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ABSTRACT. We consider a Laplacian on the one-sided full shift space over a finite symbol set, which is constructed as
a renormalized limit of finite difference operators. We propose a weak definition of this Laplacian, analogous to the one
in calculus, by choosing test functions as those which have finite energy and vanish on various boundary sets. In the
abstract setting of the shift space, the boundary sets are chosen to be the sets on which the finite difference operators
are defined. We then define the Neumann derivative of functions on these boundary sets and establish a relation between
three important concepts in analysis so far, namely, the Laplacian, the bilinear energy form and the Neumann derivative
of a function. As a result, we obtain the Gauss-Green’s formula analogous to the one in classical case. We conclude this
paper by providing a sufficient condition for the Neumann boundary value problem on the shift space.
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1. Introduction

One of the main aspects of analysis is the theory of calculus. Until recently, calculus intrinsically
necessitated the underlying space to be smooth. During 1970’s, it was observed that nature is abound
with non-smooth objects like fractals, the term which was coined by Mandelbrot [23, 24]. The need
for studying various physical phenomena like heat and wave propagation on such sets gave birth to the
theory of calculus on these rough surfaces, popularly known as rough analysis. There are two main
approaches towards constructing a Laplacian on fractals like the Sierpinski gasket. The probabilistic
approach [11, 20, 4] derives a Laplacian using a diffusion process, whereas, the direct approach [14, 15]
proposed by Kigami, constructs a Laplacian on a class of self-similar fractals that includes the Sierpiniski
gasket, as a limit of renormalized difference operators. A great deal of literature is built around the study
of analysis on different types of connected fractal sets over the last few decades, [2, 8, 10, 21, 27, 28].
At the same time, it was observed that fractals which are totally disconnected, for example Cantor sets
embedded in R", can be helpful to model characteristic attributes of certain physical systems [3, 19], and
study of diffusion processes on Cantor sets has been actively pursued since then [1, 12, 22].

One way to describe self-similar fractals is by means of symbolic coding. For a finite symbol set
S :={1,2,---, N} with N > 2, a one-sided full shift space (X}, o) is a space of sequences over
symbol set .S given by,

Yy ={r=(r122-):x; €85, Vi>1},

along with the shift map o : ¥ — X}, defined as, o((z1 22 --+)) = (zox3 ---). The discrete
topology on S induces a product topology on X1, under which it is a compact, totally disconnected
and perfect metrizable space. Detailed description of the shift space, its dynamical properties and its
numerous applications in different fields can be found in [5, 6, 25]. Such a distinctive topology makes it
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interesting to study the analysis on the shift space. Denker et al. [7] generalized the notion of Dirichlet
forms on quotient spaces of the abstract shift space and obtained a corresponding Laplacian on them.

It is an interesting feature of shift spaces, that we can bring all Cantor sets under one umbrella by
designing a coding which is a homeomorphism from a shift space over an appropriate symbol set to a
Cantor set under consideration. The coding helps in getting rid of the Euclidean structure of a Cantor
set, however, preserves the essential self-similar structure. Therefore the study of the shift spaces from
an analytical viewpoint will improve our understanding of Cantor sets, independent of their inherent
Euclidean structure. In [26], we followed Kigami’s approach to construct a Laplacian A on the full
shift space as a renormalized limit of difference operators H,, on certain finite subsets V;, of ¥1. In
sections (2) and (3), we summarise these concepts derived in [26]. In section (3), we further develop
some important properties of the finite Dirichlet forms which are induced by the difference operators.

The main element involved in the analytical construction of the Laplacian on self-similar sets is the
energy & (resistance or Dirichlet form). It is a symmetric bilinear non-negative definite form obtained
as the limit of the finite Dirichlet forms. Energy gives rise to an intrinsic effective resistance metric on
the underlying fractal set. This metric determines the topology to develop such theory of analysis on a
fractal set, independent of its Euclidean embedding. It so happens that, in case of post-critically finite
(p.c.f.) self-similar sets, the effective resistance and the Euclidean metric are compatible. Interested
readers may refer to [16, 18] for a detailed study of the topic. However, we proved in [26], that in case
of the shift space, the resistance metric does not yield the complete framework of ¥}, to develop the
analysis. Therefore all the analysis to be carried out further is in the framework of the standard topology
on Y, independent of the effective resistance metric.

