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ABSTRACT. We give simple criteria which characterize the symbols u, ϕ defining continuous and compact weighted
composition operators Wu,ϕ acting between two different weighted sequence spaces. Also we characterize when Wu,ϕ is
bounded below and when it has closed range.
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1. Introduction

Through this article, we use x = {x(k)} for a numerical complex sequence, while (xn) will denote a
sequence of sequences. A sequence r = {r(k)} such that r(k) > 0 for all k ∈ N will be called a weight,
where N denotes the set of all positive integers. Given a weight r, the weighted sequence space l∞(r) is
defined as the set of all complex sequence x = {x(k)} such that

‖x‖r = sup
k∈N

|x (k)| r (k) < ∞. (1.1)

The pair (l∞ (r) , ‖·‖r) constitute a Banach space. This kind of spaces appear in the literature in a natural
way when one studies properties of some operators in certain sequence spaces; for instance, we can see
that for p > 1 fixed, the Cesàro space cesp of all complex sequence x = {x (k)} such that

‖x‖cesp =
( ∞∑

m=1

(
1

m

m∑
k=1

|x (k)|
)p)1/p

< ∞, (1.2)

is contained in l∞
(
k1−p

)
which tell us that every evaluation functional on cesp is continuous.

During the past decade, there has been a surge in new results concerning various linear operators
L : X → Y , where at least one of the space X and Y is a sequence space satisfying a growth condition
or it is defined by a weight. For instance, Williams and Ye in [15] characterize the continuity of all
operators defined by infinite matrices acting from l1(r) into l1(r). Also, this kind of sequence spaces
have allowed to define Hilbert spaces of analytic functions such as we can see in the work of Shield [13]
and more recently, in the article of Luan and Khoi [7].

For a fixed sequence u = {u (k)}, a function ϕ : N → N and any x = {x (k)} ∈ l∞ (r), we can define
the linear weighted composition operator Wu,ϕ with symbols u, ϕ by

Wu,ϕ (x) := u · (x ◦ ϕ) .
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Clearly this operator is obtained by composition of two well known operators: multiplication operator
Mu and composition operator Cϕ. In fact, when ϕ is the identity on N, Wu,ϕ becomes a multiplication
operator which is defined pointwise by Mu(x) = u · x. We refer to [12] for properties of multiplication
operators acting on Banach sequence spaces (see also [5]). If u(n) = 1 for all n ∈ N then Wu,ϕ becomes
a linear composition operator defined as Cϕ(x) = x◦ϕ which has been widely studied by a big numerous
of authors; in particular, acting on some weighted sequence space such as l2(r) were consider early in
[14].

In this article, we are interested in to know when Wu,ϕ (x) ∈ l∞ (s) for all x ∈ l∞ (r) and to establish
other topological properties of Wu,ϕ such as compactness, closedness of the range, bounded below among
others. This kind of problems have been widely studied in the context of holomorphic function spaces
(see for instance [8, 4, 11] and the references cited therein); but in the context of Banach sequence spaces
is still a subject in development; for instance, weighted composition operators on l2 (without weight) was
studied by Carlson in [3]. Raj, Komal and Khosla in [9] studied this operator acting on Orlicz sequence
spaces and more recently, Luan and Khoi [6] have made an exhaustive study of the properties of Wu,ϕ

acting on the Hilbert space l2(r).

Motivated by the results due to Montes-Rodríguez [8] and Contreras and Hernández-Díaz [4] (see
also [11, 2]), about the properties of weighted composition operators acting on weighted Banach spaces
of analytic functions, where the characterizations of the properties of these operators are obtained by
composition with certain special functions in this type of spaces, through this article we are going to
prove the following results:

1. The operator Wu,ϕ is continuous from l∞ (r) into l∞ (s) if and only if

Lu,ϕ = sup
n∈N

‖Wu,ϕ (en)‖s
‖en‖r

< ∞.

In this case ‖Wu,ϕ‖ = Lu,ϕ.

2. Wu,ϕ : l∞ (r) → l∞ (s) is compact if and only if

lim
n→∞

‖Wu,ϕ (en)‖s
‖en‖r

= 0.

