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1. Introduction

Differential equation of fractional order has been used to to describe different processes in various
fields such as optimisation, finance, continuum mechanics, quantum physics and etc. The motivation
for the growing interest in studying such a problems (fractional boundary value problems) lies in one
hand on the large number of possible applications in modeling of several complex natural phenomena
for which the integer order of derivative approach turn up to be inappropriate. In some cases such as
anomalous transport and diffusion, the classical approach is limited. On the other side, the concepts of
fractional derivatives has emerged as it proved to describe some phenomena more accurately than the
integer order derivatives.

A graph G = (V,E) consists of a finite set V = {v1, v2, · · · , vk} of vertices or nodes in a connected
graph G and a set E = {e1, e2, · · · , ek} of edges. The distance between every two vertices u, v ∈ V

is minimum number of edges onto a uv-path of G. A differential equation on a graph is a collection
of differential equations on the individual edges of G based on the local coordinate systems (assigned
each edge with the origin at one of the nodes). The theory of differential equation on graphs originated in
1980s with the work of Lumer in the framework of ramification spaces [19]. [19]. Many researchers have
focused their attention on fractional differential equations (FDEs) problems which are actually obtained
by replacing the ordinary derivatives by fractional derivatives. For instance, In [11], D. Idczak et al. used
Riemann-Liouville fractional derivative to introduce and characterize fractional Sobolev space. He then
gave some imbedding results and applied the obtained results to Sturm-Liouville fractional equations
expressed in term of composition of right and left Riemann-Liouville fractional derivatives. In [1], G.
Mophou et al. studies the optimal boundary control of a fractional Sturm-Liouville problem on the star
graph. M. Klimek et al. [12] applied variational methods to prove the existence of a countable set
of orthogonal solutions and corresponding eigenvalues to a fractional Sturm-Liouville equation. The
Sturm-Liouville operator considered was a composition of right and left fractional Riemann-Liouville
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derivatives. Torebek et al. [14] studied a symmetric fractional Sturm-Liouville operator composed of
Left Caputo and Right Riemann-Liouville fractional derivatives in a suitable Hilbert space and derived
some spectral properties. In [13], Y. Liu et al. studied the existence of solutions to a nonlinear fractional
equation involving a Sturm-Liouville operator obtained as a composition of two left Riemann-Liouville
fractional derivatives. We also refer to [15, 16, 37] and the reference therein for more literature on
fractional Sturm-Liouville equations. As for the fractional equation on network few are done. In [18],
O.Kh. Abdullaev et al. investigate a boundary value-problem for a fractional diffusion equations on a
metric graphs involving fractional Caputo derivatives. Using the method of separation of variable, they
obtained an existence results. V. Mehandiratta et al. [19] Studied the existence and uniqueness of a
nonlinear Caputo fractional boundary value problem on a star graph. The results is obtained by means
of Banach’s contraction principle and Schaefer’s fixed point theorem.

In this paper, we are interested in the optimal control of fractional diffusion Sturm-Liouville boundary
value problems on a star graph:

∂ty
i +Dα

b−i
(βi

D
α
a+y

i) + qiyi = f i, in (a, bi)× (0, T ), i = 1, . . . , n,

I1−α
a+ yi(a+) = I1−α

a+ yj(a+) in (0, T ), i �= j = 1, . . . , n,∑n
i=1 β

i(a)Dα
a+y

i(a+) = 0, in (0, T ),

I1−α
a+ y1(b−1 ) = 0, in (0, T ),

I1−α
a+ yi(b−i ) = vi, in (0, T ), i = 2, . . . ,m

βi(bi)D
α
a+y

i(b−i ) = vi, in (0, T ), i = m+ 1, . . . , n,

yi(0) = y0,i, in (a, bi), i = 1, . . . , n.

where Dα
a+ and Dα

b−i
, i = 1, . . . , n stand, respectively, for the left Riemann Liouville and the right Caputo

fractional derivative of order α ∈ (0, 1), respectively. Iαa+ is the Riemann-Liouville fractional integral of
order α. The real functions βi and qi i = 1, . . . , n are defined on [a, bi], i = 1, . . . , n and satisfy suitable
conditions to be discussed below, the function f i belongs to L2(a, bi),, i = 1, . . . , n and the controls
vi, i = 2, . . . , n are real variables. Clearly, some controls can be equal to zero. The setting should,
therefore, indicate that we are looking at a star graph, rooted at b−1 , i.e., where we have a fixed Dirichlet-
type boundary condition and controlled via fractional Dirichlet and Neumann boundary conditions [see
figure 1].

a+ b−3b−n−1

b−1

b−n b−2

Edge
Boundary

Junction

Figure 1. A sketch of the star graph with n edges.
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In order to get started, we first consider the mixed problem on a single edge⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂ty +Dα
b− (β Dα

a+)(y) + q y = f in (a, b)× (0, T ),

(I1−α
a+ y)(a+) = 0 in (0, T ),

(βDα
a+y)(b

−) = v in (0, T ),

y(0) = y0 in (a, b),

Where Dα
b− and D

α
a+ stand respectively for the right Caputo and left Riemann-Liouville fractional

derivative of order α ∈ (0, 1). The real function β and q are defined on [a, b], and satisfy suitable
conditions to be discussed below. The function f belongs to L2(a, b) and v is a real variable known as
control.

The rest of this paper is organized as follows. In Section 2, we defined some notions on fractional
calculus and some useful lemmas. Section 3 is devoted to the study of the optimal control problem on
a single edge. The optimal control problem as well as his characterization by an optimality system on a
star graph is investigate in Section 4. A conclusion is given in Section 5.

2. Preliminaries

In this section we give some definitions and some results useful for he study of the optimal control
problems.

Definition 2.1. [20] Let a ≥ 0, f : R+ → R and α > 0. Then the left and right Riemann-Liouville
integral of order α of a function f are respectively defined by

Iαa+(f)(t) =
1

Γ(α)

t∫
a

(t− s)α−1f(s)ds,

Iαb−(f)(t) =
1

Γ(α)

b∫
t

(s− t)α−1f(s)ds,

provided that the integrals exist.

Definition 2.2. [21] Let a ≥ 0 and f : R+ → R. Then the left and right Riemann-Liouville fractional
derivative of order α ∈ (0, 1) of f are defined respectively by:

D
α
a+(f)(t) =

1

Γ(1− α)

d

dt

t∫
a

(t− s)−αf(s)ds,

D
α
b−(f)(t) =

−1

Γ(1− α)

d

dt

t∫
b

(s− t)−αf(s)ds, a < t < b,

provided that the integrals exist.
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Definition 2.3. [23, 22] Let a ≥ 0 and f : R+ → R. Then the left and right Caputo fractional derivative
of order α ∈ (0, 1) of f are defined respectively by:

Dα
a+f(t) =

1

Γ(1− α)

t∫
a

(t− s)−αf ′(s)ds,

Dα
b−f(t) =

−1

Γ(1− α)

b∫
t

(s− t)−αf ′(s)ds, a < t < b,

provided that the integrals exist.

From the definitions above, we have the following

Iαa+Dα
a+(f)(t) = f(t)− f(a),

Iαa+D
α
a+(f)(t) = f(t).

From the proof of Theorem 2.6 in [21], we have the following results.

Lemma 2.1. Let α > 0 and ρ : (a, b) → R such that ρ ∈ L2(a, b). Then

‖Iαa+ρ‖L2(a,b) ≤ (b− a)α

αΓ(α)
‖ρ‖L2(a,b),

‖Iαb−ρ‖L2(a,b) ≤ (b− a)α

αΓ(α)
‖ρ‖L2(a,b).

Now, let c0, d0 ∈ R. Let also f : [a, b] → R with the representation

f(t) =
c0

Γ(α)
(t− a)α−1 + Iαa+ϕ(t), ∀t ∈ [a, b]a.e, (1)

and g : [a, b] → R with the representation

g(t) =
d0

Γ(α)
(b− t)α−1 + Iαb−ψ(t), ∀t ∈ [a, b]a.e, (2)

where ϕ and ψ belong to L2(a, b). We denote by ACα,2
a+ and ACα,2

b− the space of all function f and g with
representation (1) and (2) respectively with ϕ ∈ L2(a, b) and ψ ∈ L2(a, b).

Remark 1. We have

D
α
a+f ∈ L2(a, b) ⇔ f ∈ ACα,2

a+ ., (3)

D
α
b−f ∈ L2(a, b) ⇔ f ∈ ACα,2

b− . (4)

For the proof and more literature of such space we refer to [11]. Then we can easily compute the
following results.

Set

Hα
a+(a, b) = ACα,2

a+ ∩ L2(a, b) (5)

and

Hα
b−(a, b) = ACα,2

b− ∩ L2(a, b) (6)
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Then it follows from the definition ACα,2
a+ and ACα,2

b− that,

ρ ∈ Hα
a+(a, b) ⇒ ρ ∈ L2(a, b) and D

α
a+ρ ∈ L2(a, b) (7)

and

ρ ∈ Hα
b−(a, b) ⇒ ρ ∈ L2(a, b) and D

α
b−ρ ∈ L2(a, b). (8)

Then define on Hα
a+(a, b), the inner product for all ϕ, ψ ∈ Hα

a+(a, b):

(ϕ, ψ)Hα
a+

(a,b) =

b∫
a

ϕψdx+

b∫
a

D
α
a+ϕD

α
a+φdx. (9)

Lemma 2.2 ([11], Theorem 25). Then Hα
a+(a, b) endowed with the norm

‖ϕ‖2Hα
a+

(a,b) = ‖ϕ‖2L2(a,b) + ‖Dα
a+ϕ‖2L2(a,b) (10)

is a Hilbert space.

Set

V = {y ∈ Hα
a+(a, b) such that | Dα

b−(βD
α
a+y) ∈ H1−α

b− (a, b)}. (11)

Then V is closed in Hα
a+(a, b). Consequently, V endowed with norm (10) is a Hilbert space. The follow-

ing trace results are useful for some calculation in the upcoming sections.

Lemma 2.3. Let 0 < α < 1 and γ = 1− α. Let also ρ ∈ V . Then

1) The reals I1−α
a+ ρ(a+) and I1−α

a+ ρ(b−) exist .

2) The reals (βDα
a+ρ)(a

+) and (βDα
a+ρ)(b

−) exist.

Proof.

1) If ρ ∈ V then ρ ∈ Hα
a+(a, b). thus, we have that ρ ∈ L2(a, b) and D

α
a+ρ =

d

dt
I1−α
a+ ρ ∈ L2(a, b). But

we also have I1−α
a+ ρ ∈ L2(a, b) because of Lemma 2.1 so that I1−α

a+ ∈ H1(a, b). Observing that the
imbedding of H1(a, b) into C([a, b]) is compact, we have that I1−α

a+ ρ(a+) and I1−α
a+ ρ(b−) exist and

belong to R.