As the difference operators H,, induce finite Dirichlet forms &, on the finite sets V/,, it is then
natural to explore the relation between the Laplacian A and the energy form £. In case of the p.c.f. self-
similar sets, if u and f are continuous functions with u having finite energy, then Au = f if £(u,v) =
— [ f vdp for all continuous functions v having finite energy and vanishing on the boundary and / being
an appropriate self-similar probability measure. Such a formulation of the Laplacian is termed as weak
formulation, due to its clear resemblance with the weak definition of the classical Laplacian. In this
paper, we attempt to address this problem in the abstract setting of the shift space. Towards that end, in
section (4), we first conceptualize the idea of a boundary in a totally disconnected space Z;{, and propose
an analogous weak formulation of the Laplacian taking the various boundary sets into consideration. We
restrict the study of the Laplacian to a smaller domain D, than the one considered in [26]. This new
domain of the Laplacian is split into subdomains corresponding to various boundary sets. We prove that
on each of these subdomains, the weak formulation of the Laplacian agrees with its strong definition.
Furthermore, we provide a complete characterization of the harmonic functions in section (4).

The last two sections in this paper focus on solving an analogous Neumann boundary value problem for
the Laplacian on Ej(,. In section (5), we give a definition of the Neumann derivative of the functions at the
boundary points. We establish that the Neumann derivative exists for all the functions in the domain of
the Laplacian, D. We further obtain the Gauss-Green’s formula relating the Laplacian and the Neumann
derivative of a function in D. For a given function f € C(X};), we provide a sufficient condition for the
existence of a solution to the equation

Au = f,

under Neumann boundary conditions, in section (6).
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2. Laplacian on X}

Let us begin by summarizing the basic concepts of the Laplacian in the setting of the symbolic space
3% developed in [26]. Recall the definition of the one-sided full shift space (X7, o) from the previous
section. The distance d between any two points x, y in the shift space depends only on the first position
where the two sequences disagree, as given below.

1
d(z,y) = YETL where p(x,y) = min{i: x; # y;} with p(z,x) = oc.

The cylinder sets of any length m > 1 in X7, are defined by

[pl pm] = {xgzxzx1:p17"'7$m:pm}7

where the initial m co-ordinates are fixed. The equidistributed Bernoulli measure y on Ej(, 1s given by,
1([p1 -+ pm]) = 5. The inverse of the shift map o has N branches given by o; : ¥3, — [l], for
each [ € S. These inverse branches give rise to a self-similar structure on the shift space. Consider the

set of fixed points of o, namely V) = {(1) C(2), -, (N) }, where for any [ € S, by (/) we mean the

constant sequence (I ---) € X}. Further, for each m > 1, the m-th order pre-image of V} is given

inductively by V,,, :== |J 07 (V;,—1). Any point p in V,, is of the form p = (p1 *** D D1 Pms1 )
leS
and for simplicity, it is denoted by (p1 -+ P Pm+1)- In particular, for a point p € V,,, \ V;,—1, we have

Pm 7 Pm+1- {Vin}bm>o forms an increasing sequence of subsets of 3. The set V, := |J V;, is dense
m>0

in the space X3, i.e, for any & = (z129 ---) € XL, the sequence of points (&1) € Vi; (21d2) €
Vi; -+ (x129 ++» Ty Tye1 ) € Vi and so on, converges to x. The set V,,, is a finite set of cardinality
N™L  On each V,,, an equivalence relation ~,, is defined as follows. The points p, ¢ € V,, are
m-related, denoted by p ~,, ¢, if and only if p; = ¢; forall 1 < ¢ < m. ¢ is also called as m-
neighbour of p in V,,,. Any two points in Vj are O-related. The m-equivalence class of p € V,, is
denoted by [p1 p2 - - pm]|v,.. For any point p € V,,, its deleted neighbourhood in V},, is the set U, ,,, =
{q € Vi | ¢ ~m p, q # p} consisting of its N — 1 points, which are its m-neighbours in V.

For each m > 0, let £(V,,,) := {u | u: V;;, — R}, be the set of all real valued functions on V,,,. The

standard inner product on ¢(V,,), denoted by (-, -), is defined as, (u,v) = > u(p)v(p), for u,v €
PEVm

¢(V,,,). The difference operator on ¢(V},,) is a linear operator H,, : {(V,,) — ¢(V},) defined inductively

as follows. First, for u € ¢(V}) and (l) e Vo,

Ho(u)(i) = — (N =D u(l)+ Y u(k).

