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1. Introduction

Differential equation of fractional order has been used to to describe different processes in various
fields such as optimisation, finance, continuum mechanics, quantum physics and etc. The motivation
for the growing interest in studying such a problems (fractional boundary value problems) lies in one
hand on the large number of possible applications in modeling of several complex natural phenomena
for which the integer order of derivative approach turn up to be inappropriate. In some cases such as
anomalous transport and diffusion, the classical approach is limited. On the other side, the concepts of
fractional derivatives has emerged as it proved to describe some phenomena more accurately than the
integer order derivatives.

A graph G = (V| E) consists of a finite set V' = {vy,vq,- -+, v;} of vertices or nodes in a connected
graph G and a set E = {ey,eq,--- , ¢} of edges. The distance between every two vertices u,v € V
is minimum number of edges onto a uv-path of GG. A differential equation on a graph is a collection
of differential equations on the individual edges of GG based on the local coordinate systems (assigned
each edge with the origin at one of the nodes). The theory of differential equation on graphs originated in
1980s with the work of Lumer in the framework of ramification spaces [19]. [19]. Many researchers have
focused their attention on fractional differential equations (FDEs) problems which are actually obtained
by replacing the ordinary derivatives by fractional derivatives. For instance, In [11], D. Idczak et al. used
Riemann-Liouville fractional derivative to introduce and characterize fractional Sobolev space. He then
gave some imbedding results and applied the obtained results to Sturm-Liouville fractional equations
expressed in term of composition of right and left Riemann-Liouville fractional derivatives. In [1], G.
Mophou et al. studies the optimal boundary control of a fractional Sturm-Liouville problem on the star
graph. M. Klimek et al. [12] applied variational methods to prove the existence of a countable set
of orthogonal solutions and corresponding eigenvalues to a fractional Sturm-Liouville equation. The
Sturm-Liouville operator considered was a composition of right and left fractional Riemann-Liouville
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derivatives. Torebek et al. [14] studied a symmetric fractional Sturm-Liouville operator composed of
Left Caputo and Right Riemann-Liouville fractional derivatives in a suitable Hilbert space and derived
some spectral properties. In [13], Y. Liu et al. studied the existence of solutions to a nonlinear fractional
equation involving a Sturm-Liouville operator obtained as a composition of two left Riemann-Liouville
fractional derivatives. We also refer to [15, 16, 37] and the reference therein for more literature on
fractional Sturm-Liouville equations. As for the fractional equation on network few are done. In [18],
O.Kh. Abdullaev et al. investigate a boundary value-problem for a fractional diffusion equations on a
metric graphs involving fractional Caputo derivatives. Using the method of separation of variable, they
obtained an existence results. V. Mehandiratta et al. [19] Studied the existence and uniqueness of a
nonlinear Caputo fractional boundary value problem on a star graph. The results is obtained by means
of Banach’s contraction principle and Schaefer’s fixed point theorem.

In this paper, we are interested in the optimal control of fractional diffusion Sturm-Liouville boundary
value problems on a star graph:

Oy’ + Dy (ADey') +q'y' = fin(a,b) x (0,T),i=1,...,n,

1170y (a") = It in (0,7), i j=1,....n,

S @D yiat) = 0, in(0.7T),

oyt (by) = 0, in(0,7),

I;jayi(b;) = v, in(0,7),i=2,...,m

B (b;)D gt (b;) = v, in(0,7),i=m+1,...,n,

y*(0) = 9% in (a,b;), i=1,...,n.
where D%, and Dgf_ , © =1,...,nstand, respectively, for the left Riemann Liouville and the right Caputo
fractional derivative of order o € (0,1), respectively. I, is the Riemann-Liouville fractional integral of
order o. The real functions 3° and ¢'i = 1,...,n are defined on [a, b;],7 = 1,...,n and satisfy suitable
conditions to be discussed below, the function f* belongs to L?(a,b;),.i = 1,...,n and the controls
vi,2 = 2,...,n are real variables. Clearly, some controls can be equal to zero. The setting should,

therefore, indicate that we are looking at a star graph, rooted at b , i.e., where we have a fixed Dirichlet-
type boundary condition and controlled via fractional Dirichlet and Neumann boundary conditions [see
figure 1].

®
5 - o Boundary
b- ) + bs — Edge
- ’ o Junction
b, b,
O
by

Figure 1. A sketch of the star graph with n edges.
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In order to get started, we first consider the mixed problem on a single edge

Oy +Dy- (BDgs)(y) +qy = f in(a,b) x (0,7),
(I, y)(a™) = 0 in(0,7),
(ﬂ]Doﬁy)( > = v in (OaT)7
y(0) y’ in (a,b),

Where D} and D¢, stand respectively for the right Caputo and left Riemann-Liouville fractional
derivative of order @« € (0,1). The real function 5 and ¢ are defined on |[a, b, and satisfy suitable
conditions to be discussed below. The function f belongs to L?(a,b) and v is a real variable known as
control.

The rest of this paper is organized as follows. In Section 2, we defined some notions on fractional
calculus and some useful lemmas. Section 3 is devoted to the study of the optimal control problem on
a single edge. The optimal control problem as well as his characterization by an optimality system on a
star graph is investigate in Section 4. A conclusion is given in Section 5.

2. Preliminaries

In this section we give some definitions and some results useful for he study of the optimal control
problems.

Definition 2.1. [20] Let a > 0, f : Ry — R and o > 0. Then the left and right Riemann-Liouville
integral of order « of a function f are respectively defined by

N0 = o [ ss
ab
00 = o [0 s

provided that the integrals exist.

Definition 2.2. [2]1] Let a > 0 and f : R, — R. Then the left and right Riemann-Liouville fractional
derivative of order o € (0, 1) of f are defined respectively by:

o () = ﬁ%/(t—s)af(s)ds
DO = o 6= s a<t<t
b

provided that the integrals exist.
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Definition 2.3. /23, 22] Let a > 0 and f : R, — R. Then the left and right Caputo fractional derivative
of order a € (0,1) of f are defined respectively by:

DLSO) = Freay =9 s

—1

Ti—a) (s —=t)"“f'(s)ds, a<t<b,

Dy f(t) =

W\@

provided that the integrals exist.

From the definitions above, we have the following

DY (f)t) = f(t) — f(a),
I3 DY () = f(b).

From the proof of Theorem 2.6 in [21], we have the following results.

Lemma 2.1. Let o > O and p : (a,b) — R such that p € L*(a,b). Then

(b —ar

I <

lieplizan < oy Iolen,
(b

1= pllrz@p < ar—(a)HpHﬂ(a,b)'

Now, let ¢, dy € R. Let also f : [a, b] — R with the representation

F0) = Tyt =@+ Lplt), VEE fo,bae, e
and g : [a,b] — R with the representation
d
9(t) = Frg G 0" + I, V€ fatlae, 2)

where ¢ and 1) belong to L?(a, b). We denote by ACS‘f and ACbO‘LZ the space of all function f and g with
representation (1) and (2) respectively with ¢ € L?(a,b) and ¢ € L?(a,b).

Remark 1. We have
D f € L*(a,b) & fe€ ACY, (3)
D¢ f € L (a,b) & f€ACH” 4)

For the proof and more literature of such space we refer to [11]. Then we can easily compute the
following results.

Set
“ (a,b) = AC®? N L*(a,b) (5)
and
H{ (a,b) = AC{* 1 L*(a,b) (6)
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Then it follows from the definition AC;? . and AC’b_ that,

p € H (a,b) = p € L*(a,b) and D% p € L*(a,b) (7)
and

p € H (a,b) = p € L*(a,b) and D p € L*(a,b). (8)

Then define on H, (a, ), the inner product for all ¢, v € H, (a,b):

b b

(@7¢)H;"+(a7b) I/prdx‘f'/DSJrQODngéd{E 9)

a a

Lemma 2.2 ([11], Theorem 25). Then H¢, (a,b) endowed with the norm

||90||Ha (ap) = ||80||L2 o) T IDg 80||L2 a,b) (10)
is a Hilbert space.
Set
V= {y € H% (a,b) such that | Dy (D% y) € H,"*(a,b)}. (11)

Then V is closed in H, (a,b). Consequently, V endowed with norm (10) is a Hilbert space. The follow-
ing trace results are useful for some calculation in the upcoming sections.