2) If ρ ∈ V then Dα
b−(βD

α
a+ρ) ∈ Hγ

b−(a, b). Thus we have

Dα
b−(βD

α
a+ρ) ∈ L2(a, b) (12)

and

D
γ
b−(Dα

b−(βD
α
a+ρ)) ∈ L2(a, b). (13)

Observing that

Dα
b−(βD

α
a+ρ)(t) = I1−α

b−

(
d

dt
(βDα

a+ρ)(t)

)

= Iγb−

(
d

dt
(βDα

a+ρ)(t)

)
,
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we have that

D
γ
b−(Dα

b−(βD
α
a+ρ))(t) = D

γ
b−I

γ
b−

(
d

dt
(βDα

a+ρ)(t)

)
=

d

dt
(βDα

a+ρ)(t)

,

which in view of (13) implies that

d

dt
(βDα

a+ρ) ∈ L2(a, b).

But we also have βDα
a+ρ ∈ L2(a, b) because ρ ∈ Hα

a+(a, b) and β ∈ C([a, b]). Consequently, βDα
a+ρ ∈

H1(a, b) which is compactly imbedded in C([a, b]). Thus (βDα
a+ρ)(a

+) and (β(Dα
a+ρ)(b

−) exist and
belong to R.

Lemma 2.4. [[11], Theorem 24]. Let 0 < α ≤ 1. Then the norm defined on Hα
a+(a, b) by (10) is

equivalent to the norm

‖|ϕ‖|2Hα
a+

(a,b) = |I1−α
a+ ϕ(a+)|2 + ‖Dα

a+ϕ‖2L2(a,b). (14)

In other words there exists C1 > 0 positif such that

‖|ϕ‖|Hα
a+

(a,b) ≤ C1‖ϕ‖Hα
a+

(a,b) ≤ ‖|ϕ‖|Hα
a+

(a,b), ∀ϕ ∈ Hα
a+(a, b) (15)

Then we can easily compute the following results concerning integration by parts.

Lemma 2.5. y, φ : [a, b] → R be such that y, φ ∈ V . Then

b∫
a

Dα
b−y(s)φ(s)ds = − [y(s)(I1−α

a+ φ)(s)
]s=b

s=a
+

b∫
a

y(s)(Dα
a+φ)(s)ds (16)

b∫
a

(Dα
a+φ)(s)y(s)ds =

[
(I1−α

a+ φ)(s)y(s)
]s=b

s=a
+

b∫
a

φ(t)(Dα
b−y)(t)dt (17)

Lemma 2.6. Let β ∈ C([a, b]). Let also y, φ : [a, b] → R be such that y, φ ∈ V . Then

b∫
a

Dα
b−(βD

α
a+y)(s)φ(s)ds = − [(βDα

a+y)(s)I
1−α
a+ (φ)(s)

]s=b

s=a

+

b∫
a

(βDα
a+y)(s)D

α
a+(φ))(s)ds

= − [(βDα
a+y)(s)I

1−α
a+ (φ)(s)

]s=b

s=a

+
[
I1−α
a+ (y)(s)β(s)Dα

a+(φ)(s)
]s=b

s=a

+

b∫
a

y(t)Dα
b−(βD

α
a+(φ))(t)dt

(18)

Proof. This is straightforward from (16)and (17).
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Lemma 2.7. Let β ∈ C([a, b]) such that β > β0 > 0. Let also q ∈ C([a, b]) such that q > q0 > 0. For
any y, z ∈ Hα

a+(a, b), we define the bilinear functional a(., .) by:

a(y, z) =

b∫
a

β(x)Dα
a+y(x)D

α
a+z(x)dx+

b∫
a

q(x)y(x)z(x)dx. (19)

Then, a(., .) is continuous and coercive on Hα
a+(a, b)×Hα

a+(a, b).

Proof. Let y, z ∈ Hα
a+(a, b). Using the Cauchy-Schwarz inequality and the definition of the norm on

Hα
a+(a, b) given by (10), we have

|a(y, z)| =
∣∣∣

b∫
a

β(x)Dα
a+y(x)D

α
a+z(x)dx+

b∫
a

q(x)y(x)z(x)dx
∣∣∣ ≤

‖β‖∞‖Dα
a+y‖L2(a,b)‖Dα

a+z‖L2(a,b) + ‖q‖∞‖y‖L2(a,b)‖z‖L2(a,b) ≤
(‖q‖∞ + ‖β‖∞)

[
‖Dα

a+y‖2L2(a,b) + ‖y‖2L2(a,b)

]1/2 [
‖Dα

a+z‖2L2(a,b) + ‖z‖2L2(a,b)

]1/2
= (‖q‖∞ + ‖β‖∞) ‖y‖Hα

a+
(a,b)‖z‖Hα

a+
(a,b),

and

a(y, y) =

b∫
a

β(x)|Dα
a+y(x)|2dx+

b∫
a

q(x)|y(x)|2dx

≥ min(β0, q0)‖y‖2Hα
a+

(a,b).

(20)

This means that a(., .) is, respectively, continuous and coercive on Hα
a+(a, b)×Hα

a+(a, b).

We will also need the following results for the optimal control problems below.

Lemma 2.8. Let 0 < α < 1. Let also (yn) be such that ‖yn‖L2(0,T ;Hα
a+

(a,b)) ≤ C for some C > 0. Then
there exists C > 0 such that,

‖yn‖L2(0,T ;L2(a,b)) ≤C, (21a)

‖Dα
a+yn‖L2(0,T ;L2(a,b)) ≤C, (21b)

‖I1−α
a+ yn‖L2(0,T ;L2(a,b)) ≤C, (21c)

‖I1−α
a+ yn‖H1(0,T ;L2(a,b)) ≤C. (21d)

Proof. If ‖yn‖L2(0,T ;Hα
a+

(a,b)) ≤ C for someC > 0, then in view of (10), we have (21a) and (21b). Since

‖yn‖L2(0,T ;L2(a,b)) ≤ C , it then follows from Lemma 2.1 that ‖I1−α
a+ yn‖L2(0,T ;L2(a,b)) ≤ C , which in addi-

tion to the fact that Dα
a+yn =

d

dt
I1−α
a+ yn and that (21b) holds true implies that ‖I1−α

a+ yn‖H1(0,T ;L2(a,b)) ≤ C.

Lemma 2.9. Under the assumption of Lemma 2.8, there exists y ∈ L2(0, T ;Hα
a+(a, b)) such that

yn ⇀ y weakly in L2(0, T ;Hα
a+(a, b)), (22a)

I1−α
a+ yn ⇀ I1−α

a+ y weakly in L2(0, T ;L2(a, b)), (22b)

I1−α
a+ yn ⇀I1−α

a+ y weakly in H1(0, T ;L2(a, b)), (22c)

I1−α
a+ yn → I1−α

a+ y strongly in C(0, T ; [a, b]). (22d)
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Proof. If ‖yn‖L2(0,T ;Hα
a+

(a,b)) ≤ C , then there exists y ∈ L2(0, T ;Hα
a+(a, b)) such that (22a) holds true.

This means that

yn ⇀ y weakly in L2(0, T ;L2(a, b)), (23)

D
α
a+yn ⇀ D

α
a+y weakly in L2(0, T ;L2(a, b)). (24)

Now, let φ ∈ L2(0, T ;L2(a, b)). Then in view of Lemma 2.1, we have that I1−α
b− φ ∈ L2(0, T ;L2(a, b))

and we can write
T∫

0

b∫
a

I1−α
a+ ynφdxdt =

1

Γ(1− α)

T∫
0

b∫
a

⎛
⎝ x∫

a

(x− s)−αyn(s)ds

⎞
⎠φ(x)dxdt

=
1

Γ(1− α)

T∫
0

b∫
a

yn(s)

⎛
⎝ b∫

s

(x− s)−αφ(x)dx

⎞
⎠ dsdt

=

T∫
0

b∫
a

ynI
1−α
b− φdxdt.

Passing to the limit in this latter identity while using (23), we obtain that

T∫
0

b∫
a

I1−α
a+ ynφdxdt →

T∫
0

b∫
a

yI1−α
b− φdxdt

=
1

Γ(1− α)

T∫
0

b∫
a

y(s)

⎛
⎝ b∫

s

(x− s)−αφ(x)dx

⎞
⎠ dsdt

=
1

Γ(1− α)

T∫
0

b∫
a

⎛
⎝ x∫

a

(x− s)−αy(s)ds

⎞
⎠φ(x)dxdt

=

T∫
0

b∫
a

I1−α
a+ yφdxdt,

from which we deduce (22b). From (21d), we have (22c) and since the imbedding of H1(0, T ;L2(a, b))

into C(0, T ; [a, b]) is compact, we deduce (22d).

3. Optimal boundary control for a parabolic fractional Sturm-Liouville problem on a single
edge

3.1. Existence results of boundary value fractional diffusion Sturm-Liouville equations

We start with some existence results concerning homogeneous and nonhomo- geneous fractional dif-
fusion Sturm-Liouville equations. We look at the following problem:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
∂ty +Dα

b− βD
α
a+y + q y = f in (a, b)× (0, T ),

I1−α
a+ y(a+) = 0 in (0, T ),

β(b)Dα
a+y(b

−) = 0 in (0, T ),

y(0) = y0 in (a, b).

(25)
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We define the set V by:

V = {ρ ∈ V such that β(b)Dα
a+y(b

−) = I1−α
a+ y(a+) = 0}. (26)

Because V is closed in V , V endowed with norm on Hα
a+(a, b) is also a Hilbert space.

Theorem 3.1. The space Hα
a+ is separable with respect to the norm ‖.‖Hα

a+
for any α > 0.

Proof. We consider Hα
a+ with the norm ‖.‖Hα

a+
and define a mapping

λ : Hα
a+ → L2 × L2

u �→ (u,Dα
a+u)

λ(Hα
a+) is separable as a subset of separable space L2 × L2. Since λ is isometry, λ(Hα

a+) = Hα
a+ is also

separable with respect to the norm ‖.‖Hα
a+

.

Corollary 3.1. The Hilbert space V is separable as a subset of separable space Hα
a+ .

We denote by 〈., .〉 the dual product of V ∗ and V and (., .) by the scalar product in L2(a, b). We refer
to L2(0, T ;L2(a, b)) as the Hilbert space equipped with the norm

‖y‖2L2(0,T ;L2) :=

T∫
0

‖y(t)‖2L2(a,b)dt (27)

and defined L2(0, T ;V ) and its norm analogously. Moreover, we denote by W (0, T ) the linear space of
all y ∈ L2(0, T ;V ) having derivative ∂ty ∈ L2(0, T ;V ∗), equipped with the norm

‖y‖2W (0,T ) =

T∫
0

(
‖y(t)‖2V + ‖∂ty(t)‖2V ∗

)
dt. (28)

The space W (0, T ) = {y ∈ L2(0, T ;V ) : ∂ty ∈ L2(0, T ;V ∗)} is a Hilbert space with the scalar product

(y, φ)W (0,T ) =

T∫
0

(y(t), φ(t))V dt+

T∫
0

(∂ty(t), ∂tφ(t))V ∗dt.

Lemma 3.1. The space W (0, T ) is continuously emdedded in C([0, T ];L2(a, b)).

It follows that for any y ∈W (0, T ), the values y(0) and y(T ) exists and belong to L2(a, b).

