G = {1¢}. Then the dual group G becomes equal to {I}. The functions
f and 1) can be regarded as functions in L*(H). In this case, the function 1 is said to be admissibile if

Cy = / Zui(n o NP dpug (1) = / Dm0 M) dus(l) < oo,
L L

A~

which is independent of almost every n € H. It is the required admissibility condition for 1 in the
case of abstract wavelet transform. For details, refer to [12, Lemma 10]. Also the group & x G =
(L x\ H) x {1g} x {I} is isomorphic to L x, H, so the continuous modulated shearlet transform of
f € L*(H) with respect to admissible function 1) € L?(H) can be written as

M8, f(1,h) = / £k 8Y2(0) DO () dpur (k).

which is just the wavelet transform. For details, see [12, Definition 13].
The equation (2.5) becomes

1/2
IMSy fllezwnmn = C3 1F 2y,

which is same as [12, (12)]. Other properties of wavelet transform can also be deduced in similar manner.
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4.3. Shearlet Transform

Consider the particular case when G = {1} and L = A X, B, where A and B are locally compact
groups with left Haar measures dp4(a) and dup(b) respectively. Let Aut(B) be the group of automor-
phisms of B. Assume that 7 : A — Aut(B) be the homomorphism a — 7, such that the mapping
(a,b) — 7,(b) from A x B onto B is continuous. The functions f and v can be regarded as functions in
L?(H). In this case, the function 1 is said to be admissibile if

Cy = / Z (0 Aus)|? dusa,b)
L

= [ 5o Aan)? 5:(0) dia(@) din(®) < o,
Ax.B

which is independent of almost every n € H. 1tis the required admissibility condition for 1) in the case
of abstract shearlet transform. For details, refer to [10, Theorem 3.9].

Also the group S x G = ((A x, B) xx H) x {1} x {I} is isomorphic to (A x, B) x, H. So the
continuous modulated shearlet transform of f € L*(H) with respect to admissible function ¢ € L*(H)
can be written as

MSy (b, ) = [ ) 8)%(a.0) Ty 1) dia(h)

which is just the shearlet transform. For details, see [10, Definition 3.3].
The equation (2.5) becomes

1/2
| MSy flls2((ax. Byxrmr) = C¢/ Il 22y

which is same as [10, Theorem 3.9]. Other properties of shearlet transform can be investigated in similar
manner.

5. Examples

In this section, we shall discuss some examples of the continuous modulated shearlet transform.
EXAMPLE 5.1. In this example, we shall extend the definition of shearlet group as discussed in [3].

1
Consider anisotropic (parabolic) scaling matrix A, = lg \3_] and shear matrix Sy = l ] acting
a

s
01
on the Euclidean plane, where ¢ € R" and s € R.
We consider L = R* x, R, H = R? and G = R. Thus consider the group

MS = (R x,R) x,RZx Rx R =8 x R.
Here 7 : RT — Aut(R) is a homomorphism a — 7, with

Ta(8) =Vas
and A : Rt x; R — Aut(RR?) is a homomorphism (a, s) — X(,s) With

)‘(a,s) (t) = S, Ayt
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such that (a, s) — 7,(s) from R* x R onto R and ((a, 5),t) — A(q.(t) from RT x R x R? onto R? are
continuous, where ¢ € R2.
The multiplication operation on MS is

(a,s,t,x,&)(d, s t', 2/, &)= (ad s+ s'Va,t + Ss A t',x + 2/, £+ &)

with left Haar measure given by
da
d/«LIeft(aH sl @, 5) - 3 ds dt dx d§7
a

wherea € R*, s € R, € R%, 2 € Rand ¢ € R.
A function 1) € L*(R3) is admissible if

/Iw vi,v2,¢))? @dvz d¢ < oo, (5.1)

The continuous modulated shearlet transform of f € L?(IR3) with respect to admissible function ¢ €
L*(R3) is given by

MSyf(asit,) = [ Fb9) U, () € didy,

where 1Y

(a5t )(k:,y) = a3 P(A1ST (k —t),y — ), forall k € R%, y € R.

Also, we have Ewa Sm)f(k, y) = f(k,y) Z/{Z/; Sm)(k,y), forall k € R?, y € R.
We now verify the admissibility condition (5.1). We have

IMSyfI

A2(SxR)

— //|M8¢f(a, s,t1,to, x,&)|* ds dty dty dx dE Z—‘;

0 R
r 2 da
_ Fias (L0000 ) (O, o,g)‘ ds diy dty da d€
0 RS
ki da
_ / / T (Lo ) (0,0,y)‘ ds diy dty d dy
0 RS
7 da
— (f*12ua500ya: y)) (tl,tQ,y)‘ ds dty dto dxdy
0 RS
ki ” da
=//|912f(w1,w2,y)|2 912( (,5,0,0,y21 y)) (wl,wz,y)‘ ds dwy dws dz dy—
0 RS
I - da
://|ﬁ12f(w1,w2,y)|2 F1o(awr, vVa(swi + ws), )‘ ds dwy dws dx dy YL
0 RS
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We substitute v/a(swi +ws) = ve. If wy > 0, then vy varies from —oo to oo and if wy < 0, then vy varies
from oo to —o0.