Lemma2.3. Let0 < a < landy=1— «. Letalso p € V. Then
1) The reals 17 %p(a™) and I'7p(b™) exist .

2) The reals (BD%, p)(a™) and (D%, p)(b™) exist.

Proof.

d
1) If p € V then p € H% (a,b). thus, we have that p € L*(a,b) and D}, p = Ell “p € L*(a,b). But

we also have I'7%p € L?(a,b) because of Lemma 2.1 so that I'7* € H'(a,b). Observing that the
imbedding of H'(a,b) into C([a,b]) is compact, we have that I, *p(a™) and I'7%p(b™) exist and
belong to R.

2) If p € V then Dy (D%, p) € H, (a,b). Thus we have

Dy-(BD5+p) € L*(a,b) (12)
and
D, (Dy- (D% p)) € L*(a,b). (13)
Observing that

D (D) (0) = 1 (D50
- 1 (F0ma0),
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we have that
D) (Dy (D% p))(t) = DZ_IZ_< (BDgp)(t ))
- %wmap)(t)

which in view of (13) implies that

Y

O (BDg.p) € LP(ah).

But we also have 8D, p € L?(a, b) because p € H% (a,b) and 3 € C([a, b]). Consequently, D%, p €
H'(a,b) which is compactly imbedded in C([a, b]). Thus (8D%, p)(a™) and (8(D%, p)(b™) exist and
belong to R.

Lemma 2.4. [[11], Theorem 24]. Let 0 < o < 1. Then the norm defined on H¢, (a,b) by (10) is
equivalent to the norm
elllZre, @) = Har e (@) + DG @llZ2n - (14)

In other words there exists C'y > 0 positif such that

lelllze, @ < Cillelas, @y < Mol @p, Ve € Hgi(a,b) (15)

Then we can easily compute the following results concerning integration by parts.

Lemma 2.5. y, ¢ : [a,b] — R be such that y, ¢ € V. Then
b

[ Pruotas = — o+ [ vomzss (16

a

b
/ D 6)(s)y(s)ds = [(T's°¢)(s / o(0)(D5y)( (17

a

Lemma 2.6. Let 5 € C([a,b]). Let also y, ¢ : [a,b] — R be such that y, ¢ € V. Then
b
s=b

[ P es = ~ (DL @]

a

b
N / (BDS4y) (5)DE: (6))(5)ds

/ (18)
= [ @),
+ [L7W)()B()D (6)()] L,

b

T / y(YDE (BDS, (&) (1)t

Proof. This is straightforward from (16)and (17). m
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Lemma 2.7. Let § € C([a,b]) such that B > By > 0. Let also q € C([a,b]) such that ¢ > qo > 0. For
anyy, z € H% (a,b), we define the bilinear functional a(., .) by:
b

/6 DB y(e)D5 2@)de + [ ey (19)
Then, af.,.) is continuous and coercive on H, (a,b) x H® (a,b).

Proof. Lety, = € H% (a,b). Using the Cauchy-Schwarz inequality and the definition of the norm on
H?, (a,b) given by (10), we have

b

a(y, z)| = ‘/5 z)DS y(x a+2($)d$+/q(m)y(m)z(m)dm‘ <

a
181115 1l 20 D5 Al lelolblgon e < /
1/2 1
(lalloo + 18llse) [ 1D 32iay + 1W3ay| (105 2132y + 1213200
= (lglloo + 181lo0) Nl oty l12l 2, oty

and
b

aly,y) = /ﬂ )IDg y(w |2da:+/q(ﬂ«“)ly(ﬂs)l%laj

a

(20)
> mln(ﬂO;QO)||y||Hg+(a,b)‘

This means that a(., .) is, respectively, continuous and coercive on H, (a,b) x HZ, (a,b). m

We will also need the following results for the optimal control problems below.

Lemma 2.8. Let 0 < o < 1. Let also (yn) be such that ||yn|| 120,110, (ap)) < C for some C > 0. Then
there exists C' > (0 such that,

ynllL20,7:02(a)) <C, (21a)
DG+ ynll L2(0,7522(a8)) <C, (21b)
15yl 20722000y <C, (21¢)
1Lyl 0,722 (a)) <C. 21d)

Proof. If ||y, 22 (0,7 1, (a,b)) < C' for some C' > 0, then in view of (10), we have (21a) and (21b). Since
|Ynll 2200, 7:02(a,p)) < C, it then follows from Lemma 2.1 that ||[1+ Ynll20.7:02(a,p)) < C, which in addi-

tion to the fact that D y,, = —1 1+ Yy, and that (21b) holds true implies that ||/ ;; “Ynll 0102008y < C-

dt

Lemma 2.9. Under the assumption of Lemma 2.8, there exists y € L*(0,T; H% (a,b)) such that

Yo —  yweakly in L*(0,T; H (a, b)), (22a)
I, — I'7%y weakly in L*(0,T; L2(a b)), (22b)
I, —I'7% weakly in H'(0,T; L*(a, b)), (22¢)
Il+ Yn — Ia+ y strongly in C(0,T’; [a, ]). (22d)
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Proof. If [|y, || 20,711, (a,p)) < C' then there exists y € L*(0,T; H?, (a, b)) such that (22a) holds true.
This means that

y, — yweaklyin L*(0,T;L*(a,b)), (23)

D%y, — D%y weaklyin L*(0,T; L*(a,b)). (24)

Now, let ¢ € L*(0,T; L*(a,b)). Then in view of Lemma 2.1, we have that I, ¢ € L*(0,T; L*(a, b))
and we can write

T

/T /b I+ “Ynpdedt = ﬁ /T /b / (x — 8) " “yn(s)ds | ¢p(x)dzdt
0 a 0

a a

/byn / (x —s) “p(z)dx | dsdt

a

= //ynfbl_aqﬁdxdt.

0 a

Fl

Il
O\H

Passing to the limit in this latter identity while using (23), we obtain that

T b T b
//I;Jraynqﬁdxdt — //y[bl_O‘Qdedt
0 a 0 a

T b b
N F(11_a)//y(3) /(1’—8) “¢(z)dx | dsdt
0 a p
N F(11 )/T/b /(33—8) “y(s)ds | ¢(x)dwdt
0 a a

T
= / / [T ypdadt,

0 a

from which we deduce (22b). From (21d), we have (22c¢) and since the imbedding of H'(0,T"; L?(a, b))
into C(0, T'; [a, b]) is compact, we deduce (22d). =

3. Optimal boundary control for a parabolic fractional Sturm-Liouville problem on a single
edge

3.1. Existence results of boundary value fractional diffusion Sturm-Liouville equations

We start with some existence results concerning homogeneous and nonhomo- geneous fractional dif-
fusion Sturm-Liouville equations. We look at the following problem:

oy +Dy- DGy +qy = f in(a,b) x(0,T),

];;ay(a—i-) =0 i ( 7T)7 (25)
B(b)Dgsy(b™) = 0 in(0,7),

y(0) y" in (a,Db).

© 2022 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |8



We define the set V' by:
V = {p € Vsuch that B(b)D,y(b~) = I'7%y(at) = 0}. (26)
Because V' is closed in V, V' endowed with norm on H2, (a, b) is also a Hilbert space.

Theorem 3.1. The space Hy, is separable with respect to the norm ||.|| g, for any oo > 0.
Proof. We consider H, with the norm ||.[|;j>, and define a mapping

)\ . g+ — L2 X L2
u— (u, D u)

A(H?,) is separable as a subset of separable space L? x L?. Since X is isometry, \(H% ) = H?, is also
separable with respect to the norm |[. | g, . m

Corollary 3.1. The Hilbert space V' is separable as a subset of separable space H,.

We denote by (.,.) the dual product of V* and V and (., .) by the scalar product in L?(a, b). We refer
to L?(0,T; L*(a, b)) as the Hilbert space equipped with the norm

||y||%2(O,T;L2) :I/Hy(t)H%Q(a,b)dt (27)
0

and defined L?(0,T’; V) and its norm analogously. Moreover, we denote by 1 (0, T") the linear space of
all y € L?(0,T; V) having derivative 0,y € L*(0,T; V*), equipped with the norm
T
nm%mm=/(mwmAwamm@Jw. (28)
0
The space W (0,T) = {y € L*(0,T;V) : 9,y € L*(0,T;V*)} is a Hilbert space with the scalar product
T T
e dhwon = [ (0. 0Ot + [ @rylt).r00)v-ds
0 0

Lemma 3.1. The space W (0,T) is continuously emdedded in C ([0, T]; L?(a,b)).