3. Wu,ϕ : l∞ (r) → l∞ (s) is bounded below if and only if

inf
n∈N

‖Wu,ϕ (en)‖s
‖en‖r

> 0.

4. Wu,ϕ : l∞ (r) → l∞ (s) is injective if and only if

‖Wu,ϕ (en)‖s
‖en‖r

> 0

for all n ∈ N.

5. Wu,ϕ : l∞ (r) → l∞ (s) has closed range if and only if

inf
n∈S

‖Wu,ϕ (en)‖s
‖en‖r

> 0,

being S =
{
n ∈ N : ‖Wu,ϕ (en)‖s �= 0

}
.
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Where (en) is the so called canonical basis, that is, the sequence en = {en (k)} is defined, as is usual,
by en(n) = 1 and en(k) = 0 for all k �= n. In particular, en ∈ l∞ (r) for all n ∈ N and ‖en‖r =

r (n). As important consequences of the above results, also we characterize when this operator has finite
dimensional range and when it is upper semi-Fredholm.

2. Continuity of the weighted composition operators on l∞(r)

In this section we characterize all continuous weighted composition operators between weighted se-
quence spaces in terms of the norm of the images of the normalized canonical basis. From now, it is
convenient to define

Ran (ϕ) = {n ∈ N : n = ϕ(k) for some k ∈ N} .
We can see that if n /∈ Ran (ϕ), then ‖Wu,ϕ (en)‖s = 0. Thus, we have the following result:

Theorem 2.1. Let r, s be two weights, suppose that u = {u (k)} is a complex sequence and that ϕ :

N → N is a function. The operator Wu,ϕ is continuous from l∞ (r) into l∞ (s) if and only if

Lu,ϕ = sup
n∈N

‖Wu,ϕ (en)‖s
‖en‖r

< ∞. (2.1)

In this case ‖Wu,ϕ‖ = Lu,ϕ.

Proof. Let us suppose first that Wu,ϕ : l∞ (r) → l∞ (s) is continuous, then for each n ∈ N, the sequence
en ∈ l∞ (r) and hence

‖Wu,ϕ (en)‖s ≤ ‖Wu,ϕ‖ ‖en‖r .
This prove that

Lu,ϕ = sup
n∈N

‖Wu,ϕ (en)‖s
‖en‖r

≤ ‖Wu,ϕ‖ .

Conversely, if the relation (2.1) holds, then for any x = {x (k)} ∈ l∞ (r) and for any k ∈ N, we have

|u (k)| |x (ϕ (k))| s (k) ≤ ‖x‖r |u (k)|
s (k)

r (ϕ (k))

≤ ‖x‖r sup
n∈Ran(ϕ)

|u (k)| s (k) en (ϕ (k))

‖en‖r
≤ ‖x‖r sup

n∈Ran(ϕ)

‖u · en ◦ ϕ‖s
‖en‖r

= ‖x‖r sup
n∈Ran(ϕ)

‖Wu,ϕ (en)‖s
‖en‖r

and therefore

‖Wu,ϕ (x)‖s = sup
k∈N

|u (k)| |x (ϕ (k))| s (k)

≤ ‖x‖r sup
n∈Ran(ϕ)

‖Wu,ϕ (en)‖s
‖en‖r

.

The hypothesis and this last fact tell us that the operator Wu,ϕ is continuous from l∞ (r) into l∞ (s).
Furthermore, the above argument also proves that

‖Wu,ϕ‖ = sup
n∈Ran(ϕ)

‖Wu,ϕ (en)‖s
‖en‖r

since ‖Wu,ϕ (en)‖s = 0 when n /∈ Ran (ϕ). The proof of the theorem is now complete.
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3. On the compactness

The aim of this section is to obtain a characterization for the compactness of the operator Wu,ϕ :

l∞(r) → l∞(s) in terms of the canonical basis. To this end, we first establish the following result which
could have some interest by itself. A much more general result can be found in [1]. We include a proof
for benefit of the reader.

