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ABSTRACT. We study in this article the blow-up of the solution of the generalized Tricomi equation in the presence of
two mixed nonlinearities, namely we consider

(Tr) uge — 2™ Au = ug|P + u|?,  inRY x [0, 00),

with small initial data, where m > 0.

For the problem (7'r) with m = 0, which corresponds to the uniform wave speed of propagation, it is known that the
presence of mixed nonlinearities generates a new blow-up region in comparison with the case of a one nonlinearity (|u;|?
or |u|?). We show in the present work that the competition between the two nonlinearities still yields a new blow region
for the Tricomi equation (7'r) with m > 0, and we derive an estimate of the lifespan in terms of the Tricomi parameter
m. As an application of the method developed for the study of the equation (7)) we obtain with a different approach the
same blow-up result as in [18] when we consider only one time-derivative nonlinearity, namely we keep only |u:|? in the
right-hand side of (7).
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1. Introduction

We consider the following semilinear damped wave equation characterized by a speed of propagation
of polynomial type in time, namely the well-known Generalized Tricomi wave equation with mixed
nonlinearities reads as follows:

ug — 2" Au = | P + |ul?,  inRY x [0, 00), (1)
U(:L’,O) :éf(l‘), ut(:E?O) :ég(l‘), 'IERN7 .

where m > 0, N > 1 denotes the space dimension, € > 0 is a sufficiently small parameter describing
the smallness of the initial data, and f, g are positive functions chosen in the energy space with compact

support. Moreover, the functions f and g are supposed to be positive and compactly supported on
Br~n(0,R), R > 0.

Throughout this article, we assume that m > 0, p,q > 1 and ¢ < 13—]:]2 if N > 3.

The study of the Cauchy problem (1.1) has been taking different considerations depending on the
choice of the nonlinear terms. Being not at all exhaustive, we will recall in the following some existing
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works in the literature in this direction. Let us first rewrite the system (1.1) in a more general context.
More precisely, we consider the following family of semilinear wave equations:

f 7 Au = afuf? + bfuf?, inRY x [0, 50), (12)

u(z,0) = ef(z), u(x,0) = eg(x), xRV,
where a and b are two nonnegative constants.

Let (a,b) = (0,1) and m = 0 in (1.2). It is worth mentioning that the obtained system was subject to
several works and the related blow-up phenomenon is more or less well understood and is linked to the
Strauss conjecture. More precisely, this case involves the critical power, qg, which is the positive root of
the quadratic equation (N — 1)¢? — (N + 1)g — 2 = 0, and is given by

N+14++VN2+10N -7
gs = qs(N) :== SN =D

(1.3)

Indeed, if ¢ < gg then no global solution for (1.2) does exist (under some assumptions on the initial
data), and for ¢ > ¢g a global solution exists for small initial data; see e.g. [17, 22, 26, 27].

Now, the case m = 0 and (a,b) = (1,0) is connected with the Glassey conjecture saying that the
critical power pg should be given by

2
= N = 1 _— 1.4
pc = pc(N) + T (1.4)
The critical value pg generates two regions for the power p; one stating the global existence (for p > pg)
and another one for the nonexistence (for p < pg) of a global small data solution; see e.g. [12, 14, 16,

21, 24, 28].

The case m = 0 and a,b # 0 (we may assume that (a,b) = (1, 1)) is characterized by two mixed
nonlinearities. In this case, and having p < pg or ¢ < qg, the blow-up of the solution of (1.2) is
easy. However, compared to a one single nonlinearity, the presence of mixed nonlinearities produces a
supplementary blow-up region. In fact, for p > pg and ¢ > ¢g, the new blow-up frontier is characterized
by the following relationship between p and g:

Ap,q,N) = (¢ =) [(N = 1)p—2] <4 (1.5)
see e.g. [1, 7, 13, 25] for more details.

Now, let us consider m > 0 and (a,b) = (0,1) in (1.2). This case corresponds to the semilinear
generalized Tricomi equation with power nonlinearity which has been widely studied in several works.
In [9, 19], the authors proved the blow-up results for both the subcritical and critical cases. However,
the question of global existence for the system (1.2) with small data in the supercritical case has been
proved only for m = 1 and for dimensions NV = 1, 2; see e.g. [8, 9, 10, 11]. Hence, the critical exponent
for (1.2), that we denote by go (NN, m), should be given by the greatest root of the following quadratic
equation

Qir(q) == ((m+1)N = 1)¢* = (m+ 1)N + 1 — 2m)q — 2(m + 1) = 0. (1.6)
Naturally, for m = 0 we find again the well-known Strauss exponent gs(/N), namely ¢ (N, 0) = gg(N),
where ¢g(N) is given by (1.3).
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For m > 0 and (a,b) = (1,0), the system (1.2) is given by

{ we — 2" A = [uf?,in R x [0,00), (1.7)

u(z,0) = ef(z), u(r,0) =eg(x), z€RY.