It follows that for any y € W (0, T), the values y(0) and y(7") exists and belong to L?(a, b).

Remark 2. The operator D" (BD%,y) is a self adjoint and positive on V. Indeed, from (18), we have
that for any y € V,
b
/%5MW)()=/M) (B2, 6)(5)ds

and
b

/Dg_(ﬁma+y s)ds = /6|ID) s)|%ds > 0.

a
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The following lemma gives the weak formulation of problem (25).

Lemma 3.2. For f € L?(0,T; L*(a,b)), y° € L*(a,b) the problem: find y € W (0,T) such that
b b

/b Ovyddx + / (8D y) (D ¢)dx + / qypde = /b fodz, (29)

y(z,0) = P,

is equivalent to problem (25), and it is called the weak formulation of (25).

Using the fact that

b

/ O, Nola)dx = o [ y(x, ola)dx Vo V. (30)

a

problem (25) can be transform as: find y € W (0,T’) such that

dy

pr Alt)y = f, (1)
and

y(0) =", (32)

Thus, problem (25) becomes

y € W(0,T),
d

(W), 0) +alt;y(t), 6) = (F(1),0) Yo €V, (33)

y(0) = y°.
Let us give our definition of weak solution to problem (25).

Definition 3.1. We say that a function y € L*(0,T;V), such that Oyy € L*(0,T;V*) is a weak solution
for problem (25) if

T

[mot /a 0= [0 ”

0

forall o € L*(0,T;V) such that dyp € L*(0,T;V*), o(T) = 0, and y(0) = 3° in the sense of L*(a, D).

Theorem 3.2. Let f € L*(0,T; L?*(a,b)) and ¢ € L>(a,b) and B € C(a,b) be such that B > [y > 0
and q > qo > 0. Then, the problem (25) has a unique solution y € W (0,T).

Proof. Uniqueness. Let y; and - be two solution of equation (31). By setting y = y; — y», y satisfy
(31) with f = 0, y° = 0. Taking the scalar product with y(¢) under the duality between V and V*, we
get

afts(t).90) + (0 yn) =0 35)

© 2022 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page | 10



Since

T
(A2 50t = 1o,
0

equation (35) becomes

alt; (1), y(0)) + 10T gy = O

Using the coercivity of the bilinear functional, we have

T
. 1
win(o.a0) [ IO e+ 519(T) sy <0,
0

and thus

y = 0.

(36)

(37)

Existence. The space V' is a separable Hilbert space (see corollary 3.1). Therefore there exists a count-
able set which is dense in V. We may then find a basis wy, wa, - - - , Wy, -+ 1n V in the following sense:

(wi e V for all 7;

VYm, wy, wa, - - -, wy, are linearly independent;

m
the linear combination Z pjw;i, ¢; € Raredensein V.
\ 1=1

We then find y,,, = y;,,(t) "approximate solution of the problem (31), (32) in the form

Ym(t) = Z Gim(t)wi,

where the g;,,, are chosen such that

dy(t .
(P ) + afts ). w) = (F(0). ). 1< <m
and
ym(o) = Yom = Zgimwia Z‘gimwi — yO in Lz(a7 b) as m — o9,
i=1 i=1
where

b b
oftsy(0)0y) = [ BB+ [ ayods

System (40), (41) is a system of m linear differential equations in g;,,(¢) of the form

dgm
Wm% + Am(t>gm = fm7 gm(()) = {gim}7

© 2022 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr

(38)

(39)

(40)

(41)

(42)

Page |11



where
Wi = [[(wi,w)[l; A (t) = [lalt; wi, wy)]],
gm<t) = {gim<t)}7 fm(t) = {<f(t)7wj)}

Since det W,,, # 0, problem (40), (41) admits a unique solution. It remain to show that as m — oo,

Ym — Y, y being a solution of (31), (32).

Multiplying equation (40) by ¢;,,,(¢) and summing over j, we obtain
dym(t)
(P yn(0)) + alt g0,y (0) = (F(0),ym (D),
that is
5 g7 19mOllz2@p) + altsym(t), ym (1)) = (S (E), ym(1)).
Using the coercivity of a, Cauchy Schwarz and Young inequalities, we get

19 (T) 220 + 2 min (B, q0) / lym(O)[2dt
(F(8), ym()]dE

< ||y0m||%2(a7b) +2

I (@)l

< IlyomlIZ2(a0p) + 2 v llym(t)||vat

Tt — s T

T T
1
< ||y0m||%2(a,b)+m/||(f(t)|%/*dt+/Hym(t)H%/dt
0 0

From (41) we have ||yom||12(a,s) = C|l4°[| 12(a,p) and therefore

T T
[ lm®lfde < (180 e + [ 1500017 de).
0 0

(43)

(44)

(45)

Equation (45) implies that the sequence v, is bounded in L?(0,7’; V') and we may extract a subsequence

y,, such that
y, — 2 weakly in L*(0,T;V).
Let j be fixed but arbitrary and let x > j. Then (40) is valid with m = pu.
Multiply both sides of (40) by
pEV, o(t) € C0,T), &(T)=0,

and integrate over (0,7") while setting ¢; = ¢(t)w;, we have

T T

= w06 + attin(0. 0t = [ (7.6t + o050

0 0
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Using (46), we can pass to the limit in (48). We then obtain

T

T
1= o) +atizo]ie = [0+ 0.6, 9)
0

0

Equation (49) is true for any ¢ satisfying (47). Therefore we may take ¢ € C.(0,7T") and hence (49) gives

d
%(z(t),wj) + a(t; z(t), w;) = (f(t), w,). (50)
But in (50) j is arbitrary and since finite linear combination of w; are dense in V',we deduce

dz
P + A(t)z = f. (51

Therefore,

C(Z = f—A(t)z € L*(0,T;V*) andhence z € W(0,T). (52)

This allow us to integrate by part in ¢. Thus, taking into account (51) we obtain

(2(0),w;)p(0) = (y°,w;)p(0) Vj,Vo. (53)

That is (2(0),w;)$(0) = (y°,w;)¢(0) V4 and thus z(0) = y°. Hence z is solution and therefore z = y is
a solution. We may then replace (46) by

Ym — y weakly in L*(0,T;V). (54)

The estimate (45) give us

T
o102y < O (I8 Botun + [ 17OF-de). 55)
0

Moreover, since 2 = f — A(t)z, we have using (55)

T
/ 0112
v < C (1B + [ 156
0

H 7 )I3-dt). (56)

Corollary 3.2. Let f € L*(0,T; L?*(a;b)), ¢ € L>®(a,b), and 3 € C(a,b), then there exist a unique
y € W(0,T) solution of the following problem

Oy + Dy~ (BDgry) +qy = f in(a,b) x (0,T),

7oy (a") =0 in(0,7), &7
B)Dyy(b) = 0 in(0,7T),

y(0) = 0 in(a,b).

Proof. The proof comes immediatly from theorem 3.2. m
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Lemma 3.3. Let h € L*(0,T;L*(a;b)), ¢ € L>®(a,b), and B € C(a,b), then there exist a unique
¢ € W(0,T) solution of the following problem

—0ip + Dy- (BDG+¢) +q¢ = h in(a,b) x (0,T),

I'7(a™) = 0 in(0,7), (58)
B(b)Dg¢(b™) = 0 in(0,7),

o(T) = 0 in(a,b).

Proof. By considering the change of variable ¢ = 7" — ¢ into (57), we have the result. m

Now consider the following inhomogeneous boundary value problem:

Oy +Dy- 8Dy +qy = [ in(a,b) x (0,T),
(I3 ) (a") =0 in(0.7) 59)
(BDg+y)(b7) = v in(0,7),
y(0) y" in(a,b).
We define the set V) by:
Vo = {y € V such that Iijay(afr) =0}, (60)

Then Vj is closed in V. Hence V; endowed with norm on H?, (a,b) defined by (10) is also a Hilbert
space.