Theorem 3.1. Let r, s be two weights. Let u = {u (k)} be a complex sequence, ϕ : N → N a function
and suppose that the operator Wu,ϕ : l∞ (r) → l∞ (s) is continuous. The weighted composition operator
Wu,ϕ : l∞ (r) → l∞ (s) is compact if and only if for all bounded-norm sequence (xn) ⊂ l∞ (r) such
that xn → 0 pointwise (limn→∞ xn (m) = 0 for all m ∈ N), we have

lim
n→∞ ‖Wu,ϕ (xn)‖s = 0. (3.1)

Proof. Let us suppose first that Wu,ϕ : l∞ (r) → l∞ (s) is a compact operator. Let (xn) ⊂ l∞ (r) be a
bounded-norm sequence such that xn → 0 pointwise and suppose that the condition (3.1) is false. Then
there exists an ε > 0 and a subsequence (xnk

) of (xn) such that

‖Wu,ϕ (xnk
)‖s ≥ ε (3.2)

for all k ∈ N. Next, the compactness of Wu,ϕ implies that, by passing to a subsequence, if necessary, we
can suppose that (Wu,ϕ (xnk

)) converges in l∞ (s) and there exists y ∈ l∞ (s) such that

lim
k→∞

‖Wu,ϕ (xnk
)− y‖s = 0.

We are going to prove that y = 0 (the null sequence), that is, y (m) = 0 for all m ∈ N. Indeed, by
definition of ‖·‖s, we can write

|u (m) xnk
(ϕ (m))− y (m)| ≤ 1

s (m)
‖Wu,ϕ (xnk

)− y‖s
and hence

|y (m)| = lim
k→∞

|u (m) xnk
(ϕ (m))− y (m)| ≤ lim

k→∞
1

s (m)
‖Wu,ϕ (xnk

)− y‖s = 0,

where we have used that (xn) converges pointwise to zero. Thus, we have obtained

lim
k→∞

‖Wu,ϕ (xnk
)‖s = 0,

which leads a contradiction to (3.2). This prove the implication.

Conversely, suppose now that the relation (3.1) holds for all norm-bounded sequence (xn) ⊂ l∞ (r)

such that xn → 0 pointwise. We shall prove that Wu,ϕ : l∞ (r) → l∞ (s) is a compact operator. To this
end, let (zn) any norm-bounded sequence in l∞ (r). Notice that for m ∈ N fixed, we have

|zn (m)| ≤ 1

r (m)
‖zn‖r

and this last relation tell us that the numerical sequence of the m-th components, namely {zn (m)}∞n=1 is
bounded in C. Thus, Bolzano–Weierstrass theorem implies that there exists a subquence {znk

(m)}∞k=1

of {zn (m)}∞n=1 and y (m) ∈ C such that

lim
k→∞

|znk
(m)− y (m)| = 0.
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Next, using a diagonal argument we can built a subsequence {wnk
}∞k=1 of {zn}∞n=1 and a numerical

sequence y = {y (m)} such that

lim
k→∞

|wnk
(m)− y (m)| = 0

for all m ∈ N. We can see that y ∈ l∞ (r) since

|y (m)| r (m) ≤ |wnk
(m)− y (m)| r (m) + |wnk

(m)| r (m)

≤ |wnk
(m)− y (m)| r (m) + ‖wnk

‖r
and (wnk

) is norm-bounded in l∞ (r). Thus, the sequence (wnk
− y) is norm-bounded and converges to

zero pointwise; so the hypothesis implies that

lim
k→∞

‖Wu,ϕ (wnk
− y)‖s = 0

which proves that the operator Wu,ϕ : l∞ (r) → l∞ (s) is compact..

Now, we can enunciate and prove the main result of this section.

Theorem 3.2. Let r, s be two weights. Let u = {u (k)} be a complex sequence, ϕ : N → N a function
and suppose that the operator Wu,ϕ : l∞ (r) → l∞ (s) is continuous. The weighted composition operator
Wu,ϕ : l∞ (r) → l∞ (s) is compact if and only if

lim
n→∞

‖Wu,ϕ (en)‖s
‖en‖r

= 0. (3.3)

Proof. Suppose first that Wu,ϕ : l∞ (r) → l∞ (s) is a compact operator. By Theorem 3.1 we have

lim
n→∞ ‖Wu,ϕ (xn)‖s = 0

for all bounded-norm sequence (xn) ⊂ l∞ (r) such that xn → 0 pointwise. In particular, the sequence
(xn) defined by

xn =
en

‖en‖r
is bounded and clearly for m ∈ N fixed we have

lim
n→∞xn (m) = lim

n→∞
en (m)

‖en‖r
= 0

and therefore

0 = lim
n→∞ ‖Wu,ϕ (xn)‖s = lim

n→∞
‖Wu,ϕ (en)‖s

‖en‖r
.