IMSufI

H2(SxR)

— / / //|ﬂ12f(w1,w2,y)|2 ‘ﬂ1z¢(aw1,v2,x)‘ o dwo dz dy dw; dvg a_g

O*OOOR3

~ 2 d
// //|J12f W1, wa, Yy |2 ‘flzw(awl,vz,x)‘ —dwgdxdydwl dvsy —a.

—00 —00 R3

On substituting aw; = vy, we have

IMSyfI

A2(SxR)

- 2 d
////Lﬁzf wi,wa, y)| ‘35121#(@1,@2,35)‘ dws dz dy dw; dvz%

1
ooOR3
0

d
+////|J12f w1, w2, )] ‘Jmp V1, V2, T )‘ dws dx dy dw; dy2ﬂ

—00 —00 —00 R3
00

d
://| wl,wg, | dwzdﬁdwl //|”¢ Ul,Uz, )| dv2d§ Ul
0 R2 0
/O

i [ [ 1T n O doa d dy //w o, v, O o ¢ T2
—0o0 R2 —0o0 R2
00 0
—f [ [ 1 OF ded o+ 0; [ [ 1Frn o den de den
0 R2 —00 R2
where
r d / d
~ v v
CJZ//W(Ul,Uz,C)F dvy d(v—%landC_ //| Y (v1,v2, ¢ )|2 dvy d¢ U—%l
0 R2 —oo R2

It is clear that

5 d
/|¢ 1,02, ¢ % dvy d¢ = O/ + C,

which implies

5 d
/|¢ v1, 02, ()] ﬂdv2 d¢ < oo if and only if C;f < oo and C; < oo.

But 1) is admissible if | MSy f| 25,z < 00, i, if O < ocoand O < oo, ie., if

/|¢ 1,02, ()] —21 dvy d¢ < o0.
Ch

© 2022 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |49



EXAMPLE 5.2. In this example, we extend the definition of three dimensional shearlets as discussed

a 0 0
in [4]. Consider anisotropic (parabolic) scaling matrix A, = [0 /a 0 | and shear matrix Sy =
0 0 Va

1 S1 S9
0 1 0| acting on the Euclidean plane, where a € R* and s = (sy, s9) € R2.
0 0 1

We assume L = R* x,; R?, H = R3 and G = R. Consider the group

MS = (R* x, R?) x, R*x R xR =8 xR.
Here 7 : R* — Aut(IR?) is a homomorphism a + 7, with

T4(s) = a3

s
and A : R* x. R? — Aut(R?) is a homomorphism (a, s) — A, 5) With
)‘(CLS) (t) = S, Ayt

such that (a, s) — 7,(s) from R* x R? onto R? and ((a, s),t) + A(4)(t) from R* x R? x R? onto R?
are continuous, where ¢ € R3.
The multiplication operation on MS is

(a,s,t,2,8)(d,s',t',2',§) = (ad, s+ a** &t + Sc Aut,w + 2/, £+ )

with left Haar measure given by
da
d/«LIeft(aH sl @, 5) =1 ds dt dx dg?
a

where a € R*, s e R%, ¢t ¢ R3, x ¢ Rand € € R.
A function ¢ € L?(R*) is admissible if

~ dv
/|¢(U1702,U3, Q) ﬁ dvy dvz d¢ < 0. (5.2)

The continuous modulated shearlet transform of f € L?(R*) with respect to admissible function ¢ €
L%(R%) is given by

MSyfla,s, t,z,§) = /f (k,y) astm)(k:,y) e ™Y dk dy,

where U, , . (k,y) = a /S (AL (k — 1),y —x), forall k € R%, y € R.

Also, we have L[, _, . f(k,y) = f(k,y)U[, ,, ., (k,y), forall k € R%, y € R.
We now verify the admissibility condition (5.2). Proceeding as in previous example, we have

IMSuf1Pyais,5)

d
= / \IMSyf(a,s1,s2,t1,ta,t3, 7, &) a_j dsy dsy dty dty dts dx d€
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- 2
B / |y123f<w17w27w37 y)|2 9123%9(&”17 al/g(slwl + W2)7 al/3(32wl + W3)737)

da

a |7/3 dsy dso dwy dws dws dx dy.

On substituting a'/3(s;w; + wy) = v5 and a'/?(sow; + ws) = v3, we have
IMSuf1Ps,5)
~ 2 da dvy dv
2 2 aU3
== / |ﬁ123f(w1, Wy, W3, y)| 91231#(%11, Vo, V3, ) 3 T dw1 dWQ dw?, dl‘ dy
la]® w1 w
RS
We now substitute aw; = vy. If w; > 0, then v; varies from —oo to oo and if w; < 0, then v varies from
oo to —oo. We obtain

||M81l)f|| SXR - 01/) ||f||27

where

~ dv
C¢:/|¢(U17027U37C>| ﬁdﬂQ dUg dC

Thus, the admissibility condition for 1/ can be stated as C'y, < oo.