Corollary 3.3. The Hilbert space V is separable as a subset of separable space HY,.

We denote by Wy (0, T) the linear space of all y € L*(0, T’; Vi) having derivative 9,y € L?(0,T; Vy),
equipped with the norm

T

IolRon = [ (IOl + o)

0

The space Wy(0,T) = {y € L*(0,T;Vy) : Oy € L*(0,T; V) } is a Hilbert space with the scalar product

QVO*)dt. 61)

T T

w@mmm=/@m¢mmw+/@ﬂmammww

0 0

Lemma 3.4. The space Wy (0, T) is continuously emdedded in C ([0, T); L*(a,b)).

It follows that for any y € Wy (0, T), the values y(0) and y(T') exists and belong to L?(a, b).

If we multiply the first equation in (59) by ¢ € V), then integrate by parts on over (a, b) while using
(18), we obtain that
b b b b
[owods+ [@0g(Ds o+ [quods = [ fods+ v (12000 (62)

The following lemma gives the weak formulation of problem (59).
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Lemma 3.5. For f € L*(0,T; L*(a,b)), y° € L*(a,b) the problem: findy € Wy(0,T) such that

b b b b
/ Dy + / (BDLy) (D3 )dz + / qyode = / fodz + v (I10)(b7),
y(@.0) ' = P,

is equivalent to problem (59), and it is called the weak formulation of (59).

Since
b

b
[owtaswis = 5 [ vl vo e v,

a

problem (59) can be transform as: find y € W;,(0,7") such that

W Ay = F + o)),
and
y(0) = y".

Thus, problem (59) becomes
y € Wo(0,T),
C(1),0) + alt:(0),0) = (F(1),0) + v (I°0)(07) V6 € W,
y(0) = y°.

(63)

(64)

(65)

(66)

(67)

Theorem 3.3. Let f € L*(0,T; L?*(a,b)) and ¢ € L>(a,b) and B € C(a,b) be such that 3 > [y > 0

and q > qo > 0. Then, the problem has a unique solution y € Wy(0,T).

Proof. Uniqueness. Let y; and - be two solution of equation (65). By setting y = y; — y», y satisfy
(65) with f = 0, 4 = 0, v = 0. Taking the scalar product with y(¢) under the duality between V' and

V*, we get

aft:v), v + (22 yn) =0

Since

T
dy(t) 1 2
(P82 g0yt = ST e
0
equation (68) becomes

alts y(0), 9(0) + 51T By = 0.

Using the coercivity of the bilinear functional, we have

T
. 1
win(0.a0) [ (Ot + 5 19T sy <0,
0
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and thus

y = 0.

Existence. The space 1} is a separable Hilbert space (see corollary 3.3). Therefore there exists a count-

able set which is dense in V5. We may then find a basis wy, wa, -+, wy,, - -

sense:
( .

w; € Vy forall ¢;

VYm, wy, we, - - - , Wy, are linearly independent;

the linear combination Z pjw;, ¢; € R are dense in V.
\ i=1

We then find y,,, = y.,(t) "approximate solution of the problem (65), (66) in the form

m
=1

where the g;,, are chosen such that

dy(t _ .
(%’“Jﬂ) +alt;ym(t), wy) = (f(),w;) +o (L7 w)(b7), 1<j<m,
and
Ym(0) = yom = Zgimwi, Zsimwi — 9% in L*(a,b) as m — oo,
i=1 i=1
where

b
a(t;y(t), w;) = /B(x)D;’erDngwjdx—F/qywjda:

a

System (73), (74) is a system of m linear differential equations in g;,,(t) of the form

Wi, dg;n + A, ( ) = fm7 gm(()) = {gim}7

where

Wan = [[(wi, wy) ;- Am(t) = lla(t; wi, wy)]],
gm(t) = {gim(t)}7 fm(t) = {<f(t> ) +v (IlJr w])(b_)}‘

in Vj in the following

(71)

(72)

(73)

(74)

(75)

Since det W,,, # 0, problem (73), (74) admits a unique solution. It remain to show that as m — oo,

Ym — Y, y being a solution of (65), (66).

Multiplying equation (73) by ¢;,,,(¢) and summing over j, we obtain
dym (t _
(1)) + b 0), (1) = (£, (0 + 0 (10) (07,
that is

1d
2 dt
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Observing that for any y,,, € Vj,

|Il+ ym(b_>| - ‘ + ym I1+ ym( +>‘
d (6%
- /%u; ) (1) d
ab

= /Da+ym( ) dz

a

b 1/2

< |b—af'? / (D% () da
< (b a]Y2|D, yonllp2(an)

and using the coercivity of a, Cauchy Schwarz and Young inequalities, we get

T
MMUW§wm+mmﬂ%ﬂw/W%ﬁW%ﬁ+2/vUﬂyMW)ﬁ
0

T

(F(E), ym ()] + 20D — a]!/2 / T
0

< ||y0m||%2(a,b) +2

L) llvg:

< ||y0m||%2(a7b) +2

Tt — s TT—

T

Ym () || vodt + |b — a|1/2/1)2dt
0

b — af'? / s

1
< ol + s [ IOt + [ om0t

T

b — a2 / odt + b — a]!/2 / D2, g2
0 0

From (74) we have ||yom || 12(a,) = C|l4°[|£2(a,p) and therefore

T T
[l < € (16 e + [ 56
0 0

T

I3+t + /v2dt).

0

(78)

Equation (78) implies that the sequence 1/, is bounded in L?(0, T'; V) and we may extract a subsequence

y,, such that
Yy, — z weakly in L*(0,T;Vp).
Let j be fixed but arbitrary and let x > j. Then (73) is valid with m = pu.
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Multiply both sides of (73) by
b€ Vo, (1) € CHO,T], ¢(T) =0, (80)

and integrate over (0,7") while setting ¢; = ¢(t)w;, we have

[(F63) + 0 (17°65) (67) | dt + (y0,,6;(0)) 81)

O\'ﬂ

T
/ y;uQS +a(t y,u7¢j
0

Using (79), we can pass to the limit in (81). We then obtain

T T

[ 1= Gop+atzon]ia= [ [(r.6)+0 Uo7 de+ 6,650, (52)

0 0
Equation (82) is true for any ¢ satisfying (80). Therefore we may take ¢ € C.(0,7") and hence (82) gives

%(z(t),wj) +alt; z(t),w;) = (f(t),wy) +v (I %0;)(b7). (83)

But in (83) j is arbitrary and since finite linear combination of w; are dense in Vj,we deduce

dz

— H AWMz = [+ (L wy)(b), (84)
Therefore,

% = f+v(}7%;)(b7) — A(t)z € L*(0,T;Vy) andhence z € Wy(0,T). (85)
This allow us to integrate by part in ¢. Thus, taking into account (84) we obtain

(2(0),w;)¢(0) = (4", w;)$(0) Vj, V9. (86)

That is (2(0),w;)é(0) = (y°,w;)¢(0) Vj and thus z(0) = y°. Hence z is solution and therefore z = y is
a solution. We may then replace (79) by

Ym — 1y weakly in L2(0,T;Vj). (87)

The estimate (78) give us

T
013 dt + / vzdt). (88)
0

Moreover, since dt = f+v(I}7%;)(b”) — A(t)z, we have using (88)

T
C’( 012 / ;
L2 OTV*) - ||y ||L2(a7b) + ||f(
0

T
o320 230y < O (I8 By + [ 15
0

T
Hdt‘ )|%/O*dt+/vzdt). (89)
0

From now on, we use C'(X) to denote a positive constant whose value varies from a line to another but
depends on X.
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3.2. Optimal boundary control of fractional diffusion Sturm-Liouville equations
We are concerned with the optimal control problem:

min J(y,v), (90)

vEULq

where

T b T
// )~ ya) dxdt+%/vzdt, 1)
0 0

a

[\.'Jlb—l

y =1y(v) € L*(0,T;V,) satisfies (59), yq € L?(0,T; L*(a, b)), ¥ > 0 and Uy is closed convex subset of
R+ x RR.