Remark 2. The operator Dα
b−(βD

α
a+y) is a self adjoint and positive on V . Indeed, from (18), we have

that for any y ∈ V ,

b∫
a

Dα
b−(βD

α
a+y)(s)y(s)ds =

b∫
a

y(s)Dα
b−(βD

α
a+φ)(s)ds

and
b∫

a

Dα
b−(βD

α
a+y)(s)y(s)ds =

b∫
a

β|Dα
a+(y)(s)|2ds ≥ 0.
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The following lemma gives the weak formulation of problem (25).

Lemma 3.2. For f ∈ L2(0, T ;L2(a, b)), y0 ∈ L2(a, b) the problem: find y ∈ W (0, T ) such that⎧⎪⎪⎨
⎪⎪⎩

b∫
a

∂tyφdx+

b∫
a

(β Dα
a+y)(D

α
a+φ)dx+

b∫
a

q yφdx =

b∫
a

fφdx,

y(x, 0) = y0(x),

(29)

is equivalent to problem (25), and it is called the weak formulation of (25).

Using the fact that

b∫
a

∂ty(x, t)φ(x)dx =
d

dt

b∫
a

y(x, t)φ(x)dx ∀φ ∈ V, (30)

problem (25) can be transform as: find y ∈ W (0, T ) such that

dy

dt
+A(t)y = f, (31)

and

y(0) = y0. (32)

Thus, problem (25) becomes⎧⎪⎪⎪⎨
⎪⎪⎪⎩
y ∈ W (0, T ),
d

dt
(y(t), φ) + a(t; y(t), φ) = (f(t), φ) ∀φ ∈ V,

y(0) = y0.

(33)

Let us give our definition of weak solution to problem (25).

Definition 3.1. We say that a function y ∈ L2(0, T ;V ), such that ∂ty ∈ L2(0, T ;V ∗) is a weak solution
for problem (25) if

T∫
0

(∂ty, ϕ)dt+

T∫
0

a(y, ϕ)dt =

T∫
0

(f, ϕ)dt, (34)

for all ϕ ∈ L2(0, T ;V ) such that ∂tϕ ∈ L2(0, T ;V ∗), ϕ(T ) = 0, and y(0) = y0 in the sense of L2(a, b).

Theorem 3.2. Let f ∈ L2(0, T ;L2(a, b)) and q ∈ L∞(a, b) and β ∈ C(a, b) be such that β > β0 > 0

and q ≥ q0 > 0. Then, the problem (25) has a unique solution y ∈ W (0, T ).

Proof. Uniqueness. Let y1 and y2 be two solution of equation (31). By setting y = y1 − y2, y satisfy
(31) with f = 0, y0 = 0. Taking the scalar product with y(t) under the duality between V and V ∗, we
get

a(t; y(t), y(t)) +
(dy(t)

dt
, y(t)

)
= 0. (35)
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Since

T∫
0

(dy(t)
dt

, y(t)
)
dt =

1

2
‖y(T )‖2L2(a,b),

equation (35) becomes

a(t; y(t), y(t)) +
1

2
‖y(T )‖2L2(a,b) = 0. (36)

Using the coercivity of the bilinear functional, we have

min(β0, q0)

T∫
0

‖y(t)‖2V dt+
1

2
‖y(T )‖2L2(a,b) ≤ 0, (37)

and thus

y = 0.

Existence. The space V is a separable Hilbert space (see corollary 3.1). Therefore there exists a count-
able set which is dense in V . We may then find a basis w1, w2, · · · , wm, · · · in V in the following sense:⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

wi ∈ V for all i;

∀m,w1, w2, · · · , wm are linearly independent;

the linear combination
m∑
i=1

φjwj, φj ∈ R are dense in V.

(38)

We then find ym = ym(t) "approximate solution of the problem (31), (32) in the form

ym(t) =
m∑
i=1

gim(t)wi, (39)

where the gim are chosen such that(dy(t)
dt

, wj

)
+ a(t; ym(t), wj) = (f(t), wj), 1 ≤ j ≤ m, (40)

and

ym(0) = y0m =
m∑
i=1

εimwi,
m∑
i=1

εimwi → y0 in L2(a, b) as m→ ∞, (41)

where

a(t; y(t), wj) =

b∫
a

β(x)Dα
a+yD

α
a+wjdx+

b∫
a

qywjdx

System (40), (41) is a system of m linear differential equations in gim(t) of the form

Wm
dgm
dt

+Am(t)gm = fm, gm(0) = {εim}, (42)

© 2022 ISTE OpenScience – Published by ISTE Ltd. London, UK – openscience.fr Page | 11



where

Wm = ‖(wi, wj)‖; Am(t) = ‖a(t;wi, wj)‖,
gm(t) = {gim(t)}, fm(t) = {(f(t), wj)}.

Since detWm �= 0, problem (40), (41) admits a unique solution. It remain to show that as m → ∞,
ym → y, y being a solution of (31), (32).

Multiplying equation (40) by gjm(t) and summing over j, we obtain(dym(t)
dt

, ym(t)
)
+ a(t; ym(t), ym(t)) = (f(t), ym(t)), (43)

that is
1

2

d

dt
‖ym(t)‖2L2(a,b) + a(t; ym(t), ym(t)) = (f(t), ym(t)). (44)

Using the coercivity of a, Cauchy Schwarz and Young inequalities, we get

‖ym(T )‖2L2(a,b) + 2min(β0, q0)

T∫
0

‖ym(t)‖2V dt

≤ ‖y0m‖2L2(a,b) + 2

T∫
0

|(f(t), ym(t))|dt

≤ ‖y0m‖2L2(a,b) + 2

T∫
0

‖(f(t)‖V ∗‖ym(t)‖V dt

≤ ‖y0m‖2L2(a,b) +
1

min(β0, q0)

T∫
0

‖(f(t)‖2V ∗dt+

T∫
0

‖ym(t)‖2V dt

From (41) we have ‖y0m‖L2(a,b) ≥ C‖y0‖L2(a,b) and therefore

T∫
0

‖ym(t)‖2V dt ≤ C
(
‖y0‖2L2(a,b) +

T∫
0

‖f(t)‖2V ∗dt
)
. (45)

Equation (45) implies that the sequence ym is bounded in L2(0, T ;V ) and we may extract a subsequence
yμ such that

yμ ⇀ z weakly in L2(0, T ;V ). (46)

Let j be fixed but arbitrary and let μ > j. Then (40) is valid with m = μ.

Multiply both sides of (40) by

φ ∈ V, φ(t) ∈ C1[0, T ], φ(T ) = 0, (47)

and integrate over (0, T ) while setting φj = φ(t)wj , we have

T∫
0

[
− (yμ(t), φ

′
j) + a(t; yμ(t), φj)

]
dt =

T∫
0

(f, φj)dt + (y0μ, φj(0)). (48)
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Using (46), we can pass to the limit in (48). We then obtain

T∫
0

[
− (z, φ′j) + a(t; z, φj)

]
dt =

T∫
0

(f, φj)dt+ (y0, φj(0)). (49)

Equation (49) is true for any φ satisfying (47). Therefore we may take φ ∈ Cc(0, T ) and hence (49) gives

d

dt
(z(t), wj) + a(t; z(t), wj) = (f(t), wj). (50)

But in (50) j is arbitrary and since finite linear combination of wj are dense in V ,we deduce

dz

dt
+A(t)z = f. (51)

Therefore,

dz

dt
= f −A(t)z ∈ L2(0, T ;V ∗) and hence z ∈ W (0, T ). (52)

This allow us to integrate by part in t. Thus, taking into account (51) we obtain

(z(0), wj)φ(0) = (y0, wj)φ(0) ∀j,∀φ. (53)

That is (z(0), wj)φ(0) = (y0, wj)φ(0) ∀j and thus z(0) = y0. Hence z is solution and therefore z = y is
a solution. We may then replace (46) by

ym ⇀ y weakly in L2(0, T ;V ). (54)

The estimate (45) give us

‖y‖2L2(0,T ;V ) ≤ C
(
‖y0‖2L2(a,b) +

T∫
0

‖f(t)‖2V ∗dt
)
. (55)

Moreover, since dz
dt = f −A(t)z, we have using (55)

∥∥∥dy
dt

∥∥∥2
L2(0,T ;V ∗)

≤ C ′
(
‖y0‖2L2(a,b) +

T∫
0

‖f(t)‖2V ∗dt
)
. (56)

Corollary 3.2. Let f ∈ L2(0, T ;L2(a; b)), q ∈ L∞(a, b), and β ∈ C(a, b), then there exist a unique
y ∈ W (0, T ) solution of the following problem⎧⎪⎪⎪⎨

⎪⎪⎪⎩
∂ty +Dα

b− (β Dα
a+y) + q y = f in (a, b)× (0, T ),

I1−α
a+ y(a+) = 0 in (0, T ),

β(b)Dα
a+y(b

−) = 0 in (0, T ),

y(0) = 0 in (a, b).

(57)

Proof. The proof comes immediatly from theorem 3.2.
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Lemma 3.3. Let h ∈ L2(0, T ;L2(a; b)), q ∈ L∞(a, b), and β ∈ C(a, b), then there exist a unique
φ ∈ W (0, T ) solution of the following problem⎧⎪⎪⎪⎨

⎪⎪⎪⎩
−∂tφ+Dα

b− (β Dα
a+φ) + q φ = h in (a, b)× (0, T ),

I1−α
a+ φ(a+) = 0 in (0, T ),

β(b)Dα
a+φ(b

−) = 0 in (0, T ),

φ(T ) = 0 in (a, b).

(58)

Proof. By considering the change of variable t = T − t into (57), we have the result.

Now consider the following inhomogeneous boundary value problem:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂ty +Dα
b− βD

α
a+y + q y = f in (a, b)× (0, T ),

(I1−α
a+ y)(a+) = 0 in (0, T ),

(βDα
a+y)(b

−) = v in (0, T ),

y(0) = y0 in (a, b).

(59)

We define the set V0 by:

V0 = {y ∈ V such that I1−α
a+ y(a+) = 0}. (60)

Then V0 is closed in V . Hence V0 endowed with norm on Hα
a+(a, b) defined by (10) is also a Hilbert

space.

Corollary 3.3. The Hilbert space V0 is separable as a subset of separable space Hα
a+.

We denote by W0(0, T ) the linear space of all y ∈ L2(0, T ;V0) having derivative ∂ty ∈ L2(0, T ;V ∗
0 ),

equipped with the norm

‖y‖2W0(0,T )
=

T∫
0

(
‖y(t)‖2V0

+ ‖∂ty(t)‖2V ∗
0

)
dt. (61)

The spaceW0(0, T ) = {y ∈ L2(0, T ;V0) : ∂ty ∈ L2(0, T ;V ∗
0 )} is a Hilbert space with the scalar product

(y, φ)W0(0,T ) =

T∫
0

(y(t), φ(t))V0dt+

T∫
0

(∂ty(t), ∂tφ(t))V ∗
0
dt.

Lemma 3.4. The space W0(0, T ) is continuously emdedded in C([0, T ];L2(a, b)).

It follows that for any y ∈W0(0, T ), the values y(0) and y(T ) exists and belong to L2(a, b).