This proves (3.3).

Conversely, suppose that the relation (3.3) holds, we are going to use Theorem 3.1 to prove that the op-
erator Wu,ϕ : l∞ (r) → l∞ (s) is compact. Thus, let (xn) be any bounded sequence in l∞ (r) converging
pointwise to zero, we shall prove that

lim
n→∞ ‖Wu,ϕ (xn)‖s = 0.
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To this end, first we see that there exists an M > 0 such that ‖xn‖r ≤ M for all n ∈ N. Next, we denote
the sequence xn ∈ l∞ (r) by xn = {xn (k)} and we observe that by hypothesis, for ε > 0 given, there
exists H ∈ N such that

‖Wu,ϕ (en)‖s
‖en‖r

< ε

for all n ≥ H . Next, we consider the sets

A = {k ∈ N : ϕ (k) ≤ H} ,
B = {k ∈ N : ϕ (k) > H} .

If k ∈ A, we can write

|u (k)| |xn (ϕ (k))| s (k) = |u (k)| |xn (ϕ (k))| s (k) r (ϕ (k))

r (ϕ (k))

≤
(

sup
1≤m≤H

r (m) |xn (m)|
) |u (k)| s (k)

r (ϕ (k))

=

(
sup

1≤m≤H
r (m) |xn (m)|

) |u (k)| s (k)
r (ϕ (k))

eϕ(k) (ϕ (k))

≤
(

sup
1≤m≤H

r (m) |xn (m)|
)

sup
n∈Ran(ϕ)

|u (k)| s (k)
r (n)

en (ϕ (k))

≤
(

sup
1≤m≤H

r (m) |xn (m)|
)

sup
n∈Ran(ϕ)

‖Wu,ϕ (en)‖s
‖en‖r

.

Also, since all convergent sequence is bounded, there exists Lu,ϕ > 0 such that

Lu,ϕ = sup
n∈Ran(ϕ)

‖Wu,ϕ (en)‖s
‖en‖r

< ∞.

Thus, since xn → 0 pointwise, we can find NH ∈ N such that

sup
1≤m≤H

r (m) |xn (m)| < ε

whenever n ≥ NH . We conclude that

sup
k∈A

|u (k)| |xn (ϕ (k))| s (k) < Lu,ϕε. (3.4)

for all n ≥ NH .

Next, we consider the case when k ∈ B. Here we have ϕ (k) ≥ H + 1 and we can write

|u (k)| |xn (ϕ (k))| s (k) = |u (k)| |xn (ϕ (k))| s (k) r (ϕ (k))

r (ϕ (k))

≤ ‖xn‖r |u (k)| s (k)
eϕ(k) (ϕ (k))

r (ϕ (k))

≤ ‖xn‖r sup
n≥H+1

|u (k)| s (k) en (ϕ (k))

r (n)

≤ ‖xn‖r sup
n≥H+1

‖Wu,ϕ (en)‖s
‖en‖r

≤ Mε.
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Therefore, we obtain

sup
k∈B

|u (k)| |xn (ϕ (k))| s (k) < Mε. (3.5)

From (3.4) and (3.5) we conclude

‖Wu,ϕ (xn)‖s = sup
k∈N

|u (k)| |xn (ϕ (k))| s (k) < (Lu,ϕ +M) ε

whenever n ≥ NH . This proves that

lim
n→∞ ‖Wu,ϕ (xn)‖s = 0

and the operator Wu,ϕ : l∞ (r) → l∞ (s) is compact.