Theorem 3.4. There exists a unique solution u. € U,q of the optimal control problem (90).
Proof. We have J(y(v),v) > 0 for all v € Uyg. So, let {v,} C U,q be a minimizing sequence such
that

lim J(y(v,),v,) = min J(y(v),v).

n—+oo vEULq

Then there exists C' > 0 independent of n such that

lvnllz20m < C. (92)

Observing that the control v,, is associated to the state y,, € V|, solution of

8§yn+Dg‘ B yn +qyn = f in(a,b) x (0,T),

Loi"yna) = 0 in(0,7),

5(5)Da+yn(b ) = v, 1n( T, 93)
a (0) = 4° in(a).

it follows from (88) that there exists C' = C(fo, || f||z2(a.5), ||4]/sc) > O, such that

[y ||L2(07T;H:+ @p) < C. (94)

From (92), (94),the fact that U{,; is a closed convex subset of R x R, and Lemma 2.9, we have that there
exists u € Ugg and y € L*(0,T; H% (a, b)) such that

Uy — uin Uyg, (95a)
Y, —  yweakly in L*(0,T; H (a, b)), (95b)
Yo —  yweakly in L*(0,T; L2(a b)), (95¢)
D%y, — D%y weakly in L*(0, T; L*(a, b)), (95d)
I, — I'T%y weakly in L*(0,T; L*(a, b)), (95e)
I, —I'7% weakly in H'(0,T; L*(a, b)), (95f)
]1+ Yn — I;;O‘y strongly in C(0,T'; [a, b]) (95g2)
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From (93),,

1Dy B ynll20riz2apy) < Nalloollynll20m:L2(@p)) + 11 2200.7:L2(ab)
+ 0wl 20,1:22(a b))
< C(Bo, I fl2 0,122y Nalloos 19° M| 22ap))
+ [ flle20,1:02(00)
< C(Bo, 1 flz2(ap)» lalloos 1901 2(a,0));

because of (94) and (21a). Hence there exists § € L?(0,T; L*(a, b)) such that
DY (D% y,) — 0 weakly in L*(0, T; L*(a, b)). (96)

Actually 6 = D¢ (D% y). Indeed, let ¢ € C}(0,T;(a,b)). Then ¢, ¢' € L*(0,T; L*(a,b)) and it
follows from Lemma 2.1 that

I'7%¢ € L*(0,T; L*(a,b)) and D% ¢ = I'7%¢' € L*(0,T; L*(a,b)).

d
Hence, %Iéio‘qﬁ = D% ¢ € L*(0,T; L*(a,b)) because ¢ € C1(0,T; (a,b)) and

(t—a)"

= DY o(t) = DYy ¢,
140 = Frola) + Do(t) = Dio
Consequently, I'7“¢ € H'(0,T; L*(a, b)) which is compactly imbedded in C((0, T'); [a, b]).

So, if we take ¢ € C1(0,T’; (a, b)) such that I}; *¢(a™) = I'7*¢(b~) = 0 and use (18), we have that

T

/ / D (3D p)odedt — / (8D ) (DL ) .

0 a

Passing to the limit in this latter identity while using (95d), we obtain that

T b
/ / DY (BDY, yn)pdadt — O/ / (BD%,y)(D%, ¢)dadt

which after an integration by parts gives

/ / DY (BDY, yn)pdadt — / / DY (8D, y)ddadt;

and from the uniqueness of the limit, (96) yields
Dy (8D y,) — D (BDS.y) weakly in L2(0, 75 L(a, ). 97)

From lemma 3.4, we have thaty € C([0,T]; L?(a, b)) and consequently, y(0) and y(7T') exists and belong
to L*(a, b). We have for all ¢ € C>°([0, T]; L*(a, b))

T b T b
//8tyn¢dxdt = —//ynatqbda:dt.
0

0 a a
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Taking the limits yields

T b T b
ILm //8tyn¢dxdt=—//y8tq5dxdt,
0 a 0

a

which after integrate gives

b
hm //6tyn¢d:1:dt //&yédmdt.

We obtain

Oyyn — Oy weakly in L*(0,T; L*(a,b)). (98)
Passing to the limit in (93); while using (98), (97) and (95¢), we deduce that

oy + Dy (BDSy) + qy = fin(a,b) x (0,T). (99)

Now, if we multiply the first equation in (93) by ¢ € CL(0,T; (a,b)) such that I;; “¢(a™) = 0 and
I'7*¢(b™) # 0, then integrate by parts over (a,b) x (0,T) while using (18), we have that

T b b
//fédsdt = /
0 a a
T T b
= / v, I 7% (9) (b7 )dt + / / Opynddsdt
0
/b

Otyn + Dy- (BDg+yn) + quyn) Pdsdt

St~

0 a
T

D+ yn) (Dy+ ¢)dsdt + / / qynodsdt.

a 0 a

_|_
O\H

Passing to the limit in this latter identity while using (95a), (95¢), (95d) and (98), we obtain that

T b

T b T
/ / fodsdt = / ul'7*(¢)(b7)dt + / / Opypdsdt
0 o )

a 0 a

// ADGvy) (D ¢ dsdt+//qy¢d3dt (100)

V(b E CL(0,T; (a,b)) such that [; “P(at) =0
and I'7*¢(b™) # 0.

On the other hand, y,,(t) being in Vj which is closed in V, we have that y € V. It then follows from
Lemma 2.3 that I~ “y and (8D?, y) belong to C([0, T; [a, b]). So, if we integrate by parts the first integral
in the right side of (100) , we get
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o z T b
0/ / Jodsdt = O/T D3y)(b7) —u) I (@) (b7 )dt + 0/ / Drydsdt
/

a

/ D (BDL.y)ddsdt + / / qyodsdt

@(bae CL(0,T; (a,b)) such that Il Yo(at) =0
and I;-%¢(b™) # 0,

which in view of (99) gives

0 = ((BDLy)(b7) —u) Ix*(¢)(b7) Vo € CL(0,T(a,b))

such that I'7%¢(a™) = 0 and I'7*¢(b™) # 0. (101)
Hence, we deduce from (101) that
(DS y) (b, 1) = . (102)
and From (95g) and (93),, we have that
I'"y(a*,t) = 0. (103)

If we multiply the first equation in (93) by ¢ € C'([0,T7; (a,b)) such that I'7%¢(a™) = I'7%¢(b7) = 0
and ¢(7T') = 0, then integrate by parts over (a,b) x (0,7") while using (18), we have that

O/T a/b Jodsdt = O/T a/: (atynJFD?—(ﬂDjwn)quyn) pdsdt
N / yn(0)6(0)ds — / / YnOrddsdt
0 a
T b T
+ 0//(5D3+yn)(mg+¢)dsdt+O/a/qyn¢d8dt_

Passing to the limits in this later identity, we get

T b b T b
— — 0 —

O/a/fédsdt /y ¢»(0)ds Ofa/yatqbd:dtb
// (BDSy) (D +¢)dsdt+0//qu5dsdt

qu E C1([0,T7; (a,b)) such that ;S(T) =
and I'7%¢(a®) = I} 7¢(b7) = 0.
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By integrate the right hand side of this later identity, we obtain
b b

/T/bfédsdt — _/y%(o)ds-f-/y(())qb(())ds
0 /

a

[ [ @+ D (905) + ay) s
0 a
V¢ € C1([0,T7; (a,b)) such that ¢(T") =
and I, 7%¢(a") = [;7%0(b7) =0,
which in view of (99) gives
b

0 - / 9(0) — 4")6(0)ds

V6 € CY([0, TT: (a, b)) such that ¢(T) —
and I'7%¢(a®) = I'7%¢(b7) = 0.

Thus, we deduce

y(0) =y’

(104)

Hence, (99), (102), (103) and (104) allow us to say that (u, y) € L*(0,T) x Wy(0,T) is solution of (59).

It follows from the semi continuity of the functional J that

J(u) <lim inf J(v,) = min J(v).

vEULq vEULd

This means that

J(u) = min J(v).

VEULq

The uniqueness of the optimal u follows from the strict convexity of J. =

We proceed now with sufficient optimality conditions.