Now, let m > 1, u € {(V,,) and p € V,,. Define ,, := min {j : p € V;} to be the index of the smallest

set from collection {V/;, },,>0, which contains the point p. Note that if x, > 1 then p € Vo \ Vip—1- Then
define H,, as

_<N - 1) u(p) + %: u(Q) if pE Vm \ vm—l:
Hon(0)(p) = T
Hp—1(uly, )(p) + [— (N — 1) u(p) + %: u(q)| if p € V1.

=Hyulp) + > Y (ulq) —u(p)).

j:ﬁp+1 qGZ/lp,]
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The difference operator H,, gives the total difference between the functional values at a point p and its
j-neighbours in sets V}, for all k, < j < m. Let C(X};) denote the set of all real valued continuous
functions on X% For u, f € C(X}), we say Au = f if,

Hyu(p

2) — f(p)
plprp2 -+ pmsal)
The operator A is known as the Laplacian. The set of all continuous functions u for which Aw exists, is
called as the domain of the Laplacian, and is denoted by D,,,

lim max
m—oo pe Vm\Vm—l

= 0. 2.1)

D, = {u € C(X}) : 3 f € C(X}) satisfying

Ll )| - 0}-

lim max

m=00 p€ Vi \Vim—1 | t([P1 D2 *** Pmt1

The image of a function v under the Laplacian can be written pointwise as,

f(z) = lim N™MH,u(p™),

m—ro0

where = € X} and {p™ },.>0 is a sequence of points such that p™ € V,,, \ V,_1, converging to x.

3. Energy

In this section, we recall the notion of finite Dirichlet forms and energy on the shift space, as introduced
in [26]. Since each H,, is a symmetric linear operator on ¢(V},,) with V,,, being finite, it induces a natural
symmetric bilinear form known as Dirichlet form Ey,, on {(V,,), which is given by,

En, (u,v) == —(u, Hpv) = — Z u(p) Hpo(p) foru, v e £(Vy,). (3.1)

PEVm
See [17] for the concepts of Dirichlet forms on sequence of finite resistance networks. We denote
En,, (u,u) by Ex, (u) for simplicity. The Dirichlet form satisfies the following.

1. &y, (u) > 0forallu € £(V,,),

2. &n,, (u) = 0 if and only if u is constant on V/,, and

3. Forany u € {(V,,), &m,, (u) > Ep,, (u) where u is defined by
1 if u(p)>1,

u(p) = <Su(p) if 0 <u(p) <1, (3.2)
0 ift u(p) <0.

Following are some alternate expressions for £x,, which will prove to be useful in most of the calcula-
tions in the subsequent sections. Let u, v € £(V};,).

Ep(:0) = 5 O (Hulpy (u(p) — ula)) (0(p) ~ (a))

9,9 € Vi

=23 S )~ () ()~ oa))-

1=0 pe‘/i qeup,i
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This sequence of the Dirichlet forms {Ep,, }m>0, defines a symmetric bilinear operator £ on C(X}) as,
5<U7U) = h_l;Il gHm (u|vm7v|vm)

For v = u, if the limit £(u) = ngnoo En,, (uly,,) is finite, then £(u) is known as the energy of u. The
set of all such continuous functions having finite energy is called as the domain of energy, denoted by
dom &. Any function u,, € ¢(V,) can be uniquely extended to a continuous function i : ¥ — R
taking constant values on the (m + 1)-long cylinder sets. Such an extension A of w,,, is called as an
energy minimizer extension, due to the fact that this extension is the only function that minimizes the
energy in the sense,

E(h) = &n,, (up) = min{Eqx, (v) |n>m, vel(V,), vlv, = un}.

This property makes the sequence of difference operators { H,, } ,,>0 compatible, in the sense of Kigami.
For a point p € V},, consider the characteristic function x, € ¢(V,,) of a point g € V;,,,

q g
Xr 0 otherwise.

The energy minimizer extension of x,, be denoted by x,)" : >4 — R and is given by,

mo_ {1 on [pi1p2 -+ Pmti)

(3.3)
Xp 0 elsewhere.