4. Bounded below weighted composition operators on l∞ (r)

In this section we give a characterization for bounded below weighted composition operators between
weighted sequence spaces in terms of the canonical basis. We recall that a continuous linear operator
T : X → Y with X,Y Banach spaces is called bounded below if there exists a constant L > 0 such that

‖Tx‖Y ≥ L ‖x‖X
for all x ∈ X . In the context of analytic functions, the characterization is given in terms of the so called
sampling sets (see [8, 4, 10] and the reference therein). In the context of weighted sequence spaces, this
does not make any sense because if a subset H ⊂ N satisfies

sup
k∈H

|x (k)| r (k) ≥ L ‖x‖r

for all x ∈ l∞ (r) and for some L > 0, then we can conclude that H = N. However, for each ε > 0 we
set

Sε =

{
k ∈ N :

|u (k)| s (k)
r (ϕ (k))

≥ ε

}
and we have the following result.

Theorem 4.1. Let r, s be two weights. Let u = {u (k)} be a complex sequence, ϕ : N → N a function
and suppose that the operator Wu,ϕ : l∞ (r) → l∞ (s) is continuous. The following statements are
equivalent:

1. The weighted composition operator Wu,ϕ : l∞ (r) → l∞ (s) is bounded below,

2. There exists ε > 0 such that the set ϕ (Sε) = N,

3. inf
n∈N

‖Wu,ϕ (en)‖s
‖en‖r

> 0.

Proof. [(2)⇒(1)] Let us suppose first that there exists ε > 0 such that ϕ (Sε) = N. Then for all x ∈
l∞ (r) we have

‖x‖r = sup
k∈N

|x (k)| r (k) = sup
m∈Sε

|x (ϕ (m))| r (ϕ (m))
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= sup
m∈Sε

r (ϕ (m))

|u (m)| s (m)
|u (m)| |x (ϕ (m))| s (m)

≤ 1

ε
sup
m∈Sε

|u (m)| |x (ϕ (m))| s (m) ≤ 1

ε
‖Wu,ϕ (x)‖s

and this proves that the operator Wu,ϕ : l∞ (r) → l∞ (s) is bounded below.

[(1)⇒(2)] Suppose now that Wu,ϕ : l∞ (r) → l∞ (s) is bounded below. There exists L > 0 such that

‖Wu,ϕ (x)‖s ≥ L ‖x‖r
for all x ∈ l∞ (r). In particular, if ‖x‖r = 1, then

‖Wu,ϕ (x)‖s = sup
k∈N

|u (k)| |x (ϕ (k))| s (k) ≥ L

and hence, by definition of supremum, there exists kx ∈ N such that

|u (kx)| |x (ϕ (kx))| s (kx) ≥ L

2

which in turn implies that

|u (kx)| s (kx)
r (ϕ (kx))

|x (ϕ (kx))| r (ϕ (kx)) ≥ L

2
(4.1)

and since |x (ϕ (kx))| r (ϕ (kx)) ≤ ‖x‖r = 1, we have

|u (kx)| s (kx)
r (ϕ (kx))

≥ L

2
.

Thus, putting ε = 1
2L we have kx ∈ Sε. Next, we use the fact that Wu,ϕ : l∞ (r) → l∞ (s) is a continuous

operator and also we can write

|u (kx)| s (kx)
r (ϕ (kx))

≤ supk:ϕ(k)=ϕ(kx) |u (k)| s (k)
r (ϕ (kx))

=

∥∥Wu,ϕ

(
eϕ(kx)

)∥∥
s∥∥eϕ(kx)∥∥r

≤ sup
n∈Ran(ϕ)

‖Wu,ϕ (en)‖s
‖en‖r

≤ ‖Wu,ϕ‖ = Lu,ϕ.

This last fact and the relation (4.1) allow us to write

L

2
≤ |u (kx)| s (kx)

r (ϕ (kx))
|x (ϕ (kx))| r (ϕ (kx)) ≤ Lu,ϕ |x (ϕ (kx))| r (ϕ (kx))

and therefore

sup
n∈ϕ(Sε)

|x (n)| r (n) ≥ |x (ϕ (kx))| r (ϕ (kx)) ≥ L

2Lu,ϕ
> 0 (4.2)

for all x ∈ l∞ (r) such that ‖x‖r = 1. Finally, if there exists a k0 ∈ N− ϕ (Sε), then the sequence

x0 =
ek0

r (k0)

has norm equal to 1 and also it satisfies

sup
k∈ϕ(Sε)

|x0 (k)| r (k) = 0
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which is a contradiction to (4.2). We conclude that ϕ (Sε) = N and the proof of the implication is now
complete.