Theorem 3.5. Let u be a solution of (90). Then there exists p € L*(0,T;V) such that (u,y =

satisfies
(( O+ D D%y +qy = [ in(a,b) x (0,T),
: L %y(at,t) = 0 in(0,7),
6(b) a*y(b t) = u in <O7T)7
y(x,0) v’ in(a,b),
(0w + Dy BD%p+ap = y(u)—ya in(a,b) x (0,T),
) 17 %pla™) = 0 in (0,7),
B(b)Dg p(b™) =0 in (0,T),
p(T) = 0 in (a,b),

\
and

T
/ yu+ (L7%p)(b7)] vdt >0 Vo € Uya.
0
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Proof. Relation (99), (102) and (103) give (105). To prove (106) and (107), we take directional
derivative with respect to u in the direction v. We have

lim J(u~+ ) — J(u)
A—=0 >\

which after a short calculation gives

>0 Yo € Uy,

T
// — yq)dxdt + y/u.vdt >0 Yv e Uy, (108)
0
where z is solution of
Oz +Dy- DY 2+qz = 0 1in(a,b) x (0,7,
l1-a + _ .

I zga ) ) =0 in (0,7, (109)

6(b)Da+z(b ) = v 1n (07 T)7

2(0) = 0 in(a,b).

To interpret (108), we consider the adjoint state equation:

O+ Dy BDgp+qp = y(u) —ya in(a,b) x (0,7),

]i:ap(aJr) = 0 in (0,7), (110)
B(b)Dngp(b_) =0 in (07 T)7

p(T) = 0 in (a,b)

Since y(u) — yq € L?(0,T; L*(a,b)), applying lemma 3.3, we deduce that problem (110) has a unique
solution in W (0, T"). It then follows from (108) that

T

/ [yu+ (I5%p)(b7)] vdt >0 Vv € Uga.
0

4. Optimal boundary control for a parabolic fractional Sturm-Liouville problem on a star graph
4.1. Existence results of boundary value fractional diffusion Sturm-Liouville equations

We now consider fractional Sturm-Liouville problems on a general star graph.

Oy’ —|—Da (B'D%y") + ¢y = f% in(a,b;) x (0,T),i=1,...,n,

Iy (a") = ;@) in(0,T), i#j=1,...,n,

Zz 1BZ(GJ)D +yl( ) = 07 in (O7T)7
y'(by) = 0, in(0,7), (111)
*yi(b;) = wu;, in(0,7),1=2,...,m

62( D 55 = o, W (0,T), i=m+1,.. o,

y4(0) = 4% in (a,b;), i=1,...,n.

We denote H := 11} | H® (a,b;) and by V;,i = 1,...,n the set
Vi ={y' € Hyv(a,by), Dy-(8'Dgey’) € H,=(a,by)}- (112)
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If we multiply (111) by a function ¢ = (¢")i—1.__, € H V; and integrate by parts over (a, b;), using (18),

=1
we have

n by
> [ Feesds - Z / D2, (5)DE ¢ (5) + ¢'()y' ()6 (5)) s

n

+ Z/aty s)ds — Z (B () Dy (b ) 1,70 (7))

i=1
+ Z (8'(a)Dgey' (a ™), 740" (aT))
i=1
which if we assume that ¢ verifies the nodal conditions gives,

Z/ Ory'()6'(s) + B'(5)Dgy' (5)Dg ¢'(5) + ¢'(s)y'(5)¢'(5)) ds

n n b;
DRTATAUSED 9 FRCTIOTE
i=m+1 i=1"

We define our operator A as

(AY)it.n = (D' + D (DG’ + ')

=1,...,n
and
D(A){ Nie Vv Zﬂ D%y’ (at) =0,
=1
L7 (") = 1,7 ()#J,%,j=1,---,n,
Ilo"(b)—()z S,m

Bi(b)D%, yi(b7) =0, i =m + 1n}

For the weak formulation, we define the space V by

v = {oell Vi Iiooi(ah) = I7°0ia"), i £ j =1,

L6 (b)) = 0,0 =1 m}

Endowed with the norm
1613 == > 16110, 0
i=1

the space V is an Hilbert space. We thus obtain for y € D(.A)

Z / Ay(z) d(a)de = / e dx+z / 8 (@)D i (a

+ ;/qi(ﬂf)yi(ﬂﬁ)cbi(w)dx, Vo € V.
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D%, ¢ (z)dw

(113)

(114)

(115)

(116)

(117)

(118)
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Corollary 4.1. The Hilbert space V is separable as a subset of separable space HY, x --- X H,.

From now on, we set H := [[;"; L*(a, b;) and we endow H with the norm

1A =D 1 W epy: Y = (f:) € H. (119)
=1

Theorem 4.1. Let ¢' € L®(a,b;),i=1,...,nand 3* € C([a,b;]), i = 1,...,n be such that 3' > 3} >
0 and q' > ¢ > 0. Then there exists a unique weak solution y € C([0,T]; V) N H'(0,T;V) solution of
the problem (111).

Proof. In order to treat (111) in the framework of Galerkin approximation while using the Lax-Milgram
Lemma, we need to shift the non-homogeneous Dirichlet data to the state equation and Neumann-data.
To this end, we define functions

 (z=a)” T(w—a+2) _ 2041
($ £) Ui —ay—+T Tyl » = L...,m, v> 3 (120)
0 t=m+1,....n
Then,
IIw'(att) =0, 7w (b;,t) =u; i=1,...,m, (121)

(x _ a})ll*()z7

o d . . v—a—+1
Da+w (x,t) — %Iolﬁ- w ($7t) = U (b _ a)y—a—i—l
20+ 1

D% w'(a™,t) =0, v > 5 i=1,...,m
ow'(w,t) + DO‘ (B D% w") (z, ) + ¢ (2)w'(z, t) =: wigi(z,t) =

V—Oé—f—l o v—o 7 VF(V_Q+1>
( )1/ atl <Dbi<6(')('_a’) (z) + ¢'(z)(z — a) W)

=1,.

Remark 3. Note that we have Oyw' + D" ('D3, w') +¢'(x)w' € L*(0,T; (a, b)), i = 1,-- -, n. Indeed,

1) ' € L*(0,T;(a,b;)) and ¢'w' € L*(0,T;(a,b;)) because w' € L*(0,T;(a,b;)) and q' €
C([(Z, bl])

2) Set hi(z) = B'(x)(x — a)*~“. Then under the assumptions on 3* we have that b, € L*(a,b;).
Therefore, it follows from Lemma 2.1 that I;:ahg € L*(0,T; (a;b;)). Observing that

Dy (D50 @) = i P (B0 — ) )

v—a+1 7o
(b _a)u a+1 b_ h/( )

= Uy

we deduce from 1) and 2) that Oyw'* + Dy (8D w') + ¢'(x)w’ € L2(0,T; (a,b;)), i = 1,--+ .
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We define the new right hand side

. W, t) —wigi(z,t) i=1,...,
fi(z,t) i=m+1,....n

and decompose the solution y to (111) as

yi(z,t) = w'(z,t) + 9 (x,t), i=1,...,n. (123)
where now ¢ solves

oy —|—Da (BD%Y") +¢'y" = F'z,t;w), in(a,b;) x (0,T),i=1,...,n,

105 (a”) = 1) in (0.7), i # = 1.

lez 1ABZ( ) g}@l( ) = 0, in (O7T)7 . (124)

I79'(b;) =0, in(0,7),i=1,...,m

62( D2, 9 (b;) = v, in(0,7),i=m+1,...,n,

74(0) = 9% in(a,b;), i=1,...,n.

Now, (124) 1s a boundary value problem with homogeneous Dirichlet data, where the controls now appear
in the fractional Neumann conditions, only, and in the distributed right hand side. As shown below, these
data are included in the linear form L. For convenience, we replace #° by °. At the end of the proof, we
have to add w".