In general, any function taking constant values on cylinder sets of some particular length is called as
energy minimizer. These functions are the basic simple functions on X}; and they play an important role
in the discussion. Since an energy minimizer h takes constant values on cylinder sets of length, say m+-1,
for some m > 0, it satisfies Ah = 0 and is a harmonic function. Moreover, D,, C dom& C C(X})
with the inclusions being dense. The density can be seen through the fact that harmonic functions, in
particular the energy minimizers belong to D,, and also form a dense subset of C(X3;). For instance, let
u € C(X}) and for each m > 0, define energy minimizers w,, taking constant values on cylinder sets of
length m + 1 as,

Upy 1= Z u(p) X, (3.4)
PEVm

Since u is uniformly continuous function such that w,,|v;,, = u|v,,, {tn }m>0 converges to u uniformly
as m — oo. All the proofs can be found in [26].

We now investigate some more interesting properties of energy £ and dom £. Let us first look into
the energy of an energy minimizer h, taking constant values on cylinder sets of length m + 1, for some
m > 0. By definition,

S =1 1 3 S Y () - b)) (ul) — )

1=0 peV; g€l ;

Observe that for each ¢ > m + 1, h(p) — h(q) = 0, forall p € V; and ¢ € U, ;, since each such pair of
points p and g belongs to the same cylinder set of length m+ 1. Therefore, £(h, u) = Ep,, (h, u). Further,
for u = h, it follows that £(h) = &g, (h). By an abuse of notation, by £y, (h) we mean &y, (h|y,,)
hereafter. We have thus proved the following.
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Proposition 3.1. If I is an energy minimizer, then there exists m > 0 such that E(h,u) = Eg,, (h,u). In
particular E(h) = Ey, (h).

The energy £(u) = lim Z (Hp)pq (u(p) — u(q))2 is always non-negative, since all the summands

m—0o0
P4 EVm
are non-negative. Also, £(u) = 0 if and only if u is constant. We say that a sequence of functions
{vn }n>0 converges to a function v in energy if, v,, converges uniformly to v and £(v,, — v) — 0 as
n — oQ.

Lemma 3.2. If u € dom &, then the sequence of functions {u, }m>o as defined in equation (3.4), con-
verges to u in energy.

Proof. The uniform convergence of w,, to u is already established. Now, for u € dom &, consider the
functions as defined in equation (3.4). Since each u,, is an energy minimizer, by the above proposition,
we have u,, € dom & and,

E(um) = En,, (Um). (3.5)
Since u|y,, = wn|y,, , we know that the energy of w is,
E(u) = nll_rgloo Em, (Um).

For each m > 0 observe that,

S w) =5 Tm S5 ST (ulp) — ul)) (wn(p) — i (a)

1=0 peV; qelp,;

=SS S )~ e’

1=0 peV; q€lp,;

= gHm (Um) (36)

Consider,

S(U_UW:_,}LIEOZZ Z (u — um)( )—(u—um)(q))2

1=0 peV; q€lp,;

=2 i ST ST ST ()~ ula)) — (np) — wn(a)) )

=0 peV; qeup,i

:% fm. DY Y [(ulp) — (@) + (um(p) — um(q))?]

1=0 peV; qg€lp,;

+lim Yy (u(p) — u(@)) (un(p) — wn(a))

1=0 peV; g€lp,;

=E(u) + E(um) —2E(u, up,).
Using equations (3.5) and (3.6), we obtain,
E(u—upy) =Ew) — Em,, (um).
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Therefore,
lim E(u—up) = E(u) — lim &y, (uy) = 0.

m—ro0 m—ro0

4. Weak formulation of the Laplacian

As the shift space is totally disconnected and has topological dimension 0, the topological notion of
a boundary is of little significance. This means that we have complete control over the choice of the
boundary sets. Our natural candidate for a boundary is any of the sets V), for M > 0, on which the
finite difference operators are defined. This choice is motivated from the study of analysis on finite sets,
according to which, a set V,,, is considered as the boundary of the set V,,, ;. Having set V3, as a boundary,
define the space of finite energy functions vanishing on the boundary V), as,

dompy € == {u € domé& : uly,, =0}.
We now propose the following weak formulation of the Laplacian.

Definition 4.1. Let v € dom & and [ € C(X%). We say Au = [ in weak sense, if there exist some
M > 0 such that

E(u,v) = —/fvdu, forall v € domy E. 4.1)

=y
For each M > 0, consider the following subsets of the domain of the Laplacian D,,.
Dy = {u € D, : 3f € C(X}) with Au = f satisfying

H,u(p)
M([plpz *Pm+l

lim max
m—o0 pe Vm\VM

: —f(p)‘ o}. 42)

Each D)y is a linear subspace of D,, and A|p,, : Dyy — C(X}) is a linear operator. In each D), the
maximum is taken over the entire set V,, \ Vs and not just V,,, \ V,,,_; which was the case in D,. So
these are the functions on Ej(,, with Au = f, with V), being the boundary, for which the renormalized
sequence N1 H, u converges to f stronger than for the functions in D,.