[(2)⇒(3)] Let us suppose that there exists an ε > 0 such that the set ϕ (Sε) = N. Then for each n ∈ N,
we can find a k0 ∈ Sε such that n = ϕ (k0). In particular, we have

|u (k0)| s (k0)
r (ϕ (k0))

> ε

and hence

‖Wu,ϕ (en)‖s
‖en‖r

=
supk:ϕ(k)=n |u (k)| s (k)

r (n)

≥ |u (k0)| s (k0)
r (ϕ (k0))

> ε.

This proves the implication.

[(3)⇒(2)] Conversely, if

inf
n∈N

‖Wu,ϕ (en)‖s
‖en‖r

> 0,

then there exists an ε > 0 such that

supk:ϕ(k)=n |u (k)| s (k)
r (n)

≥ ε

for all n ∈ N. Thus, for each n ∈ N, the definition of supremum, implies that there exists a kn ∈ N such
that ϕ (kn) = n

|u (kn)| s (kn)
r (ϕ (kn))

>
ε

2

which proves that n ∈ ϕ
(
Sε/2

)
and N = ϕ

(
Sε/2

)
. This concludes the proof of the theorem.

Since all bounded below operator is also injective, the above result give us a light about the condition
which characterize injective weighted composition operators between weighted sequence spaces. We
recall that if T : X → Y is a linear operator, the kernel of T , denoted by Ker(T ), is the set of all x ∈ X

such that T (x) = 0; and it is known that T is injective or 1-1 if and only if Ker(T ) = {0}. We have the
following result.

Theorem 4.2. Let r, s be two weights. Let u = {u (k)} be a complex sequence, ϕ : N → N a function.
The operator Wu,ϕ : l∞ (r) → l∞ (s) is injective if and only if

‖Wu,ϕ (en)‖s
‖en‖r

> 0 (4.3)

for all n ∈ N.

Proof. Let us suppose first that the condition (4.3) holds for all n ∈ N. In particular, we see that
Ran (ϕ) = N because if n /∈ Ran (ϕ), then ‖Wu,ϕ (en)‖s = 0. Consider now any x ∈ l∞ (r) such that
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Wu,ϕ (x) = 0, we are going to prove that x is the null sequence, that is, x (n) = 0 for all n ∈ N. Indeed,
for each n ∈ N, the hypothesis and the definition of the s-norm imply

supk:ϕ(k)=n |u (k)| s (k)
r (n)

> 0.

Thus, the definition of supremum guarantee that there exists k0 ∈ N such that ϕ (k0) = n and

|u (k0)| s (k0)
r (n)

> 0.

In particular, |u (k0)| > 0 ; but we also have

|u (k)| |x (ϕ (k))| = 0 (4.4)

for all k ∈ N since Wu,ϕ (x) = 0. Therefore, for this k0 we obtain

|u (k0)| |x (n)| = 0

and x (n) = 0. This proves that Wu,ϕ : l∞ (r) → l∞ (s) is an injective operator. The converse is evident.
Indeed, if there exists n ∈ N such that

‖Wu,ϕ (en)‖s
‖en‖r

= 0.

Then ‖Wu,ϕ (en)‖s = 0 and Ker (Wu,ϕ) �= {0}; that is, Wu,ϕ : l∞ (r) → l∞ (s) is not injective.

5. On the Closedness of the range

In this section we analyze when the weighted composition operator Wu,ϕ : l∞ (r) → l∞ (s) has
closed range. We recall that if T : X → Y is a linear operator with X , Y Banach spaces, the range
of T is T (X) = {y ∈ Y : y = T (x) for some x ∈ X}. Just like the other results of previous section,
the criteria we have obtained is given in terms of the canonical basis. Furthermore, we know that if
n /∈ Ran (ϕ), then ‖Wu,ϕ (en)‖s = 0, however, it could happen that there exists n ∈ Ran (ϕ) such that
‖Wu,ϕ (en)‖s = 0. Hence, it is necessary to consider the set

S =
{
n ∈ N : ‖Wu,ϕ (en)‖s �= 0

}
=
{
n ∈ Ran (ϕ) : ‖Wu,ϕ (en)‖s �= 0

}
and we have the following result.