For any y, ¢ € V, we respectively defined on V x V and on V, the bilinear functional 7 (.,.) and the
linear functional L(.) by :

n bi
Z / B @B @D e + Y [ )o@ (125)

n n b
= Z v I° i(bi)+Z/Fi(s;ui)q5i(s)ds. (126)
=1

1=m+1
The bilinear functional 7(.,.) is continuous and coercive and the linear functional L(.) continuous. In-
deed, using the Cauchy-Schwarz inequality and the fact that 3° € L*(a,b;) ,q € C([a,b;]) such that
B> B4 > 0and ¢’ > ¢} > 0, we have

[m(y, )| < <Zﬁjoo>z D%+ | 22 0,00 1D
i=1

g+ ¢Z ||L2(a,bi))

+ (Zq oo> Z; 19 1| 22(a,00) (@)

< i(||6j||oo+l|qj||oo)i(||ﬂ) Yl 2200 D 'l £2(0.00))
p p

+ Zn;(||ﬁj||m+||qj||m)i( (b))
p p

< Z (181 + 1) Z (Dt By + 15120
e p

1/2
(19561220 + 16 220
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n n 2 , o, 1/2
< Z(||Bf||oo+||qj|loo) (Z;yi%g(a,b,)) (Z;cb’%;(a,@))

n

j=1
< > (1800 +11e oo Hlylivl o1l
j=1

This means that the bilinear form 7 (., .) is continuous on V x V. The bilinear form 7(., .) is coercive on
V because

b;
m(y,y) = Z/ﬁi(af)lﬂ)3+y )| dﬂf+2/ z)|*dx
i=1"
n b; n
2]%/Mﬁw%m%w+§:%/ﬁﬂmfw
=1 i=1

i (w5, (65 ) S (192 e+ 19
’ ’ i=1

> min (min, (), min_(g))) [ly[%

Vv

A%

Since ¢' € H% (a,b;) i = 1,...,n, we have on the one hand that,
b; ;
00 - o) = | [ e

b

[ p s

|bl - a|1/2||D2+¢i||L2(a7bi)

<
< |b; — a|1/2||¢i||H§‘+(a,bi)
< IClllv,

and on the other hand that, there exists C' > such that,

| 1,74 (a"))] 16172, (a0
Cill'l e, (a.b0)
Cligllv,

because of (15). Therefore,

L) = | S wrieie +Z/wsm

IAIACINA

i=m+1
< 0 (il 1o (b)) — 16 (ah)] + [oil| 16 (a™)])
i=m+1
n b
+ Z/Fi(s;ui)qb (s)ds
=17
< Joll (G2 +IFIB) Y 1611y (127)
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Equation (124) is therefore equivalent to the following system

y € C(0,T, [a,b;]) N HY(0,T; V)

d .
> W0+t ¢) = L(¢), Vo€V, (128)
?7(10) = oy% =1 n.

For the rest of the proof, we will procede in three steps.

Uniqueness. Let y and y3 be two solution of equation (124), i = 1,--- ,n. By setting y* = v} — 3, ¢/,
i=1,---,n satisfy (124) with F* = 0, y*' = 0, v; = 0. Taking the scalar product with 3(¢) under the
duality between V and V*, we get

(o). 0) + 3 (L i) =0 (129)

Since

3

50t = Sl

[ (dy'(t)
/ (*4

equation (68) becomes

r{t:y(t),y(0) + 5 ly(T) 3 = 0. (130)

Using the coercivity of the bilinear functional, we have

T
. i Ny 1
min (min(5), win(6) ) [ ()t + 1] < 0 (131)
1 1 O
and thus
y=0.

Existence. The space V is a separable Hilbert space (see corollary 4.1). Therefore there exists a countable
set which is dense in V. We may then find a basis wy, ws, - - - , Wy, - - - in V in the following sense:

fwl- € V for all ;

VYm, wy, we, - - - , Wy, are linearly independent;

m (132)
the linear combination Z ¢pjw;, ¢; € R are densein V.
\ i=1
We then find y,,, = y,,(t) "approximate solution of the problem (124) in the form
Ym(t) = gim(t)wi, (133)
i=1

where the g;,,, are chosen such that
b;

2 (dyiznt@)’wé) Faltyn ) = 3, il (b) +Z/Fi<5;ui)wjd3> (134)

i=1 i=m+1 i=1

a

© 2022 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |29



1 <5 <m,and

Y (0) = Y = D lnWiy Y tmtwp — y* in L¥(a, b;) as m — o0, (135)
i=1 k=1
where
n b
m(t;y(t), wy) Z/ﬁ’ ) DYy (2 a+w§~(m)dm + Z/ql(a:)y’(a:)w;(a:)dx (136)
i=1"
System (134), (135) is a system of m linear differential equations in g;,,,(t) of the form
dgm
Wir =2+ A9 = fvs 9n(0) = {eim}, (137)
where

Wi =D I(wh, will; - Au(t) = [lm(t: wi, wj).
i=1

gl0) = L@, ) = {3 007, (b +Z / F(s; u)wyds).

1=m+1

Since det W, # 0, problem (134), (135) admits a unique solutlon. It remain to show that as m — oo,
Ym — Y, y being a solution of (124).

Multiplying equation (134) by ¢, (¢) and summing over j, we obtain

b
. dyin i —a - . il
Z( o ,ym) + (s Ym, Ym) = Z v I ym(bi)—l—Z/F (s; 1) Ymds, (138)
=1 i=m-+1 =1 p
that is
1d|| )5 + m(t; Z (b)+i iF"( Ui )Ymd (139)
2dt ym AV 7T ym7ym _Z . Uz + ym 7 — 3)“2 ym S.

Using equation (127) with a slight modification, the coercivity of 7 with & = min (mini (BY), min (qé))
and Cauchy Schwarz and Young inequalities, we obtain

lm (D) + 20 / O

n by

< ||y0m||L2ab +2 Z 0 Iy (b —|—22/F’ (53 1) Ymds

i=m+1

1/2
< [[yom 1 Z2ap + 20l (C* + IFIE) " ly@®llv

From (135) we have ||yom || z2(a5) = Clly° || 12(a.p) and therefore

[ lm(®lFsde < O (16 Briasy + VPR + ol (140
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Equation (140) implies that the sequence ¥¢, is bounded in L*(0,T'; V) and we may extract a subsequence

y;, such that
yL — 2" weaklyin L*(0,T;V), i=1,--- ,n.
Let j be fixed but arbitrary and let ;x > j. Then (134) is valid with m = p.
Multiply both sides of (134) by

oV, ¢'(t)eco,T], ¢(T)=0, i=1,---,n,

and integrate over (0, T') while setting ¢’ = ¢'(t)w?, we have

T )
—Z/ (Y, (& dt+/7<t§yu7¢j)dt: > /Ui L “ym by )dt

0 = 0
—|—Z//F13uz ymdsdt—i—z ,qzﬁ’

Using (141), we can pass to the limit in (143). We then obtain

T n T
_Z/ dt—|—/7r(t;z,q5j)dt= > /vﬂii%ﬁ-(b{)dt
0 0

i=m-+1

+Z//F¢(3;ui)¢§.dsdt+Z(yo’i7¢§(0)>
=17 =1

Equation (144) is true for any ¢ satisfying (142). Therefore we may take ¢* € C.(0,T), i =

and hence (144) gives

n

1=m-+1

n bi
Z dr —|—7r(t z2(t), w;) = Z (% ];;aw;(b;) + Z/Fi(s;ui)wéds.
=17

But in (145) j is arbitrary and since finite linear combination of w; are dense in V,we deduce

Z_"'AZ_ZFZS“’—’_ZUZ b)), i=1,-,n.

=1 i=m-+1

Therefore,
n d n Z .
Z o ZF s;u;) + Z v; [ b)) — A(t)z € L*(0,T; V¥),
=1 1=m-+1

and hence

24 € C(0,T;[a, b)) N HY(0,T;V).
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This allow us to integrate by part in ¢. Thus, taking into account (146) we obtain

Yo (0),w)d'(0) = Y (4" wi)¢i(0) ViV, i=1,--- n. (149)
i—1 i=1
That is (2(0), w})$(0) = (¥, w;)$(0) Vj and thus 2*(0) = y°%,7 = 1,--- ,n. Hence 2" is solution and
therefore ' = 3%, i = 1,--- ,n is a solution. We may then replace (141) by
y! — ' weaklyin L*(0,T;V), i=1,---,n. (150)

The estimate (140) give us

el (I e 13

Moreover, since

i(il iF’ (s;u;) + Z v 7wt (b)) — A(t)z,
i=1

1=m-+1

b+ 1ol ) (151)

we have using (151)

Corollary 4.2. Let f' € L*(0,T; H), y*' € H, ¢ € L>®(a,b;),i = 1,...,nand ' € C(la, b)), i =
1,...,n be such that 3* > ﬂé > 0and ¢¢ > qé > (0. Then there exists a unique weak solution y &
L*(0,T; V)N HY(0,T, V) solution of the following problem