If we multiply the first equation in (59) by φ ∈ V0, then integrate by parts on over (a, b) while using
(18), we obtain that

b∫
a

∂tyφdx+

b∫
a

(β Dα
a+y)(D

α
a+φ)dx+

b∫
a

q yφdx =

b∫
a

fφdx+ v (I1−α
a+ φ)(b−). (62)

The following lemma gives the weak formulation of problem (59).
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Lemma 3.5. For f ∈ L2(0, T ;L2(a, b)), y0 ∈ L2(a, b) the problem: find y ∈ W0(0, T ) such that⎧⎪⎪⎨
⎪⎪⎩

b∫
a

∂tyφdx+

b∫
a

(β Dα
a+y)(D

α
a+φ)dx+

b∫
a

q yφdx =

b∫
a

fφdx+ v (I1−α
a+ φ)(b−),

y(x, 0) = y0(x),

(63)

is equivalent to problem (59), and it is called the weak formulation of (59).

Since
b∫

a

∂ty(x, t)φ(x)dx =
d

dt

b∫
a

y(x, t)φ(x)dx ∀φ ∈ V0, (64)

problem (59) can be transform as: find y ∈ W0(0, T ) such that

dy

dt
+A(t)y = f + v (I1−α

a+ φ)(b−), (65)

and

y(0) = y0. (66)

Thus, problem (59) becomes⎧⎪⎪⎪⎨
⎪⎪⎪⎩
y ∈ W0(0, T ),
d

dt
(y(t), φ) + a(t; y(t), φ) = (f(t), φ) + v (I1−α

a+ φ)(b−) ∀φ ∈ V0,

y(0) = y0.

(67)

Theorem 3.3. Let f ∈ L2(0, T ;L2(a, b)) and q ∈ L∞(a, b) and β ∈ C(a, b) be such that β > β0 > 0

and q ≥ q0 > 0. Then, the problem has a unique solution y ∈ W0(0, T ).

Proof. Uniqueness. Let y1 and y2 be two solution of equation (65). By setting y = y1 − y2, y satisfy
(65) with f = 0, y0 = 0, v = 0. Taking the scalar product with y(t) under the duality between V and
V ∗, we get

a(t; y(t), y(t)) +
(dy(t)

dt
, y(t)

)
= 0. (68)

Since
T∫

0

(dy(t)
dt

, y(t)
)
dt =

1

2
‖y(T )‖2L2(a,b),

equation (68) becomes

a(t; y(t), y(t)) +
1

2
‖y(T )‖2L2(a,b) = 0. (69)

Using the coercivity of the bilinear functional, we have

min(β0, q0)

T∫
0

‖y(t)‖2V dt+
1

2
‖y(T )‖2L2(a,b) ≤ 0, (70)

© 2022 ISTE OpenScience – Published by ISTE Ltd. London, UK – openscience.fr Page | 15



and thus

y = 0.

Existence. The space V0 is a separable Hilbert space (see corollary 3.3). Therefore there exists a count-
able set which is dense in V0. We may then find a basis w1, w2, · · · , wm, · · · in V0 in the following
sense:⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

wi ∈ V0 for all i;

∀m,w1, w2, · · · , wm are linearly independent;

the linear combination
m∑
i=1

φjwj, φj ∈ R are dense in V0.

(71)

We then find ym = ym(t) "approximate solution of the problem (65), (66) in the form

ym(t) =
m∑
i=1

gim(t)wi, (72)

where the gim are chosen such that(dy(t)
dt

, wj

)
+ a(t; ym(t), wj) = (f(t), wj) + v (I1−α

a+ wj)(b
−), 1 ≤ j ≤ m, (73)

and

ym(0) = y0m =
m∑
i=1

εimwi,

m∑
i=1

εimwi → y0 in L2(a, b) as m→ ∞, (74)

where

a(t; y(t), wj) =

b∫
a

β(x)Dα
a+yD

α
a+wjdx+

b∫
a

qywjdx

System (73), (74) is a system of m linear differential equations in gim(t) of the form

Wm
dgm
dt

+Am(t)gm = fm, gm(0) = {εim}, (75)

where

Wm = ‖(wi, wj)‖; Am(t) = ‖a(t;wi, wj)‖,
gm(t) = {gim(t)}, fm(t) = {(f(t), wj) + v (I1−α

a+ wj)(b
−)}.

Since detWm �= 0, problem (73), (74) admits a unique solution. It remain to show that as m → ∞,
ym → y, y being a solution of (65), (66).

Multiplying equation (73) by gjm(t) and summing over j, we obtain(dym(t)
dt

, ym(t)
)
+ a(t; ym(t), ym(t)) = (f(t), ym(t)) + v (I1−α

a+ ym)(b
−), (76)

that is

1

2

d

dt
‖ym(t)‖2L2(a,b) + a(t; ym(t), ym(t)) = (f(t), ym(t)) + v (I1−α

a+ ym)(b
−). (77)
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Observing that for any ym ∈ V0,

|I1−α
a+ ym(b

−)| =
∣∣I1−α

a+ ym(b
−)− I1−α

a+ ym(a
+)
∣∣

=

∣∣∣∣∣∣
b∫

a

d

dx
(I1−α

a+ ym)(x) dx

∣∣∣∣∣∣
=

∣∣∣∣∣∣
b∫

a

D
α
a+ym(x) dx

∣∣∣∣∣∣
≤ |b− a|1/2

⎛
⎝ b∫

a

(Dα
a+ym(x))

2
dx

⎞
⎠

1/2

≤ |b− a|1/2‖Dα
a+ym‖L2(a,b),

and using the coercivity of a, Cauchy Schwarz and Young inequalities, we get

‖ym(T )‖2L2(a,b) + 2min(β0, q0)

T∫
0

‖ym(t)‖2V0
dt+ 2

T∫
0

v (I1−α
a+ ym)(b

−)dt

≤ ‖y0m‖2L2(a,b) + 2

T∫
0

|(f(t), ym(t))|dt+ 2|b− a|1/2
T∫

0

v‖Dα
a+ym‖L2(a,b)dt

≤ ‖y0m‖2L2(a,b) + 2

T∫
0

‖f(t)‖V ∗
0
‖ym(t)‖V0dt + |b− a|1/2

T∫
0

v2dt

+|b− a|1/2
T∫

0

‖Dα
a+ym‖2L2(a,b)dt

≤ ‖y0m‖2L2(a,b) +
1

min(β0, q0)

T∫
0

‖f(t)‖2V ∗
0
dt+

T∫
0

‖ym(t)‖2V0
dt

+|b− a|1/2
T∫

0

v2dt+ |b− a|1/2
T∫

0

‖Dα
a+ym‖2L2(a,b)dt

From (74) we have ‖y0m‖L2(a,b) ≥ C‖y0‖L2(a,b) and therefore

T∫
0

‖ym(t)‖2V0
dt ≤ C

(
‖y0‖2L2(a,b) +

T∫
0

‖f(t)‖2V ∗
0
dt+

T∫
0

v2dt
)
. (78)

Equation (78) implies that the sequence ym is bounded in L2(0, T ;V0) and we may extract a subsequence
yμ such that

yμ ⇀ z weakly in L2(0, T ;V0). (79)

Let j be fixed but arbitrary and let μ > j. Then (73) is valid with m = μ.
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Multiply both sides of (73) by

φ ∈ V0, φ(t) ∈ C1[0, T ], φ(T ) = 0, (80)

and integrate over (0, T ) while setting φj = φ(t)wj , we have

T∫
0

[
− (yμ, φ

′
j) + a(t; yμ, φj)

]
dt =

T∫
0

[
(f, φj) + v (I1−α

a+ φj)(b
−)
]
dt+ (y0μ, φj(0)). (81)

Using (79), we can pass to the limit in (81). We then obtain

T∫
0

[
− (z, φ′j) + a(t; z, φj)

]
dt =

T∫
0

[
(f, φj) + v (I1−α

a+ φj)(b
−)
]
dt+ (y0, φj(0)). (82)

Equation (82) is true for any φ satisfying (80). Therefore we may take φ ∈ Cc(0, T ) and hence (82) gives

d

dt
(z(t), wj) + a(t; z(t), wj) = (f(t), wj) + v (I1−α

a+ wj)(b
−). (83)

But in (83) j is arbitrary and since finite linear combination of wj are dense in V0,we deduce

dz

dt
+A(t)z = f + v (I1−α

a+ wj)(b
−). (84)

Therefore,

dz

dt
= f + v (I1−α

a+ φj)(b
−)−A(t)z ∈ L2(0, T ;V ∗

0 ) and hence z ∈ W0(0, T ). (85)

This allow us to integrate by part in t. Thus, taking into account (84) we obtain

(z(0), wj)φ(0) = (y0, wj)φ(0) ∀j,∀φ. (86)

That is (z(0), wj)φ(0) = (y0, wj)φ(0) ∀j and thus z(0) = y0. Hence z is solution and therefore z = y is
a solution. We may then replace (79) by

ym ⇀ y weakly in L2(0, T ;V0). (87)

The estimate (78) give us

‖y‖2L2(0,T ;V0)
≤ C

(
‖y0‖2L2(a,b) +

T∫
0

‖f(t)‖2V ∗
0
dt+

T∫
0

v2dt
)
. (88)

Moreover, since dz
dt = f + v (I1−α

a+ φj)(b
−)−A(t)z, we have using (88)

∥∥∥dy
dt

∥∥∥2
L2(0,T ;V ∗

0 )
≤ C ′

(
‖y0‖2L2(a,b) +

T∫
0

‖f(t)‖2V ∗
0
dt+

T∫
0

v2dt
)
. (89)

From now on, we use C(X) to denote a positive constant whose value varies from a line to another but
depends on X .
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3.2. Optimal boundary control of fractional diffusion Sturm-Liouville equations

We are concerned with the optimal control problem:

min
v∈Uad

J(y, v), (90)

where

J(v) =
1

2

T∫
0

b∫
a

(y(v)− yd)
2 dxdt+

γ

2

T∫
0

v2dt, (91)

y = y(v) ∈ L2(0, T ;V0) satisfies (59), yd ∈ L2(0, T ;L2(a, b)), γ > 0 and Uad is closed convex subset of
R+ × R.

Theorem 3.4. There exists a unique solution u ∈ Uad of the optimal control problem (90).

Proof. We have J(y(v), v) ≥ 0 for all v ∈ Uad. So, let {vn} ⊂ Uad be a minimizing sequence such
that

lim
n→+∞

J(y(vn), vn) = min
v∈Uad

J(y(v), v).