Theorem 5.1. Let r, s be two weights. Let u = {u (k)} be a complex sequence, ϕ : N → N a function
and suppose that the operator Wu,ϕ : l∞ (r) → l∞ (s) is continuous. The weighted composition operator
Wu,ϕ : l∞ (r) → l∞ (s) has closed range if and only if

inf
n∈S

‖Wu,ϕ (en)‖s
‖en‖r

> 0. (5.1)

Proof. Let us suppose that the condition (5.1) holds. Then there exists δ > 0 such that

‖Wu,ϕ (en)‖s
‖en‖r

> δ
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for all n ∈ S =
{
n ∈ N : ‖Wu,ϕ (en)‖s �= 0

}
. If y ∈ Wu,ϕ (l∞ (r)), then there exists a sequence

(ym) ⊂ Wu,ϕ (l
∞ (r)) such that

lim
m→∞ ‖ym − y‖s = 0.

Also, there exists a sequence (xm) ⊂ l∞ (r) such that ym = Wu,ϕ (xm) for all m ∈ N. Thus, for any
k ∈ N, we have

ym (k) = u (k)xm (ϕ (k))

hence, we can suppose that xm (n) = 0 for all n /∈ Ran (ϕ). Furthermore, if n ∈ Ran (ϕ) and n /∈ S,
then

0 = ‖Wu,ϕ (en)‖s = sup
k∈N

|u (k)| |en (ϕ (k))|

and we obtain

|u (k)| = 0

for all k ∈ N such that ϕ (k) = n. Thus, we also can suppose that xm (n) = 0 for all n /∈ S. With these
conditions, now we shall prove that (xm) is a Cauchy sequence in l∞ (r). Indeed,

‖xH − xm‖r = sup
n∈S

|xH (n)− xm (n)| r (n) ;

but if n ∈ S, then n ∈ Ran (ϕ) and there exists k ∈ N such that ϕ (k) = n; in fact, by hypothesis we
have ‖Wu,ϕ(en)‖s

‖en‖r > δ, and this means that we can find k ∈ N such that ϕ(k) = n and

|u (k)| s (k)
r (n)

> δ

and we can write

|xH (n)− xm (n)| r (n) = |u (k)xH (ϕ (k)) s (k)− u (k)xm (ϕ (k)) s (k)| r (n)

|u (k)| s (k)
≤ 1

δ
‖Wu,ϕ (xH)−Wu,ϕ (xm)‖s =

1

δ
‖yH − ym‖s .

This proves that

‖xH − xm‖r ≤
1

δ
‖yH − ym‖s

and (xm) is a Cauchy sequence in l∞ (r) which is a Banach space. Thus, there exists x ∈ l∞ (r) such
that

lim
m→∞ ‖xm − x‖r = 0.

Clearly, x (n) = 0 for all n /∈ S and since

‖y −Wu,ϕ (x)‖s ≤ ‖ym − y‖s + ‖ym −Wu,ϕ (x)‖s
≤ ‖ym − y‖s + ‖Wu,ϕ‖ ‖xm − x‖r ,

we conclude that ‖y −Wu,ϕ (x)‖s = 0 and y ∈ Wu,ϕ (l
∞(r)). This proves the implication.
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Conversely, suppose now that the operator Wu,ϕ : l∞ (r) → l∞ (s) has closed range. We consider the
set

X = {x ∈ l∞ (r) : x (k) = 0 for all k /∈ S} .
Clearly, X is a closed subspace of l∞ (r). Indeed, if x ∈ X , then there exists a sequence (xn) ⊂ X such
that

lim
n→∞ ‖xn − x‖r = 0.