Concerning the blow-up results and lifespan estimate of the solution of (1.7), it was proven in [20] that
for p < pe(N(m + 1)) we have the blow-up. To prove this result, the authors used, among other tools,
the integral representation formula in one space dimension. However, this result was recently improved
in [18]. The main tool in the latter work is the construction of adequate test functions using the properties
of Bessel functions. Hence, the new obtained region involves an almost sure candidate for the critical
exponent, that is

2
< pi(N,m) =1 for all N > 2. 1.8
p_pt< m> +(m—|—1)(N—1)—m ora ( )

The authors in [18] conjecture that p;.(N,m) is in fact the critical exponent for the blow-up of the
solution of (1.7). Of course one has to prove a global existence result for (1.7).

We are interested in this article in studying the blow-up result of the solution of (1.1) for m > 0.
First, let us recall that the case m = 0 in (1.1) corresponds in fact to the classical wave equation with
mixed nonlinearities which, compared to the case with one nonlinearity |u:|? or |u|?, for p > pg(N)
or ¢ > qs(NN), generates a new blow-up region, given by (1.5), due to the interaction between the two
mixed nonlinearities. In this work we will examine the influence of the parameter m on the blow-up
result and the lifespan estimate for the Cauchy problem (1.1) for m > 0. Naturally, the emphasis will
be here for the exponents p > py.(N,m) or ¢ > go(N, m). Our target is to give the curve delimiting
the new blow-up region for the Tricomi equation given by (1.1), and to look into its change compared to
(1.5).

The Tricomi equation constitutes somehow a time-dependent wave speed of propagation. As shown
below (see (1.10)), the effect of this Tricomi term is more or less similar to a scale-invariant damping.
For instance, let v(z, 7) = u(x,t) where

thrl
=€) = — (19)
Hence, the solution v(z, 7) verifies the following equation:
Ve — Av+ B 00 = Oyt P10 0[P + K 2 [ul?, in RY x [0, 00), (1.10)
T

where (i, = 5, Kiy = (m + 1) and Cpj = (m + 1)#m~2). Note that the equation (1.10) is
somehow related to the Euler-Darboux-Poisson equation. Moreover, thanks to this transformation, which
implies a kind of similarity with the scale-invariant damping case, we can inherit the methods used in
our previous works [4, 5, 6] to build the proofs of our main results which are related, as a first target, to

the blow-up of the solution of (1.1) and, as a secondary aim, to the blow-up of (1.7).

The article is organized as follows. The beginning of Section 2 is devoted to the setting of the weak
formulation of (1.1) in the energy space. Then, we state the main theorems of our work, and we end
this section by some remarks. To develop the proofs of our results, we prove some technical lemmas in
Section 3. Finally, Sections 4 and 5 are committed to the proofs of Theorems 2.2 and 2.3.
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2. Main Results

In this section, we start by giving a sense to the energy solution of (1.1) which reads as follows:
Definition 2.1. Let f, g € C°(RY). We say that u is an energy solution of (1.1) on [0, T) if
u e C([0,T), H{(RY)) N CH([0, T), L*(RY)),
ue L] ((0,T) x RY) and us € LY ((0,T) x RY),

loc loc

satisfies, for all ® € CS°(RY x [0,T)) and all t € [0, T), the following equation:

/ e, )®(z, t)dz — / wi(z,0)®(z, 0)da

RN

RN
t t
—//ut(x,s)q)t(a:,s)dxds—l—/s2m/Vu(a:,s)-V¢>(a:,s)dxds @.1)

0 RN 0 RN

:/t/{|ut($,s)|p+|u(:1:,s)|q}<I>(:1:,s)d:1:ds.

0 RN

It is clear that the weak formulation corresponding to (1.7) is also given by an analogous identity to
(2.1) with omitting the nonlinear term |u|?.

Now, we state the main results of this article which are related to the blow-up region and the lifespan
estimate of the solutions of (1.1) and (1.7), respectively.

Theorem 2.2. Let p,qg > 1, N > 2 and m > 0 such that

A(p,q, N,m) < 4, (2.2)
where A(p, q, N, m) is defined by

A(p.g, Nom) = (g — 1)[(m + (N = 1)p —m(p—2) — 2], 3
and p > py.(N,m) and q > qc(N, m).

Suppose that f, g € C°(RY) are non-negative functions which are compactly supported on By (0, R),
and do not vanish everywhere.