It is simple to see that {dom,, & }.,>0 and { D, } >0 form a nested sequence of sets as,
domo& DO domi & D domo& D -, and, Dy C Dy C Dy C ---.
Consider D := |J D). For the purpose of studying the weak formulation, we focus on the Laplacian
M>0

operator restricted to the domain D, Alp : D — C(X}).

Let u € Dy and Au = f. Our aim is to show that Au = f in the weak sense too. That is, &(u,v) =

— [ fudpu, for all v € domys E. Bach domyy € acts as a set of test functions for the Laplacian A|p,,.
D3
First we make the following two observations.

Lemma 4.2. Form > M + 1andp € Vy, \ Vi, ;' € domyr €.
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Proof. If p = (p1 -+ pmDPm+1) € Vin \ Var, then M +1 < k, < mand p,;, # px,+1. Now, if z € Vi
then z; = w41, for all ¢ > M + 1. In particular, z,, = x.,41. Clearly, z ¢ [pip2---pms1] and
Xy (z) = 0, proving x;" € domy €. l

Lemma 4.3. Form > M + 1andp € Vi, \ Vi, E(u, x}') = —Hyu(p).

Proof. Since X' is an energy minimizer taking constant values on cylinder sets of length m + 1, by
proposition (3.1),

E(u, X)) = En, (u, X)) Z Y (@) (X" (=) = X (q)) -

1=0 z€V; gely,;

Note that for any = € Vi, x;'(z) = 1if and only if + = p. We know that p € V;,, \ V;;, 1 for some
such that M + 1 < x, < m. Then for all x, < i < m and q € U, ;, we have x;'(q) = 0. Due to the fact
that the roles of p and q are reversible, we obtain,

U Xp Z Z ) = - mu(p).

1= HP qeup (3

O

For every m > M + 1, consider the function v, := > v(p) x;' as defined in equation (3.4) which
PEVm
converge to v uniformly, as m — oc. Since v|y,, =0, vy, = > v(p)x,'. Lemma (4.2) implies
peE Vm\VM
that, v, € domys £. Note that each v,, is an energy minimizer and takes constant values on cylinder sets

of length m + 1. Then by proposition (3.1) we have,

i € vn) = Ji € 00

= Jim % DD D (ulp) —ule) (v(p) — v(q))

1=0 peV; q€lp,;

= E(u,v).

Also, by the dominated convergence theorem,

Therefore it is enough to prove that

lim ‘E(u,vm) + /fvmdu‘ = 0.

m—0o0
+
ZN

Now, recalling the basic definition of integration, we may write

/fvmdu = lim > f@) vm(t) p[pr - - ),

st {[p1--pn+1] :pi €S}
N

© 2022 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page | 19



where t € [p;---ppt1] is a tag for the partition of Ej(, by all cylinder sets of length n + 1. Choose
t = (p1- PnPnt1) € Vi. Each such point ¢ € [p; - - p,y1] and the cylinder sets of length n + 1 are
in one to one correspondence. Moreover if ¢ € V), then v,,(f) = 0 . Therefore the above sum can be
rewritten as,

[fontn = lm s S ) valo) (43)

peE Vn\VM

=y
Using the definition of Dirichlet forms on V;,, as given in equation (3.1), we get

E(u,vy) = lim Ex, (u, vy,)

=—lim »  (Haw)(p)vn(p). (4.4)
pEVa\Vm

Making use of (4.3) and (4.4) we obtain,

m—ro0

lim ‘S(U,Um)—i—/fvmdu‘
Z+

= lim lim
m—oo nN—oo

o X )= X (Har) )

<lim lm —— S sup fo(x)] max |f(p) — NP (Hya)(p)

n+1
m—oo n—oo [V P ViVt xGEE p € V\Vs

= sup [o(z)] lim {hm max |f(p) — N""(Hyu)(p)| N~ NMH}

erX/ m—00 n—o00 peVp\Vir Nn+1
= 07

Nl ML . . .
as, ——mrr— < 1 and thus Au = f holds in the weak sense. This suggests that we call the formulation

of the Laplacian for the functions in the new domain D), as described in equation (4.2), as the strong
formulation. Moreover, we have the following theorem.