Thus, by definition of the r-norm, for each k /∈ S we have

|xn (k)− x (k)| ≤ 1

r (k)
‖xn − x‖r

and we arrive to the conclusion x ∈ X . In particular, (X, ‖·‖r) is a Banach space. Furthermore, if
y ∈ Wu,ϕ (l

∞ (r)), then there exists x ∈ l∞ (r) such that

y (k) = u (k)x (ϕ (k))

for all k ∈ N. Thus, if we consider the sequence

x̂ = x · 1S,

where 1S is the sequence defined by

1S (k) =

{
1, k ∈ S,

0, otherwise,

then we see that x̂ ∈ X and for any k ∈ N such that ϕ (k) ∈ S we have

u (k) x̂ (ϕ (k)) = u (k)x (ϕ (k)) · 1S (ϕ (k)) = u (k)x (ϕ (k)) ;

while for k ∈ N such that n = ϕ (k) /∈ S we can see

u (k) x̂ (ϕ (k)) = u (k)x (ϕ (k)) · 1S (ϕ (k)) = 0;

and also

u (k)x (ϕ (k)) = u (k)x (n) = 0

since x ∈ X . Summarizing,

y (k) = u (k) x̂ (ϕ (k))

for all k ∈ N. This means that y = Wu,ϕ (x̂) and therefore Wu,ϕ (l
∞ (r)) = Wu,ϕ (X). In particular, the

hypothesis tell us that the operator Wu,ϕ : X → l∞ (s) has closed range.

Next, we shall prove that Wu,ϕ : X → l∞ (s) is injective. Indeed, if x ∈ X is such that Wu,ϕ (x) = 0,
then

u (k)x (ϕ (k)) = 0 (5.2)

for all k ∈ N. We want to see that x (n) = 0 for all n ∈ N. We know that x (n) = 0 for all n /∈ S. Now,
if n ∈ S, then n ∈ Ran (ϕ) and also

sup
k:ϕ(k)=n

|u (k)| s (k) > 0.
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In particular, by definition of supremum, there exists k ∈ N such that ϕ (k) = n and

|u (k)| s (k) > 0

hence |u (k)| > 0 and for this k, substituting in (5.2), we obtain x (n) = 0. Hence x = 0 and the operator
Wu,ϕ : X → l∞ (s) is 1− 1 and it has closed range. Therefore, this operator is bounded below and there
exists a δ > 0 such that

‖Wu,ϕ (x)‖s ≥ δ ‖x‖r
for all x ∈ X . In particular, for any n ∈ S it is obvious that en (k) = 0 for all k /∈ S. Hence en ∈ X for
all n ∈ S and then

‖Wu,ϕ (en)‖s ≥ δ ‖en‖r
for all n ∈ S and the proof is now complete.

Comment. From the proof of the second part of the above theorem, we could establish that

Wu,ϕ (l
∞ (r)) = Wu,ϕ (X) = Wu,ϕ ({x ∈ l∞ (r) : x (k) = 0 for all k /∈ S}) .

In fact, every y ∈ Wu,ϕ (l
∞ (r)) can be written as

y = Wu,ϕ (x · 1S)
for some x ∈ l∞ (r). For this reason, we also have the following consequence which characterize
weighted composition operators acting between weighted sequence spaces with finite dimensional range.

Corollary 5.2. Let r, s be two weights. Let u = {u (k)} be a complex sequence, ϕ : N → N a function
and suppose that the operator Wu,ϕ : l∞ (r) → l∞ (s) is continuous. The weighted composition operator
Wu,ϕ : l∞ (r) → l∞ (s) has finite dimensional range if and only if S =

{
n ∈ N : ‖Wu,ϕ (en)‖s �= 0

}
={

n ∈ Ran (ϕ) : ‖Wu,ϕ (en)‖s �= 0
}

is a finite set.

Finally, our results also allow us to characterize when a weighted composition operator acting between
weighted sequence spaces is upper semi-Fredholm. We recall that an operator T : X → Y , with X and
Y Banach spaces, is said to be upper semi-Fredholm if it has finite dimensional kernel and T (X) is a
closed subspace of Y .

Corollary 5.3. Let r, s be two weights. Let u = {u (k)} be a complex sequence, ϕ : N → N a function
and suppose that the operator Wu,ϕ : l∞ (r) → l∞ (s) is continuous. The weighted composition operator
Wu,ϕ : l∞ (r) → l∞ (s) is upper semi-Fredholm if and only if Z = N− S is a finite set and there exists
δ > 0 such that

‖Wu,ϕ (en)‖s
‖en‖r

> δ

for all n ∈ S.

Proof. The result follows from the fact that Ker (Wu,ϕ) is finite dimensional if and only if Z = {n ∈ N :

‖Wu,ϕ (en)‖s = 0
}

is a finite set.
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