O,y +Da (ﬁi]D)ngyi) _|_qiyi = fi7 in(a,b;) x (0,7),i=1,...,n,

F ). 152
ooz < O (18 o + 1FI + Tolirr (152)

Iir" ( ) | = Ly (@) in (0,7), i #j=1,....n
( ) = 0, in(0,7),i=1,...,m

62( )]D;“er’(b ) =0, in(0,7),i=m+1,...,n,

y4(0) = 0, in(a,b;), i=1,...,n

Proof. The proof follows immediatly from the above theorem. m

Lemma 4.1. Let h' € L*(0,T;H), y*' € H, ¢ € L>®(a,b;),i = 1,...,nand 3 € C(la,b;]), i =
1,...,n be such that 3 > B% > 0and ¢ > ¢, > 0. Then there exists a unique weak solution ¢ €
L2(0,T;V) N HY(0, T, V) solution of the following adjoint problem

_at¢z—|-Doc (5@ ¢2)+qz¢2 = hi, in (a,b;) x (0,T),i=1,...,n,

1209 at) = ¢/ (@) in (0,T), i #j=1,...,n,

S @i(a)Dg+¢i(a+) = 0, in(0,7T), (154)
I'7gi(b;) =0, in(0T),i=1,...,m

ﬁi(bi)Dg+¢i(b;) =0, in(0,7),i=m+1,...,n,

¢'(T) = 0, in(ab;), i=1,....n

Proof. The proof comes similarly as in lemma 3.3. m
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4.2. Optimal boundary control on a star graph

We now go back to the original formulation with inhomogeneous Dirichlet boundary conditions and

rename u; = v;, ¢ = 2,...,n. From the index it is then clear that the first m — 1 controls v; are the
Dirichlet controls, while the v;, ¢« = m + 1,...,n are the Neumann controls. We now consider the
following optimal control problem:
min J(y(v),v), (155)
VEUG
where
o T b W T
1 2 il 2
J(y =3 — y)2dxdt + 5 vy dt, (156)
=17 % i=2

y = (y') satisfies (111), v, € H, v > 0 and Uy, is closed convex of R x R

Theorem 4.2. There exists a unique solution u € Uy, of the optimal control problem (155).

Proof. Let {v,, := v, i = 2,...,n} C U,q be a minimizing sequence such that
lim J(yn(vs),vn) = min J(y(v),v).
k—+o0 vEULq

Then there exists C' > 0 independent of n such that

lonll < C, (157)
and observing that the control v, is associated to the state 4,7 = 2, ..., n solution of

Oyt + Da (BDYyl) +q'yh, = [ in(a,b;) x (0,7),i=1,...,n,

]1+ yn( ) ) = ]1+ yn( )ln<O7T)7i7éj=17"'7n7

Zz lﬂ ( ) Z[er;z(a’Jr) = 07 il’l (07T>7

oyl o7) = 0, in(0,7), (158)

Il+ Y (b;) = Vin, In(0,7),i=2,....,m

B (b:)DG 4y, (b;) = Uip, in(0,7),i=m+1,...,n,

Yy (0) =y in(a,b;), i=1,...,n.

It follows from (151) and (152) that

il < C. (159)
and

10w || 20wy < C. (160)

From (157), (159), (160) and the fact that I, is a closed convex subset of R"~! x R, we have that there
exists u € Uyq, y € L?(0,T;V) and n = Oyy € L*(0,T; V*) such that

Up — winly,, (161)
y, — yweaklyin L*(0,T;V), (162)
Owyn — Oy weakly in L*(0,T;V*). (163)
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Using standard argument, (161),(162), (163) and (158), we prove that the control u is associate to ,
solution of (111) with v = w. It then follows from the semi continuity of the functional 7 that

T b;
52//@2(@ —yi)2dx dt + = Z/ wldt < hmmfj(vn) = min J(v).
=17 G

i=2 9 vEULq

—_

This means that

min J(y(v),v) = I (y(u), u).

vEULq

The uniqueness of the control optimal u follows from the strict convexity of 7.

The following theorem gives the sufficient optimality conditions.

Theorem 4.3. Let u € U,y be the optimal control solution of problem (155). Then there exists p € V
such that (u, y=y(u), p) satisfies

aty‘ FDL (D) + Y = fin(ab) x (0.T),i=1,..,n,

“yi(a”) = L7/ (a")in (0,7), i#j=1,...,n,
ZZ 1ﬂ(a)D *y'(at) = 0, in(0,T),
y' (by) = 0, in(0,7), (164)
1; yi(b;) = w;, in(0,7),i=2,...,m
Bi(b )]D;ﬂy (b)) = w;, n(0,T),i=m+1,...,n,
y4(0) = 9% in(a,b;), i=1,...,n.

— 0’ + Dy (BDY%p") + ¢ = YL (' —yh), in(a,b) x (0,T),i=1,...,n,
1P (a®) = L;°P(a%), in(0,T), i#j=1,...,n

Z?:l Bi(a)Dngpi(aJr) = 0, in(0,7), (165)
-, 4/71.— . .
I7p'(b;) =0, n(0,T)i=1,...,m,
B (b:)D%, ' (b7) — 0, n(OT)i=m+1,..,n,
p(T) =0, in(ab), i=1,...,n
and
o T
Z/ YU — ﬂlD(ﬁp )(b )] vidt >0 Vv € Uyg. (166)
1=2 0
T
/ yul )(b;)} vidt >0 Yo € Uyy. (167)
1=m+1 0

Proof. Equation (164) comes directly from the previous theorem. To prove (165) and (166), we take
directional derivative with respect to u in the direction v. We have

lim Ty, u+ ) —J(y,u)

>
lim 3 >0 Vv e Uy (168)
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which after a short calculation gives

n T

Z// —yh) dxdt+72/uividt >0 Vv € U, (169)
=1

where z* is solmution of

0y —|—Da (8D 2") + ¢'2" = 0, in(a,b;) x (0,T),i=1,...,n,
)

' (a+) = I'7%%9(a™)in (0,T), i#j=1,...,n,

YA @D = 0 in(0.7)

Iz o) = 0, in(0,7), (170)
Il 2(b;) = v, in(0,7),i=2,...,m

62( ) D, 24 (b)) = v, in(0,7),i=m+1,...,n,

2'(0) = 0, in(a,b;), i=1,...,n

Let p be regular function, multipying the first equation in (170) by p and integrating by part over (a, b;) X
(0,T), we get after some interpretation

n T m T T b
> / vl op (0 )t = / vild (bi) D p’ (b )dt = / / 2y — yg)dudt (171)
1=m+1 0 1=2 0 =1 0 a

and the adjoint state equation

_atpi + Da (ﬂngerZ) + qul = Z?:l(yz - yé)? in (CL, bz) X (07T>7 1= 17 -, N,

I'™p (a+) = I'7*/(a%), in (0,T), i#j=1,...,n

Zz:lﬂ ( ) g+pi(a+) = 0, in (07T>7 (172)
Iopi(b;) = 0, in(0,7)i= ™

ﬁi(bi>Dz+pi(bi_) = 0, in(0,7)i= R

pi(T) = 0, in(a,b;), i M.

Since Z(yZ —y4) € L*(0,T; H), equation (172) has a unique solution according to lemma 4.1. Con-

=1
bining (169) and (171) we obtain

> /szi+a ~Vdt — Z/vzﬁ DD p (b dt+72/uividt >0 Yoelyy (173)
1=m-+1 0 1=1 0
that is
m T
Z/ [’yui — (ﬂiD;ﬂpi)(b;)] vidt >0 You € Uy, (174)
1=2 0
n T
/ [yui + (L") (b)) vidt >0 Vo € Upg. (175)
1=m-+1 0
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5.

conclusion

We investigated an optimal control of fractional diffusion Sturm-Liouville problem on a star graph
where Sturm-Liouville operator is obtained as a composition of a right fractional Caputo derivative and
a left fractional Riemann-Liouville derivative. The same results can be obtained if we consider a compo-

sition of a right fractional and a left fractional Riemann-Liouville derivative or a composition of a right
fractional and a left fractional Caputo derivative. It suffices for that to well defined the domain of the
operator.
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