6. Uncertainty Principles

We shall now prove certain versions of Heisenberg uncertainty principle. The weak uncertainty princi-
ple given below follows immediately by using Corollary 2.13.

THEOREM6.1. Let f € L*(H xG) and¢ € L*(HxG) be an admissible function such that || f|| 2z <)
|¥||2(rx ) = 1. Suppose that U € S x G and € > 0 satisfy

/||M8¢f(l,h,x,7r)||2 do(l,h,z,m) >1—e.

Theno(U) > 1 —e.

THEOREM 6.2 (Heisenberg Uncertainty Inequality). Let H and L as above and G = R". For any
f € L*(H x G), admissible function ¢ € L?(H x G) and a,b > 1, we have

1

2a

payes Tz A / / 2 1f (o) dpasa () dp(y)

H

L
2b

/ P IMSuf (L b, O do(l, b 2, €)
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Proof. Using Plancherel theorem and Lemma 2.7, we have

Cw ||f||L2 HxG)

— ¢, / / £k, dasr (k) dac ()

—@//W 09I dug(n) duc(y)

/ / Fufn.0)] { 1218 i) 90| 5500 dint) dua<x>] dug(n) dngly)

— /// /L?Hf (n,v)] ‘JH (L{%H . y)) (n,y)‘zdulq(n) o) dur(l) duc(z) dpa(y)
"

/‘(f *H“g,lmyxly)) (h’y)2dﬂH(h)] (1) dpr (1) duc(z) duc(y)
LH
170 (£ 8) @] 530 din0) ) di(o) doto) 61

G
So Fy (LZ hx)f) (I,-) € L*(G) for almost every (I, h,r) € S.
Using Theorem 1.1 for a = b = 1, we have

/‘JH( L,y ‘ dpc(y)
1/2
< (/Iyl2 ‘ﬂH (L}@,W)f) (Ly)zduc(y))
G

/|§|2 Fo T (L) 1.8 dngle)

1/2

Applying Cauchy—Schwarz inequality, equation (6.1) can be written as

n
Ar Cy ||f||%2(H><G)

1/
S/// (/Iyl2 ‘%z (Eﬁ,h,x)f) (Ly)zduc(y)) |
L H G G

1/2

168 |FeFn (Ci008) O] diel©) | 0s0) dun(t) dun(h) duco)
G
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1/2
< ( [ ] W8 [ (2 f) )] 00 din®) dusah) dco) due(y))
L H G G

1/2

////|5|2 ‘9@9}1 (ﬁ(bl’h’x)f) (]7@‘2 ox(1) dur(l) dup(h) duc(x) dus(€)
L HG @

G

Using Lemma 2.7, equation (2.4), Plancherel formula and Corollary 2.10, we obtain

4_ Cd) ||f||L2 HxG)

1/2
( []]we L/ (Pt e y)<h,y>2dm<h>] 53(1) daz (1) dac () dua(y))

L G G

IN

1/2
X ( / €2 IMSyf(l,h,2,€))? do(l,hy 2, )

e
[ [
L G G
1/2
x (/ €| MSwf(l,h,a;,é“)2do—(l,h,x,§))
e

1/2
_ / / W1 f ()] { / / (20 (U ) y)\ o3(1) dpr (1) dp (@ >] dpgy (n) dpc (y)
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Now using Holder’s inequality, we have
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H G
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H G
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~

xG
1
b
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Thus equation (6.2) can be written as
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= O I e
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L
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which implies
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O

THEOREM 6.3 (Another form). Let H = R". For any f € L?(H x (), admissible function ¢ €
L*(H x G) and a,b > 1, we have

\ 3
n
i CE Wy < || [ P S0 R ) ot .7)

xG

8-

)

//|n|2b (T fn,y)° duc(y) dug(n)
G g

Proof. Using (2.5), (2.4), Plancherel formula and Lemma 2.7, we have

Cy £ 122t
= ||M8¢f||(2%02(5><@)

/ |MSyf (L by, )| do(l, by, )

_ / / / / 671 (L) ()| 550) dusn 1) din(h) dya () )

Fi () (10| 530) din 1) dian () o) dcy)

(7t ery) )| 530 a1 das () dsc () ) ©3)

So (f  pp Z/{(%H ya?_ly)) (-,y) € L*(H) for almostevery [ € L and z,y € G.
Using Theorem 1.1 for @ = b = 1 and then using Lemma 2.7 and Lemma 2.8, we obtain

/\ (750U v) ()] ()
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1/2
7 2
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Applying Cauchy-Schwarz inequality, (6.3) can be written as

n
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< / / 0l 1 F i f (1, 0)? duc(y) dug(n)
G g

Thus
1/2

noo1/2
E Cw/ ||f||%2(H><G) < / |h|2 |M8¢f(l7 h7$77r)|2 dO'(l, h,:E,ﬂ')

~

xG

\ 1/2
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As in Theorem 6.2, applying Holder’s inequality repeatedly, we obtain the required inequality. ]
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