Theorem 4.4. The strong and the weak formulation of the Laplacian agree on D).

Proof. We have already established the part strong — weak, in the discussion before stating the
theorem. To prove weak = strong on any Dy, let u € D C dom € and Au = ¢ in the weak sense.

There exists M > 0 such that the equation (4.1) holds. Since x;" € domy &, E(u, ;') = — [yg Xy dp.
SN
Then, by lemma (4.3), H,u(p) = [ gdu. Now consider,
[p1-pm1]
max ‘NmHHmu(p) — g(p)| = max ! / gdu — g(p)
PEVi \Var PEVI\Vm M([pl o 'pm-i-l])

[p1-+Pmt1]
— 0, as m — oo.

The convergence follows directly from the Lebesgue differentiation theorem, see [13]. Therefore, u €
Dy and Alp,,u = g in the strong sense. U
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We have already established in [26], that every energy minimizer is a harmonic function. The weak
formulation of the Laplacian further guarantees that these are the only harmonic functions in D.

Theorem 4.5. Every harmonic function in D is an energy minimizer.

Proof. Let h € D be a harmonic function, that is, Ah = 0. By the weak formulation of the Laplacian,
there exists M > 0 such that £(h,v) = 0 for all v € dom)s €. Using lemma (4.2), for each m > M and
any z = (1 Ty Tit1) € Vin \ Vine1, X200 € domys €. Therefore, £(h, x') = 0. By proposition
3.1),

5<h7 X?) = gHm(h’7 X?)

=0 ST () - @) ()~ )

=0 peV; qeup,i

= > (h(x)—h(q))

qEUz, m

= 0.

Recall that U/, ,, contains N — 1 points which are the m—neighbours of x in V},,. Let us denote these
neighbours by ¢', ¢,- -+ ,¢"~! € Uy, . Amongst these N — 1 points, let ¢*,- -+, ¢V 2 € Vip \ Vin1

and ¢V ! = (x1 -+ Tm—1Tm) € Vp—1. Following the same method for each of the characteristic
functions Xqls Xgs™ " X;”N,Q, we obtain the following system of N — 1 equations.

—(N =1 h(@) + hlg) + -+ + h(@" ) + h(g" ) = 0
h(z) — (N =1)h(q") + -+ + h(g" %) + h(¢" ") =0

h(z) + h(g") + - = (N =1)h(g" ) + h(¢"™") = 0.
Solving the above simultaneous system, we get
h(z) = hig') = -+ = ng" ™),

which implies that h assumes constant values on cylinder sets of length m for all m > M. This essentially
means that / is an energy minimizer taking constant values on cylinder sets of length M + 1, proving the
theorem. u

A function v € D, belongs to D, for some M > 0. In that case V), is chosen to be a boundary for
3% Thus, for a function u in D, there is a naturally associated boundary set V), for some M > 0, which
1s particular to the function u. Note that we do not require a fixed boundary for all the functions in D.
Further, since the set V}, is contained in V}; for all M > 0, it is enough to have the boundary values
specified only on the set 1, for the purpose of solving any kind of boundary value problem. In [26],
the Dirichlet boundary value problem was solved for the operator A : D,, — C(X},). Interestingly, the
solution to this problem obtained therein can be seen to be belonging to D. This point will be apparent
following the discussion in section (6). Therefore, we will restrict our study of the Laplacian only on the
domain D. The improved version of the Dirichlet boundary value problem is stated as follows. We do
not present the proof here, as the arguments run along the same lines as in [26].
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Theorem 4.6. For any given f € C(X1,) and € ((V}), there exists a continuous function u € Dy such
that the following holds:

Au = f subjectto uly, = ¢

This solution is unique upto harmonic functions taking value 0 on Vj.

5. Neumann derivative

In this section, we obtain a relation between the Laplacian and the energy of a function in a more
general form than the weak formulation defined in the previous section. For that purpose, we define the
concept of the Neumann derivative of a function in D at the boundary points. As a direct corollary to
this result, we derive a relation between the Laplacian and its normal derivatives at the boundary points.
This formula has a natural resemblance with the Gauss-Green’s formula in classical calculus.