Then there exists C > 0 independent of n such that

‖vn‖L2(0,T ) ≤ C. (92)

Observing that the control vn is associated to the state yn ∈ V0 solution of⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂tyn +Dα
b− β D

α
a+yn + q yn = f in (a, b)× (0, T ),

I1−α
a+ yn(a

+) = 0 in (0, T ),

β(b)Dα
a+yn(b

−) = vn in (0, T ),

yn(0) = y0 in (a, b),

(93)

it follows from (88) that there exists C = C(β0, ‖f‖L2(a,b), ‖q‖∞) > 0, such that

‖yn‖L2(0,T ;Hα
a+

(a,b)) ≤ C. (94)

From (92), (94),the fact that Uad is a closed convex subset of R×R+ and Lemma 2.9, we have that there
exists u ∈ Uad and y ∈ L2(0, T ;Hα

a+(a, b)) such that

vn → u in Uad, (95a)

yn ⇀ y weakly in L2(0, T ;Hα
a+(a, b)), (95b)

yn ⇀ y weakly in L2(0, T ;L2(a, b)), (95c)

D
α
a+yn ⇀ D

α
a+y weakly in L2(0, T ;L2(a, b)), (95d)

I1−α
a+ yn ⇀ I1−α

a+ y weakly in L2(0, T ;L2(a, b)), (95e)

I1−α
a+ yn ⇀I1−α

a+ y weakly in H1(0, T ;L2(a, b)), (95f)

I1−α
a+ yn → I1−α

a+ y strongly in C(0, T ; [a, b]). (95g)
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From (93)1,

‖Dα
b− β D

α
a+yn‖L2(0,T ;L2(a,b)) ≤ ‖q‖∞‖yn‖L2(0,T ;L2(a,b)) + ‖f‖L2(0,T ;L2(a,b))

+ ‖∂ty‖L2(0,T ;L2(a,b))

≤ C(β0, ‖f‖L2(0,T ;L2(a,b)), ‖q‖∞, ‖y0‖L2(a,b))

+ ‖f‖L2(0,T ;L2(a,b))

≤ C(β0, ‖f‖L2(a,b), ‖q‖∞, ‖y0‖L2(a,b)),

because of (94) and (21a). Hence there exists θ ∈ L2(0, T ;L2(a, b)) such that

Dα
b− (β Dα

a+yn)⇀ θ weakly in L2(0, T ;L2(a, b)). (96)

Actually θ = Dα
b− (β Dα

a+y). Indeed, let φ ∈ C1
c (0, T ; (a, b)). Then φ, φ′ ∈ L2(0, T ;L2(a, b)) and it

follows from Lemma 2.1 that

I1−α
a+ φ ∈ L2(0, T ;L2(a, b)) and Dα

a+φ = I1−α
a+ φ′ ∈ L2(0, T ;L2(a, b)).

Hence,
d

dt
I1−α
a+ φ = D

α
a+φ ∈ L2(0, T ;L2(a, b)) because φ ∈ C1

c (0, T ; (a, b)) and

D
α
a+φ =

(t− a)−α

Γ(1− α)
φ(a) +Dα

a+φ(t) = Dα
a+φ.

Consequently, I1−α
a+ φ ∈ H1(0, T ;L2(a, b)) which is compactly imbedded in C((0, T ); [a, b]).

So, if we take φ ∈ C1
c (0, T ; (a, b)) such that I1−α

a+ φ(a+) = I1−α
a+ φ(b−) = 0 and use (18), we have that

T∫
0

b∫
a

Dα
b−(βD

α
a+yn)φdxdt =

T∫
0

b∫
a

(βDα
a+yn)(D

α
a+φ)dxdt.

Passing to the limit in this latter identity while using (95d), we obtain that

T∫
0

b∫
a

Dα
b−(βD

α
a+yn)φdxdt →

T∫
0

b∫
a

(βDα
a+y)(D

α
a+φ)dxdt

which after an integration by parts gives

T∫
0

b∫
a

Dα
b−(βD

α
a+yn)φdxdt →

T∫
0

b∫
a

Dα
b−(βD

α
a+y)φdxdt;

and from the uniqueness of the limit, (96) yields

Dα
b− (β Dα

a+yn)⇀ Dα
b−(βD

α
a+y) weakly in L2(0, T ;L2(a, b)). (97)

From lemma 3.4, we have that y ∈ C([0, T ];L2(a, b)) and consequently, y(0) and y(T ) exists and belong
to L2(a, b). We have for all φ ∈ C∞

c ([0, T ];L2(a, b))

T∫
0

b∫
a

∂tynφdxdt = −
T∫

0

b∫
a

yn∂tφdxdt.
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Taking the limits yields

lim
n→∞

T∫
0

b∫
a

∂tynφdxdt = −
T∫

0

b∫
a

y∂tφdxdt,

which after integrate gives

lim
n→∞

T∫
0

b∫
a

∂tynφdxdt =

T∫
0

b∫
a

∂tyφdxdt.

We obtain

∂tyn ⇀ ∂ty weakly in L2(0, T ;L2(a, b)). (98)

Passing to the limit in (93)1 while using (98), (97) and (95c), we deduce that

∂ty +Dα
b− (β Dα

a+y) + qy = f in (a, b)× (0, T ). (99)

Now, if we multiply the first equation in (93) by φ ∈ C1
c (0, T ; (a, b)) such that I1−α

a+ φ(a+) = 0 and
I1−α
a+ φ(b−) �= 0, then integrate by parts over (a, b)× (0, T ) while using (18), we have that

T∫
0

b∫
a

fφdsdt =

T∫
0

b∫
a

(∂tyn +Dα
b−(βD

α
a+yn) + qyn)φdsdt

= −
T∫

0

vnI
1−α
a+ (φ)(b−)dt+

T∫
0

b∫
a

∂tynφdsdt

+

T∫
0

b∫
a

(βDα
a+yn)(D

α
a+φ)dsdt+

T∫
0

b∫
a

qynφdsdt.

Passing to the limit in this latter identity while using (95a), (95c), (95d) and (98), we obtain that

T∫
0

b∫
a

fφdsdt = −
T∫

0

uI1−α
a+ (φ)(b−)dt+

T∫
0

b∫
a

∂tyφdsdt

+

T∫
0

b∫
a

(βDα
a+y)(D

α
a+φ)dsdt+

T∫
0

b∫
a

qyφdsdt,

∀φ ∈ C1
c (0, T ; (a, b)) such that I1−α

a+ φ(a+) = 0

and I1−α
a+ φ(b−) �= 0.

(100)

On the other hand, yn(t) being in V0 which is closed in V , we have that y ∈ V . It then follows from
Lemma 2.3 that I1−α

a+ y and (βDα
a+y) belong to C([0, T ]; [a, b]). So, if we integrate by parts the first integral

in the right side of (100) , we get
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T∫
0

b∫
a

fφdsdt =

T∫
0

(
(βDα

a+y)(b
−)− u

)
I1−α
a+ (φ)(b−)dt+

T∫
0

b∫
a

∂tyφdsdt

+

T∫
0

b∫
a

Dα
b−(βD

α
a+y)φdsdt+

T∫
0

b∫
a

qyφdsdt

∀φ ∈ C1
c (0, T ; (a, b)) such that I1−α

a+ φ(a+) = 0

and I1−α
a+ φ(b−) �= 0,

which in view of (99) gives

0 =
(
(βDα

a+y)(b
−)− u

)
I1−α
a+ (φ)(b−) ∀φ ∈ C1

c (0, T (a, b))

such that I1−α
a+ φ(a+) = 0 and I1−α

a+ φ(b−) �= 0.
(101)

Hence, we deduce from (101) that

(βDα
a+y)(b

−, t) = u. (102)

and From (95g) and (93)2, we have that

I1−α
a+ y(a+, t) = 0. (103)

If we multiply the first equation in (93) by φ ∈ C1([0, T ]; (a, b)) such that I1−α
a+ φ(a+) = I1−α

a+ φ(b−) = 0

and φ(T ) = 0, then integrate by parts over (a, b)× (0, T ) while using (18), we have that

T∫
0

b∫
a

fφdsdt =

T∫
0

b∫
a

(∂tyn +Dα
b−(βD

α
a+yn) + qyn)φdsdt

= −
b∫

a

yn(0)φ(0)ds−
T∫

0

b∫
a

yn∂tφdsdt

+

T∫
0

b∫
a

(βDα
a+yn)(D

α
a+φ)dsdt+

T∫
0

b∫
a

qynφdsdt.

Passing to the limits in this later identity, we get

T∫
0

b∫
a

fφdsdt = −
b∫

a

y0φ(0)ds−
T∫

0

b∫
a

y∂tφdsdt

+

T∫
0

b∫
a

(βDα
a+y)(D

α
a+φ)dsdt+

T∫
0

b∫
a

qyφdsdt

∀φ ∈ C1([0, T ]; (a, b)) such that φ(T ) = 0

and I1−α
a+ φ(a+) = I1−α

a+ φ(b−) = 0.
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By integrate the right hand side of this later identity, we obtain

T∫
0

b∫
a

fφdsdt = −
b∫

a

y0φ(0)ds+

b∫
a

y(0)φ(0)ds

+

T∫
0

b∫
a

(∂ty +Dα
b−(βD

α
a+y) + qy)φdsdt

∀φ ∈ C1([0, T ]; (a, b)) such that φ(T ) = 0

and I1−α
a+ φ(a+) = I1−α

a+ φ(b−) = 0,

which in view of (99) gives

0 =

b∫
a

[y(0)− y0]φ(0)ds

∀φ ∈ C1([0, T ]; (a, b)) such that φ(T ) = 0

and I1−α
a+ φ(a+) = I1−α

a+ φ(b−) = 0.

Thus, we deduce

y(0) = y0. (104)

Hence, (99), (102), (103) and (104) allow us to say that (u, y) ∈ L2(0, T )×W0(0, T ) is solution of (59).
It follows from the semi continuity of the functional J that

J(u) ≤ lim inf
v∈Uad

J(vn) = min
v∈Uad

J(v).

This means that

J(u) = min
v∈Uad

J(v).

The uniqueness of the optimal u follows from the strict convexity of J .

We proceed now with sufficient optimality conditions.

Theorem 3.5. Let u be a solution of (90). Then there exists p ∈ L2(0, T ;V ) such that (u, y = y(u), p)

satisfies⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂ty +Dα
b− βD

α
a+y + q y = f in (a, b)× (0, T ),

I1−α
a+ y(a+, t) = 0 in (0, T ),

β(b)Dα
a+y(b

−, t) = u in (0, T ),

y(x, 0) = y0 in (a, b),

(105)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−∂tp+Dα
b− β D

α
a+p+ q p = y(u)− yd in (a, b)× (0, T ),

I1−α
a+ p(a+) = 0 in (0, T ),

β(b)Dα
a+p(b

−) = 0 in (0, T ),

p(T ) = 0 in (a, b),

(106)

and
T∫

0

[
γu+ (I1−α

a+ p)(b−)
]
vdt ≥ 0 ∀v ∈ Uad. (107)
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Proof. Relation (99), (102) and (103) give (105). To prove (106) and (107), we take directional
derivative with respect to u in the direction v. We have

lim
λ→0

J(u+ λv)− J(u)

λ
≥ 0 ∀v ∈ Uad,

which after a short calculation gives

T∫
0

b∫
a

z(y(u)− yd)dxdt+ γ

T∫
0

u. vdt ≥ 0 ∀v ∈ Uad, (108)

where z is solution of⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂tz +Dα
b− β D

α
a+z + q z = 0 in (a, b)× (0, T ),

I1−α
a+ z(a+) = 0 in (0, T ),

β(b)Dα
a+z(b

−) = v in (0, T ),

z(0) = 0 in (a, b).

(109)

To interpret (108), we consider the adjoint state equation:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−∂tp+Dα
b− β D

α
a+p+ q p = y(u)− yd in (a, b)× (0, T ),

I1−α
a+ p(a+) = 0 in (0, T ),

β(b)Dα
a+p(b

−) = 0 in (0, T ),

p(T ) = 0 in (a, b).

(110)

Since y(u) − yd ∈ L2(0, T ;L2(a, b)), applying lemma 3.3, we deduce that problem (110) has a unique
solution in W (0, T ). It then follows from (108) that

T∫
0

[
γu+ (I1−α

a+ p)(b−)
]
vdt ≥ 0 ∀v ∈ Uad.

4. Optimal boundary control for a parabolic fractional Sturm-Liouville problem on a star graph

4.1. Existence results of boundary value fractional diffusion Sturm-Liouville equations

We now consider fractional Sturm-Liouville problems on a general star graph.

∂ty
i +Dα

b−i
(βi

D
α
a+y

i) + qiyi = f i, in (a, bi)× (0, T ), i = 1, . . . , n,

I1−α
a+ yi(a+) = I1−α

a+ yj(a+) in (0, T ), i �= j = 1, . . . , n,∑n
i=1 β

i(a)Dα
a+y

i(a+) = 0, in (0, T ),

I1−α
a+ y1(b−1 ) = 0, in (0, T ),

I1−α
a+ yi(b−i ) = ui, in (0, T ), i = 2, . . . ,m

βi(bi)D
α
a+y

i(b−i ) = vi, in (0, T ), i = m+ 1, . . . , n,

yi(0) = y0,i, in (a, bi), i = 1, . . . , n.

(111)

We denote Hα := Πn
i=1H

α
a+(a, bi) and by Vi, i = 1, . . . , n the set

Vi = {yi ∈ Hα
a+(a, bi), Dα

b−(β
i
D

α
a+y

i) ∈ H1−α
b− (a, bi)}. (112)
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If we multiply (111) by a function φ = (φi)i=1,...,n ∈
n∏

i=1

Vi and integrate by parts over (a, bi), using (18),

we have

n∑
i=1

bi∫
a

f i(s)φi(s)ds =
n∑

i=1

bi∫
a

(
βi(s)Dα

a+y
i(s)Dα

a+φ
i(s) + qi(s)yi(s)φi(s)

)
ds

+
n∑

i=1

bi∫
a

∂ty
i(s)φi(s)ds−

n∑
i=1

(
βi(bi)D

α
a+y

i(b−i )I
1−α
a+ φi(b−i )

)

+
n∑

i=1

(
βi(a)Dα

a+y
i(a+)I1−α

a+ φi(a+)
)
,

(113)

which if we assume that φ verifies the nodal conditions gives,

n∑
i=1

bi∫
a

(
∂ty

i(s)φi(s) + βi(s)Dα
a+y

i(s)Dα
a+φ

i(s) + qi(s)yi(s)φi(s)
)
ds =

n∑
i=m+1

vi I
1−α
a+ φi(b−i ) +

n∑
i=1

bi∫
a

f i(s)φi(s)ds.

(114)

We define our operator A as

(Ay)i=1,...,n =
(
∂ty

i +Dα
b−(β

i
D

α
a+y

i) + qiyi
)
i=1,...,n

(115)

and

D(A) =

{
(yi)i ∈

n∏
i=1

Vi,

n∑
i=1

βi(a)Dα
a+y

i(a+) = 0 ,

I1−α
a+ yi(a+) = I1−α

a+ yj(a+), i �= j, i, j = 1, . . . , n,

I1−α
b−i

yi(b−i ) = 0, i = 1, . . . ,m

βi(bi)D
α
a+y

i(b−i ) = 0, i = m+ 1, . . . , n
}
.

(116)

For the weak formulation, we define the space V by

V =
{
φ ∈∏n

i=1 Vi : I
1−α
a+ φi(a+) = I1−α

a+ φj(a+), i �= j = 1, . . . , n,

I1−α
b+i

φi(b−i ) = 0, i = 1, . . . ,m
}
.

(117)

Endowed with the norm

‖φ‖2
V
:=

n∑
i=1

‖φi‖2Hα
a+

(a,bi)
, (118)

the space V is an Hilbert space. We thus obtain for y ∈ D(A)

n∑
i=1

bi∫
a

Ay(x)φ(x)dx =
n∑

i=1

bi∫
a

∂ty(x)dx+
n∑

i=1

bi∫
a

βi(x)Dα
a+y

i(x)Dα
a+φ

i(x)dx

+
n∑

i=1

bi∫
a

qi(x)yi(x)φi(x)dx, ∀φ ∈ V.
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Corollary 4.1. The Hilbert space V is separable as a subset of separable space Hα
a+ × · · · ×Hα

a+ .

From now on, we set H :=
∏n

i=1 L
2(a, bi) and we endow H with the norm

‖f‖2H =
n∑

i=1

‖f i‖2L2(a,bi)
, ∀f = (fi) ∈ H. (119)

Theorem 4.1. Let qi ∈ L∞(a, bi), i = 1, . . . , n and βi ∈ C([a, bi]), i = 1, . . . , n be such that βi > βi
0 >

0 and qi ≥ qi0 > 0. Then there exists a unique weak solution y ∈ C([0, T ];V) ∩H1(0, T ;V) solution of
the problem (111).

Proof. In order to treat (111) in the framework of Galerkin approximation while using the Lax-Milgram
Lemma, we need to shift the non-homogeneous Dirichlet data to the state equation and Neumann-data.
To this end, we define functions

wi(x, t) :=

{
ui

(x−a)ν

(bi−a)ν−α+1

Γ(ν−α+2)
Γ(ν+1) , i = 1, . . . ,m, ν > 2α+1

2

0 i = m+ 1, . . . , n.
(120)

Then,

I1−α
a wi(a+, t) = 0, I1−α

a wi(b−i , t) = ui, i = 1, . . . ,m, (121)

D
α
a+w

i(x, t) =
d

dx
I1−α
a+ wi(x, t) = ui

ν − α + 1

(bi − a)ν−α+1
(x− a)ν−α,

D
α
a+w

i(a+, t) = 0, ν >
2α + 1

2
, i = 1, . . . ,m

∂tw
i(x, t) +Dα

b−i
(βi

D
α
a+w

i)(x, t) + qi(x)wi(x, t) =: uigi(x, t) =

ui
ν − α + 1

(bi − a)ν−α+1

(
Dα

b−i
(β(·)(· − a)ν−α(x) + qi(x)(x− a)ν

Γ(ν − α + 1)

Γ(ν + 1)

)
i = 1, . . . ,m.

Remark 3. Note that we have ∂twi+Dα
b−i
(βi

D
α
a+w

i)+qi(x)wi ∈ L2(0, T ; (a, bi)), i = 1, · · · , n. Indeed,

1) ∂twi ∈ L2(0, T ; (a, bi)) and qiwi ∈ L2(0, T ; (a, bi)) because wi ∈ L2(0, T ; (a, bi)) and qi ∈
C([a, bi]).

2) Set hi(x) = βi(x)(x − a)ν−α. Then under the assumptions on βi we have that h′i ∈ L2(a, bi).
Therefore, it follows from Lemma 2.1 that I1−α

b−i
h′i ∈ L2(0, T ; (a; bi)). Observing that

Dα
b−i
(βi

D
α
a+w

i)(x) = ui
ν − α + 1

(bi − a)ν−α+1
Dα

b−i
(β(·)(· − a)ν−α(x)

= ui
ν − α + 1

(bi − a)ν−α+1
I1−α
b−i

h′i(x),

we deduce from 1) and 2) that ∂twi +Dα
b−i
(βi

D
α
a+w

i) + qi(x)wi ∈ L2(0, T ; (a, bi)), i = 1, · · · , n.
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We define the new right hand side

F i(x, t;ui) :=

{
f i(x, t)− uigi(x, t) i = 1, . . . ,m

f i(x, t) i = m+ 1, . . . , n
(122)

and decompose the solution y to (111) as

yi(x, t) := wi(x, t) + ŷi(x, t), i = 1, . . . , n. (123)

where now ŷ solves

∂tŷ
i +Dα

b−i
(βi

D
α
a+ ŷ

i) + qiŷi = F i(x, t;ui), in (a, bi)× (0, T ), i = 1, . . . , n,

I1−α
a+ ŷi(a+) = I1−α

a+ ŷj(a+) in (0, T ), i �= j = 1, . . . , n,∑n
i=1 β

i(a)Dα
a+ ŷ

i(a+) = 0, in (0, T ),

I1−α
a+ ŷi(b−i ) = 0, in (0, T ), i = 1, . . . ,m

βi(bi)D
α
a+ ŷ

i(b−i ) = vi, in (0, T ), i = m+ 1, . . . , n,

ŷi(0) = y0,i, in (a, bi), i = 1, . . . , n.

(124)

Now, (124) is a boundary value problem with homogeneous Dirichlet data, where the controls now appear
in the fractional Neumann conditions, only, and in the distributed right hand side. As shown below, these
data are included in the linear form L. For convenience, we replace ŷi by yi. At the end of the proof, we
have to add wi.

For any y, φ ∈ V, we respectively defined on V × V and on V, the bilinear functional π(., .) and the
linear functional L(.) by :

π(y, φ) =
n∑

i=1

bi∫
a

βi(x)Dα
a+y

i(x)Dα
a+φ

i(x)dx +
n∑

i=1

bi∫
a

qi(x)yi(x)φi(x)dx. (125)

L(φ) =
n∑

i=m+1

vi I
1−α
a+ φi(b−i ) +

n∑
i=1

bi∫
a

F i(s;ui)φ
i(s)ds. (126)

The bilinear functional π(., .) is continuous and coercive and the linear functional L(.) continuous. In-
deed, using the Cauchy-Schwarz inequality and the fact that βi ∈ L∞(a, bi) ,q ∈ C([a, bi]) such that
βi > βi

0 > 0 and qi > qi0 > 0, we have

|π(y, φ)| ≤
(

n∑
j=1

‖βj‖∞
)

n∑
i=1

(‖Dα
a+y

i‖L2(a,bi)‖Dα
a+φ

i‖L2(a,bi)

)

+

(
n∑

j=1

‖qj‖∞
)

n∑
i=1

(‖yi‖L2(a,bi)‖φi‖L2(a,bi)

)

≤
n∑

j=1

(‖βj‖∞ + ‖qj‖∞
) n∑

i=1

(‖Dα
a+y

i‖L2(a,bi)‖Dα
a+φ

i‖L2(a,bi)

)

+
n∑

j=1

(‖βj‖∞ + ‖qj‖∞
) n∑

i=1

(‖yi‖L2(a,bi)‖φi‖L2(a,bi)

)

≤
n∑

j=1

(‖βj‖∞ + ‖qj‖∞
) n∑

i=1

(
‖Dα

a+y
i‖2L2(a,bi)

+ ‖yi‖2L2(a,bi)

)1/2
×

(
‖Dα

a+φ
i‖2L2(a,bi)

+ ‖φi‖2L2(a,bi)

)1/2
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≤
n∑

j=1

(‖βj‖∞ + ‖qj‖∞
)( n∑

i=1

‖yi‖2Hα
a+

(a,bi)

)1/2( n∑
i=1

‖φi‖2Hα
a+

(a,bi)

)1/2

≤
n∑

j=1

(‖βj‖∞ + ‖qj‖∞
) ‖y‖V‖φ‖V.