Lemma 5.1. Let u € D and V) be the corresponding boundary for u. Then for each p € Vi, the limit
lim H,,u(p) exists.

m—0o0

Proof. Let u € D with V), being the corresponding boundary. Then there exists a positive constant
C € R, and My > M such that for all i > My, p € V; and g € U, ;, |u(q) — u(p)| < 5. Letp € Vi
and m > n > M,.

| Hpu(p) — Hyou(p)l = | > > (ulg) — u(p))

zzn—i—l q Gup i

— Nn+1 Z Nz

which converges to 0 as m,n — oo. Thus for each p € Vjy, the sequence { H,,,u(p) }m>0 is Cauchy and
hence convergent. [

Definition 5.2. Let u € D and Vy; be the corresponding boundary for u. The Neumann derivative of u
at p € Vyy, denoted by (du)(p), is defined as,
(du)(p) = lim — H,u(p). (5.1)

m—0o0

Theorem 5.3. Let u € D, v € dom & and V) be the corresponding boundary for u. Then,

Ewo) = 3 v @) - [ (Au)ods 52)

peEVM E]J(]
Moreover,
Z (du)(p) = /Audu. (5.3)
peEVy

+
Z]V
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Proof. Letu € D and v € dom £. By the definition of the Dirichlet form, for all m > M,

En,, (u,v) = — (v, Hyu)
= = > wp)Huu(p) — > v(p) Huu(p).
peVy PEVm\Vu

For each v € dom &, consider © € dom; € such that 7| sty = vand 0|y, = 0. Then,

En,(u,0) = — Y 0(p) Hpulp).

pe Vm\VM
Therefore,
&mWw)=-§:v@ﬂ%m@%+&mWﬁ)
p€e Vi

Taking limit as m — oo, using the weak formulation for Au and the definition of the normal derivative

of u, we obtain,

E(u,v) = — Z v(p) (lim Hmu(p)) + &(u,0)

= 3" o(p) [du)(p) ~ / (D) B
peE VM St

Since ¥ agrees with v except for a set of 4 measure zero, [ (Au)vdp = [ (Au)wvdy. Thus, (5.2)
Dy SN
holds. Further, (5.3) can be obtained for v = 1 in (5.2). L]

The analogous Gauss-Green’s formula on Ej(, is easily obtained as a corollary to the above theorem

due to the symmetry of the energy &.

Corollary 5.4 (Gauss-Green’s formula). For u,v € Dy,

[@au = use)au = 3 (o) dup) - ulp)do)r).

peEVMm
bape

6. Neumann Boundary Value Problem

We begin this section by recalling some of the concepts of Green’s function and Green’s operator
on X7, developed in [26]. These tools will help us in proving the existence of the solution to the
equation Au = f under Neumann boundary conditions. Consider the operator G,,, : ¢(V;, \ Vipo1) —

0(Viy, \ Vin—1) defined by,
ifq=p,

2
N

(GM>pq - % if g~ p,
0 otherwise,

6.1)
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where (G, ),, denotes the value (G, x,)(p). The Green’s functionon 3, g : ¥4 x T — R U {oo}
is defined as,

p(z,y)—1
> > (Gu)rsxiH (@) xT(y) if plo,y) > 1,
g($7y> - m=1 T7S€Vm\vm—1
0 if p(z,y) =1,

where p(z,y) is the first instance where z and y disagree. Let £'(X}) be the space of yu-integrable
functions on 7. The Green’s operator on L£!(X}) is an integral operator whose kernel is the Green’s
function. It is defined as,

Guf() = / g(e9) fy) dply) for fe L' (Sh).
25\ {z}

Lemma 6.1. [26] For any f € C(X},), the following holds.

L (Guf)lv = 0.
2. Foranyn > landp € V, \ V,_1,
H(Guhlw) = ~ [ 37 dn
Dy
3. Guf € Dyand A(G,f) =—F.
Theorem 6.2. For any f € C(X3};) and M > 0,

0 fpeVu\W
d(Guf)p) = § _ [ fdu wherep = (p1) € V.