This means that the bilinear form π(., .) is continuous on V× V. The bilinear form π(., .) is coercive on
V because

π(y, y) =
n∑

i=1

bi∫
a

βi(x)|Dα
a+y

i(x)|2dx+
n∑

i=1

bi∫
a

qi(x)|yi(x)|2dx

≥
n∑

i=1

βi
0

bi∫
a

|Dα
a+y

i(x)|2dx+
n∑

i=1

qi0

bi∫
a

|yi(x)|2dx

≥ min

(
min

i

(βi
0),min

i

(qi0)

) n∑
i=1

[
‖Dα

a+y
i‖2L2(a,bi)

+ ‖yi‖2L2(a,bi)

]
≥ min

(
min

i
(βi

0),min
i
(qi0)

) ‖y‖2
V

Since φi ∈ Hα
a+(a, bi) i = 1, . . . , n, we have on the one hand that,

| I1−α
a+ φi(b−i )− I1−α

a+ φi(a+)| =

∣∣∣∣∣∣
bi∫

a

d

ds
I1−α
a+ φi(s)ds

∣∣∣∣∣∣
=

∣∣∣∣∣∣
bi∫

a

D
α
a+φ

i(s)ds

∣∣∣∣∣∣
≤ |bi − a|1/2‖Dα

a+φ
i‖L2(a,bi)

≤ |bi − a|1/2‖φi‖Hα
a+

(a,bi)

≤ |C‖φ‖V,
and on the other hand that, there exists C > such that,

| I1−α
a+ φi(a+)| ≤ ‖|φi‖|Hα

a+
(a,bi)

≤ Ci‖φi‖Hα
a+

(a,bi)

≤ C‖φ‖V,
because of (15). Therefore,

|L(φ)| =

∣∣∣∣∣∣
m∑

i=m+1

vi I
1−α
a+ φi(b−i ) +

n∑
i=1

bi∫
a

F i(s;ui)φ
i(s)ds

∣∣∣∣∣∣
≤

n∑
i=m+1

(|vi|| I1−α
a+ φi(b−i )− I1−α

a+ φi(a+)|+ |vi|| I1−α
a+ φi(a+)|)

+

∣∣∣∣∣∣
n∑

i=1

bi∫
a

F i(s;ui)φ
i(s)ds

∣∣∣∣∣∣
≤ ‖v‖ (C2 + ‖F‖2H

)1/2 ‖φ‖V. (127)
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Equation (124) is therefore equivalent to the following system⎧⎪⎪⎪⎨
⎪⎪⎪⎩

y ∈ C(0, T, [a, bi]) ∩H1(0, T ;V)
n∑

i=1

d

dt
(yi, φ) + π(t; y, φ) = L(φ), ∀φ ∈ V,

yi(0) = y0,i, i = 1, · · · , n.
(128)

For the rest of the proof, we will procede in three steps.

Uniqueness. Let yi1 and yi2 be two solution of equation (124), i = 1, · · · , n. By setting yi = yi1 − yi2, y
i,

i = 1, · · · , n satisfy (124) with F i = 0, y0,i = 0, vi = 0. Taking the scalar product with yi(t) under the
duality between V and V

∗, we get

π(t; y(t), y(t)) +
n∑

i=1

(dyi(t)
dt

, yi(t)
)
= 0. (129)

Since

n∑
i=1

T∫
0

(dyi(t)
dt

, yi(t)
)
dt =

1

2
‖y(T )‖2H ,

equation (68) becomes

π(t; y(t), y(t)) +
1

2
‖y(T )‖2H = 0. (130)

Using the coercivity of the bilinear functional, we have

min

(
min

i

(βi
0),min

i

(qi0)

) T∫
0

‖y(t)‖2
V
dt+

1

2
‖y(T )‖2H ≤ 0, (131)

and thus

y = 0.

Existence. The spaceV is a separable Hilbert space (see corollary 4.1). Therefore there exists a countable
set which is dense in V. We may then find a basis w1, w2, · · · , wm, · · · in V in the following sense:⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

wi ∈ V for all i;

∀m,w1, w2, · · · , wm are linearly independent;

the linear combination
m∑
i=1

φjwj, φj ∈ R are dense in V.

(132)

We then find ym = ym(t) "approximate solution of the problem (124) in the form

ym(t) =
m∑
i=1

gim(t)wi, (133)

where the gim are chosen such that

n∑
i=1

(dyim(t)
dt

, wi
j

)
+ π(t; ym(t), wj) =

n∑
i=m+1

vi I
1−α
a+ wj(b

−
i ) +

n∑
i=1

bi∫
a

F i(s;ui)wjds, (134)
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1 ≤ j ≤ m, and

yim(0) = yi0m =
m∑
i=1

εikmwk,

m∑
k=1

εkmwk → y0,i in L2(a, bi) as m→ ∞, (135)

where

π(t; y(t), wj) =
n∑

i=1

bi∫
a

βi(x)Dα
a+y

i(x)Dα
a+w

i
j(x)dx+

n∑
i=1

bi∫
a

qi(x)yi(x)wi
j(x)dx. (136)

System (134), (135) is a system of m linear differential equations in gim(t) of the form

Wm
dgm
dt

+Am(t)gm = fm, gm(0) = {εim}, (137)

where

Wm =
n∑

i=1

‖(wi
k, w

i
j)‖; Am(t) = ‖π(t;wk, wj)‖,

gm(t) = {gkm(t)}, fm(t) = {
n∑

i=m+1

vi I
1−α
a+ wj(b

−
i ) +

n∑
i=1

bi∫
a

F i(s;ui)wjds}.

Since detWm �= 0, problem (134), (135) admits a unique solution. It remain to show that as m → ∞,
ym → y, y being a solution of (124).

Multiplying equation (134) by gjm(t) and summing over j, we obtain

n∑
i=1

(dyim
dt

, yim

)
+ π(t; ym, ym) =

n∑
i=m+1

vi I
1−α
a+ ym(b

−
i ) +

n∑
i=1

bi∫
a

F i(s;ui)ymds, (138)

that is

1

2

d

dt
‖ym(t)‖2V + π(t; ym, ym) =

n∑
i=m+1

vi I
1−α
a+ ym(b

−
i ) +

n∑
i=1

bi∫
a

F i(s;ui)ymds. (139)

Using equation (127) with a slight modification, the coercivity of π with α = min
(
min

i
(βi

0),min
i
(qi0)

)
and Cauchy Schwarz and Young inequalities, we obtain

‖ym(T )‖2L2(a,b) + 2α

T∫
0

‖ym(t)‖2Vdt

≤ ‖y0m‖2L2(a,b) + 2
n∑

i=m+1

vi I
1−α
a+ ym(b

−
i ) + 2

n∑
i=1

bi∫
a

F i(s;ui)ymds

≤ ‖y0m‖2L2(a,b) + 2‖v‖ (C2 + ‖F‖2H
)1/2 ‖y(t)‖V

From (135) we have ‖y0m‖L2(a,b) ≥ C‖y0‖L2(a,b) and therefore

T∫
0

‖ym(t)‖2V0
dt ≤ C

(
‖y0‖2H(a,b) + ‖F‖2V∗ + ‖v‖2H(0,T )

)
. (140)
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Equation (140) implies that the sequence yim is bounded in L2(0, T ;V) and we may extract a subsequence
yiμ such that

yiμ ⇀ zi weakly in L2(0, T ;V), i = 1, · · · , n. (141)

Let j be fixed but arbitrary and let μ > j. Then (134) is valid with m = μ.

Multiply both sides of (134) by

φ ∈ V, φi(t) ∈ C1[0, T ], φi(T ) = 0, i = 1, · · · , n, (142)

and integrate over (0, T ) while setting φij = φi(t)wi
j , we have

−
n∑

i=1

T∫
0

(yiμ, (φ
i
j)

′)dt+

T∫
0

π(t; yμ, φj)dt =
n∑

i=m+1

T∫
0

vi I
1−α
a+ ym(b

−
i )dt

+
n∑

i=1

T∫
0

bi∫
a

F i(s;ui)ymdsdt+
n∑

i=1

(y0,iμ , φ
i
j(0)). (143)

Using (141), we can pass to the limit in (143). We then obtain

−
n∑

i=1

T∫
0

(zi, (φij)
′)dt+

T∫
0

π(t; z, φj)dt =
n∑

i=m+1

T∫
0

vi I
1−α
a+ φij(b

−
i )dt

+
n∑

i=1

T∫
0

bi∫
a

F i(s;ui)φ
i
jdsdt+

n∑
i=1

(y0,i, φij(0)). (144)

Equation (144) is true for any φ satisfying (142). Therefore we may take φi ∈ Cc(0, T ), i = 1, · · · , n
and hence (144) gives

n∑
i=1

d

dt
(zi(t), wi

j) + π(t; z(t), wj) =
n∑

i=m+1

vi I
1−α
a+ wi

j(b
−
i ) +

n∑
i=1

bi∫
a

F i(s;ui)w
i
jds. (145)

But in (145) j is arbitrary and since finite linear combination of wj are dense in V,we deduce

n∑
i=1

dzi

dt
+Az =

n∑
i=1

F i(s;ui) +
n∑

i=m+1

vi I
1−α
a+ wi

j(b
−
i ), i = 1, · · · , n. (146)

Therefore,

n∑
i=1

dzi

dt
=

n∑
i=1

F i(s;ui) +
n∑

i=m+1

vi I
1−α
a+ wi

j(b
−
i )−A(t)z ∈ L2(0, T ;V∗), (147)

and hence

zi ∈ C(0, T ; [a, bi]) ∩H1(0, T ;V). (148)
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This allow us to integrate by part in t. Thus, taking into account (146) we obtain
n∑

i=1

(zi(0), wi
j)φ

i(0) =
n∑

i=1

(y0,i, wi
j)φ

i(0) ∀j,∀φi, i = 1, · · · , n. (149)

That is (zi(0), wi
j)φ(0) = (y0,i, wj)φ(0) ∀j and thus zi(0) = y0,i, i = 1, · · · , n. Hence zi is solution and

therefore zi = yi, i = 1, · · · , n is a solution. We may then replace (141) by

yim ⇀ yi weakly in L2(0, T ;V), i = 1, · · · , n. (150)

The estimate (140) give us

‖y‖2L2(0,T ;V) ≤ C
(
‖y0‖2H(a,b) + ‖F‖2

V∗ + ‖v‖2H(0,T )

)
. (151)

Moreover, since
n∑

i=1

dzi

dt
=

n∑
i=1

F i(s;ui) +
n∑

i=m+1

vi I
1−α
a+ wi

j(b
−
i )−A(t)z,

we have using (151)∥∥∥dy
dt

∥∥∥2
L2(0,T ;V∗)

≤ C ′
(
‖y0‖2H(a,b) + ‖F‖2

V∗ + ‖v‖2H(0,T )

)
. (152)

Corollary 4.2. Let f i ∈ L2(0, T ;H), y0,i ∈ H , qi ∈ L∞(a, bi), i = 1, . . . , n and βi ∈ C([a, bi]), i =
1, . . . , n be such that βi > βi

0 > 0 and qi ≥ qi0 > 0. Then there exists a unique weak solution y ∈
L2(0, T ;V) ∩H1(0, T,V) solution of the following problem

∂ty
i +Dα

b−i
(βi

D
α
a+y

i) + qiyi = f i, in (a, bi)× (0, T ), i = 1, . . . , n,

I1−α
a+ yi(a+) = I1−α

a+ yj(a+) in (0, T ), i �= j = 1, . . . , n,∑n
i=1 β

i(a)Dα
a+y

i(a+) = 0, in (0, T ),

I1−α
a+ yi(b−i ) = 0, in (0, T ), i = 1, . . . ,m

βi(bi)D
α
a+y

i(b−i ) = 0, in (0, T ), i = m+ 1, . . . , n,

yi(0) = 0, in (a, bi), i = 1, . . . , n.

(153)

Proof. The proof follows immediatly from the above theorem.

Lemma 4.1. Let hi ∈ L2(0, T ;H), y0,i ∈ H , qi ∈ L∞(a, bi), i = 1, . . . , n and βi ∈ C([a, bi]), i =
1, . . . , n be such that βi > βi

0 > 0 and qi ≥ qi0 > 0. Then there exists a unique weak solution φ ∈
L2(0, T ;V) ∩H1(0, T,V) solution of the following adjoint problem

−∂tφi +Dα
b−i
(βi

D
α
a+φ

i) + qiφi = hi, in (a, bi)× (0, T ), i = 1, . . . , n,

I1−α
a+ φi(a+) = I1−α

a+ φj(a+) in (0, T ), i �= j = 1, . . . , n,∑n
i=1 β

i(a)Dα
a+φ

i(a+) = 0, in (0, T ),

I1−α
a+ φi(b−i ) = 0, in (0, T ), i = 1, . . . ,m

βi(bi)D
α
a+φ

i(b−i ) = 0, in (0, T ), i = m+ 1, . . . , n,

φi(T ) = 0, in (a, bi), i = 1, . . . , n.

(154)

Proof. The proof comes similarly as in lemma 3.3.
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4.2. Optimal boundary control on a star graph

We now go back to the original formulation with inhomogeneous Dirichlet boundary conditions and
rename ui = vi, i = 2, . . . , n. From the index it is then clear that the first m − 1 controls vi are the
Dirichlet controls, while the vi, i = m + 1, . . . , n are the Neumann controls. We now consider the
following optimal control problem:

min
v∈Uad

J (y(v), v), (155)

where

J (y, v) =
1

2

n∑
i=1

T∫
0

bi∫
a

(yi(v)− yid)
2dxdt+

γ

2

n∑
i=2

T∫
0

v2i dt, (156)

y = (yi) satisfies (111), yid ∈ H , γ > 0 and Uad is closed convex of R× R+.

Theorem 4.2. There exists a unique solution u ∈ Uad of the optimal control problem (155).

Proof. Let {vn := vi,n, i = 2, . . . , n} ⊂ Uad be a minimizing sequence such that

lim
k→+∞

J (yn(vn), vn) = min
v∈Uad

J (y(v), v).

Then there exists C > 0 independent of n such that

‖vn‖ ≤ C, (157)

and observing that the control vn is associated to the state yin, i = 2, . . . , n solution of

∂ty
i
n +Dα

b−i
(βi

D
α
a+y

i
n) + qiyin = f i, in (a, bi)× (0, T ), i = 1, . . . , n,

I1−α
a+ yin(a

+) = I1−α
a+ yjn(a

+) in (0, T ), i �= j = 1, . . . , n,∑n
i=1 β

i(a)Dα
a+y

i
n(a

+) = 0, in (0, T ),

I1−α
a+ y1n(b

−
1 ) = 0, in (0, T ),

I1−α
a+ yin(b

−
i ) = vi,n, in (0, T ), i = 2, . . . ,m

βi(bi)D
α
a+y

i
n(b

−
i ) = vi,n, in (0, T ), i = m+ 1, . . . , n,

yin(0) = y0,i, in (a, bi), i = 1, . . . , n.

(158)

It follows from (151) and (152) that

‖yin‖L2(0,T ;V) ≤ C. (159)

and

‖∂tyin‖L2(0,T ;V∗) ≤ C. (160)

From (157), (159), (160) and the fact that Uad is a closed convex subset of Rn−1×R+, we have that there
exists u ∈ Uad, y ∈ L2(0, T ;V) and η = ∂ty ∈ L2(0, T ;V∗) such that

vn → u in Uad, , (161)

yn ⇀ y weakly in L2(0, T ;V), (162)

∂tyn ⇀ ∂ty weakly in L2(0, T ;V∗). (163)
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Using standard argument, (161),(162), (163) and (158), we prove that the control u is associate to y,
solution of (111) with v = u. It then follows from the semi continuity of the functional J that

J (y(u), u) ≤ 1

2

n∑
i=1

T∫
0

bi∫
a

(yi(u)− yid)
2dx dt+

γ

2

n∑
i=2

T∫
0

u2dt ≤ lim inf
v∈Uad

J (vn) = min
v∈Uad

J (v).

This means that

min
v∈Uad

J (y(v), v) = J (y(u), u).

The uniqueness of the control optimal u follows from the strict convexity of J .

The following theorem gives the sufficient optimality conditions.

Theorem 4.3. Let u ∈ Uad be the optimal control solution of problem (155). Then there exists p ∈ V

such that (u, y=y(u), p) satisfies

∂ty
i +Dα

b−i
(βi

D
α
a+y

i) + qiyi = f i, in (a, bi)× (0, T ), i = 1, . . . , n,

I1−α
a+ yi(a+) = I1−α

a+ yj(a+) in (0, T ), i �= j = 1, . . . , n,∑n
i=1 β

i(a)Dα
a+y

i(a+) = 0, in (0, T ),

I1−α
a+ y1(b−1 ) = 0, in (0, T ),

I1−α
a+ yi(b−i ) = ui, in (0, T ), i = 2, . . . ,m

βi(bi)D
α
a+y

i(b−i ) = ui, in (0, T ), i = m+ 1, . . . , n,

yi(0) = y0,i, in (a, bi), i = 1, . . . , n.

(164)

−∂tpi +Dα
b−i
(βi

D
α
a+p

i) + qipi =
∑n

i=1(y
i − yid), in (a, bi)× (0, T ), i = 1, . . . , n,

I1−α
a+ pi(a+) = I1−α

a+ pj(a+), in (0, T ), i �= j = 1, . . . , n,∑n
i=1 β

i(a)Dα
a+p

i(a+) = 0, in (0, T ),

I1−α
a+ pi(b−i ) = 0, in (0, T ) i = 1, . . . ,m,

βi(bi)D
α
a+p

i(b−i ) = 0, in (0, T ) i = m+ 1, . . . , n,

pi(T ) = 0, in (a, bi), i = 1, . . . , n.

(165)

and

m∑
i=2

T∫
0

[
γui − (βi

D
α
a+p

i)(b−i )
]
vidt ≥ 0 ∀v ∈ Uad. (166)

n∑
i=m+1

T∫
0

[
γui + (I1−α

a+ pi)(b−i )
]
vidt ≥ 0 ∀v ∈ Uad. (167)

Proof. Equation (164) comes directly from the previous theorem. To prove (165) and (166), we take
directional derivative with respect to u in the direction v. We have

lim
λ→0

J (y, u+ λv)− J (y, u)

λ
≥ 0 ∀v ∈ Uad (168)
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which after a short calculation gives

n∑
i=1

T∫
0

bi∫
a

zi(yi(u)− yid)dxdt+ γ

n∑
i=1

T∫
0

uividt ≥ 0 ∀v ∈ Uad, (169)

where zi is solmution of

∂tz
i +Dα

b−i
(βi

D
α
a+z

i) + qizi = 0, in (a, bi)× (0, T ), i = 1, . . . , n,

I1−α
a+ zi(a+) = I1−α

a+ zj(a+) in (0, T ), i �= j = 1, . . . , n,∑n
i=1 β

i(a)Dα
a+z

i(a+) = 0, in (0, T ),

I1−α
a+ z1(b−1 ) = 0, in (0, T ),

I1−α
a+ zi(b−i ) = vi, in (0, T ), i = 2, . . . ,m

βi(bi)D
α
a+z

i(b−i ) = vi, in (0, T ), i = m+ 1, . . . , n,

zi(0) = 0, in (a, bi), i = 1, . . . , n.

(170)

Let p be regular function, multipying the first equation in (170) by p and integrating by part over (a, bi)×
(0, T ), we get after some interpretation

n∑
i=m+1

T∫
0

viI
1−α
a+ pi(b−i )dt−

m∑
i=2

T∫
0

viβ
i(bi)D

α
a+p

i(b−i )dt =
n∑

i=1

T∫
0

bi∫
a

zi(yi − yid)dxdt (171)

and the adjoint state equation

−∂tpi +Dα
b−i
(βi

D
α
a+p

i) + qipi =
∑n

i=1(y
i − yid), in (a, bi)× (0, T ), i = 1, . . . , n,

I1−α
a+ pi(a+) = I1−α

a+ pj(a+), in (0, T ), i �= j = 1, . . . , n,∑n
i=1 β

i(a)Dα
a+p

i(a+) = 0, in (0, T ),

I1−α
a+ pi(b−i ) = 0, in (0, T ) i = 1, . . . ,m,

βi(bi)D
α
a+p

i(b−i ) = 0, in (0, T ) i = m+ 1, . . . , n,

pi(T ) = 0, in (a, bi), i = 1, . . . , n.

(172)

Since
n∑

i=1

(yi − yid) ∈ L2(0, T ;H), equation (172) has a unique solution according to lemma 4.1. Con-

bining (169) and (171) we obtain

n∑
i=m+1

T∫
0

viI
1−α
a+ pi(b−i )dt−

m∑
i=2

T∫
0

viβ
i(bi)D

α
a+p

i(b−i )dt+ γ
n∑

i=1

T∫
0

uividt ≥ 0 ∀v ∈ Uad, (173)

that is

m∑
i=2

T∫
0

[
γui − (βi

D
α
a+p

i)(b−i )
]
vidt ≥ 0 ∀v ∈ Uad, (174)

n∑
i=m+1

T∫
0

[
γui + (I1−α

a+ pi)(b−i )
]
vidt ≥ 0 ∀v ∈ Uad. (175)
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5. conclusion

We investigated an optimal control of fractional diffusion Sturm-Liouville problem on a star graph
where Sturm-Liouville operator is obtained as a composition of a right fractional Caputo derivative and
a left fractional Riemann-Liouville derivative. The same results can be obtained if we consider a compo-
sition of a right fractional and a left fractional Riemann-Liouville derivative or a composition of a right
fractional and a left fractional Caputo derivative. It suffices for that to well defined the domain of the
operator.
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