[p1]

Proof. Letp € Viy \ Vo. Then 0 < k, < M and p = (p1 - - Dk, Pry+1) With p, # pyc41. By statement
(2) of lemma (6.1) we have,

H (Guf)(p) = — / X7 fdu. (6.2)
=%

Along the same lines, we claim that, for each m > &,

Ho(Cuf)(p) = — / NaTH 6.3)
=%

Letm = k, + 1. Hy, 41 can be written in terms of H,, as,

Herr(Guf) () = He(Guf)p) + | = (N =D (G))p) + D (Guf)@)]- (6.4)

q eZ/lp, Kp+1
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Let us denote the points in Uy, ;,+1 by, Up s, +1 = {r, %, -+, vV 1} C Vi 41\ Vi, . Then,

(NG - Y (G
T E€Up, kp+1
= [ e et e o] S0 ). 69)
Si\{p,rt, -, rN -1}
Consider,

— (N =1 gp,y) + glrt,y) + - + g(rV 1

)

=—(N=D > D> (Guaxi )X W)
m=1 steVin\Vin-1
Kp+1

+Y Y (G YN W)

m=1 steVy\Vm-1

Kp+1

+ > > (G XTI ().

m=1 steVpu\Vm-1
We know that p, 7', 72, --- | r¥~1 agree on the first , + 1 positions. So for all m < k,, all the terms in

the above sum are equal and get canceled. Only the terms corresponding to m = k,, + 1 remain. That is,

—(N=1gp,y) + gr'y) + - + g0V 1y
= Y ()T )
5,6 € Viep+1\Vieyp
T D (A WY R PN ()

s,t e Vnp+1\vnp

= Y G+ Y G (),

tEVKp.t,_l\VHp tEVKp.t,_l\VHp

The second step here follows due to the fact that foreach 1 < 7 < N — 1, rt e Vip+1 \ Vi, and
X571 (r7) = 1/if and only if s = 7. Substituting for the values (G, +1),5 as given in equation (6.1), we
get,

— (N =1 glp,y) + g0ty) + -+ g™ Ly) = X7 y) + -+ X)),

Define the set P, 11 = [P1 - Di, Prpt1) \ ( (D1 -+ Py Drept1 Prp+1) Ulp, iy 41 ) Using equation (6.2)
and above calculations in equation (6.4) we obtain,

HoaGh) = = [t [ (0w + o+ 3w) M)

EE EE\{pvrla”‘er_l}

—— [ sans [ra
P,

[P1 -+ Prp Prp+1]
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_ / fdn

[P1+ Prp Prp+1 Prp+1]
- Kp+1
= — / Xy’ fdp.
+
EN

As {rt, 2 ... r¥~1} is only a finite set, it has measure 0. Similarly by the method of induction we
can prove that for each m > &,

HaGuh) = = [t = [ fdu

pape [p1++ Pm Pm+1]

As m — o0, the cylinder sets [p1 - - - Py Dm+1] = {p}. Thus, H,,(G,f)(p) — 0 and thus d(G,.f)(p) =
0.

Now, let p = (p1p2 ---) = (p1) € Vo, thatis forall ¢ > 1, p; = p;. Clearly Hy(G,f) = 0, as
(G..f)lvy, = 0. By the inductive definition of H,, we have,

Hy(Guf)(p) = Z Z (Guf)(q)-

n=1qg€Up n

Following similar arguments employed in the first part of the proof we get,

Hi(G.f)(p) = / (X (w) + -+ xev (v) fy) dps

EE\{Tlv "'aTNil}

[P \Up, 1 [p1 p2]
where Uy, 1 = {r!, r% .- rN71} €V} \ V4. Again by induction it follows that,
Hin(Guf)(p) = / fdp— / fdu,
[pl}\_gl up,i [pl ~..pm+1]

m
For each m > 1, the set |J U, ; is countable and hence of measure 0. Also as m — oo, [p1 -+ Pmt1] —
=1

{p}. Therefore, d(GMf)Z;) =— [ fdu. 0
[p1]

We conclude the section by stating the Neumann boundary value problem for the Laplacian A and
provide a sufficient condition for the existence of its solution.

Theorem 6.3. Let f € C(X}) and & € ((Vy). If €(p) = [ f du, then there exists u € Dy satisfying,
[p1]

Au = f subjectto, (du)(p) = &(p) forp € V.

Proof. Consider v = —G, f. Then by property (3) of lemma (6.1), u satisfies the differential equation
Au = f. This u also satisfies the boundary conditions by virtue of theorem (6.2). Further, in order to
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prove G, f € Dy, letm > 0 and p € V;,, \ Vp. Using equation (6.3) we get,

IN™UHLGLf ) + ()] = | / N ) () — F(9) dpy)
S
< [ N - 1) duty)
[p1D2 - Pm1]

<é€n — 0, as m — oo,

where €, 1= sup |f(p) — f(y)|. The convergence ¢, — 0 follows from uniform continuity of
yE€[p1p2 -+ Pmi1]
1. 0
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