Let u be an energy solution of (1.1) on [0,T;) (in the sense of (2.1)) such that supp(u) C {(z,t) €
RY x [0,00) : |z| < &(t) + R}. Then, there exists a constant eg = £o(f, g, N, R, p,q,m) > 0 such that
T verifies

T. < 05*747%?&1&171),
where C' is a positive constant independent of € and 0 < ¢ < g.

Theorem 2.3. Let p > 1,N > 1 and m > 0. Assume that the initial data f and g verify the
same hypotheses as in Theorem 2.2. Then, for u an energy solution of (1.7) on [0,T;) which satisfies
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supp(u) C {(x,t) € RV x[0,00) : || < £(t)+ R}, there exists a constant ey = o(f, g, N, R,p,m) > 0
such that T’ verifies for N > 2,

< 08_ 2—((m+1)?1(\rf)—_11))—m)(17—1) fOl" 1< P < ptr(N7 m)7
e =
exp (Ce~ 1) for p = pir(N,m) = 1 + ey
and for N =1,

__2(p—1)
T. < Ce 700 forp > 1,
where C'is a positive constant independent of € and 0 < ¢ < €.

Remark 2.1. It is worth mentioning that the one dimensional case N = 1 is discarded in Theorem 2.2
in view of its inconsistency regarding the necessary assumptions on the exponents p and g as they are
involved in the characterization of the new blow up region described by A. Obviously, the blow-up and
the lifespan of the solutions to (1.1), in the case N = 1, are straightforward consequences of Theorem
2.3.

Remark 2.2. Note that for m = 0 in (1.1), we have A(p,q, N,0) = A(p,q, N), which are respectively
given by (2.3) and (1.5), and this gives rise to the classical wave equation with combined nonlinearities.

Remark 2.3. Let

Po :=pu(N,m)+ 1 =1+ + B,

(m+1)(N—-1)—m
and

4
=1+ — > 1+
= D - D —mm -2 —2

where [(; is a positive constant taken small enough for all : = 1, 2, 3.

(m+DN—1_%’

m+1)N—-1
Consequently, we have gy > go(N,m) for 51 and S5 small enough. Hence, the pair (pg, q) satisfies
(2.2), po > pu(N,m) and qy > qc(N,m). Hence, the hypothesis on p and ¢ in Theorem 2.2 makes

It is easy to see that Q. (1 +1 4 ) > (. Then, for 3; and 35 small enough, we have Q;,(qg) > 0.

sense.

Remark 2.4. We note that, for p > pg(N) and ¢ > gs(IN), the equality in (1.5) yields the global existence
of the solution of (1.2) (with m = 0 and (a,b) = (1,1)) without the intermediate step of “almost
global solution; see [13]. This is in fact related to the presence of mixed nonlinearities. Naturally, it is
interesting to see whether this phenomenon still occurs for the case m > 0, namely when A(p, ¢, N,m) =
4 and for p > py,.(N,m) and ¢ > go(N, m). To complete the whole picture, the global existence in-time
of the solution of (1.1) will be studied in a subsequent work.

Remark 2.5. Note that the one dimensional case (N = 1) for the problem (1.7) exhibits a blow up for
all p > 1. This observation is known for the case of constant speed of propagation (m = 0), and the
corresponding result in Theorem 2.3 constitutes here a generalization for m > 0. On the other hand, for
the case NV = 2, we observe that the critical exponent py,(2, m) does not depend on m and hence 7. does
as well.
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3. Auxiliary results

First, we start by introducing a test function which somehow follows the dynamics of the linear equa-
tion associated with (1.1) and that we will use subsequently to derive the behavior of the solution of (1.1).
More precisely, we have

/ e"“dw for N > 2,
(@, t) = p(t)p(x);  o(x) = q g8 (3.1)
et +e " for N =1,
where ¢(x) is introduced in [26], and p(t) verifies
dch(f) —"p(t) =0, Viz0, 5-2)
The expression of p(t) is given by ([9, 15]):

1 tm+1
t2 K t
o(t) = Ut 1 (m+1> ,  Vit>0,

1

(3.3)
att =0,

Y

where
K,(t) = /exp(—t cosh ) cosh(v()d(, v € R,
0

and
2

(2m + 2)7 ()

am:

Thanks to some properties of the modified Bessel function of second kind K, () near t = 0, we infer
that p(t) satisfies

o (0 () ¥

p(0) = —(2m + 2)miT — 242 (3.4)
r (2m+2)
On the other hand, it is easy to see that ¢(z) satisfies
Ad = ¢. (3.5)
Consequently, the function ¢ (z,t) = ¢(z)p(t) is solution of the following equation:
OXp(z,t) — 2" Arp(x,t) = 0. (3.6)

For a later use, we list here some properties of the function p(t) ([2, 3, 15, 23]):

(i) The functions p(t) and —p/(t) are decreasing on [0, co0) and verify lim;_,  « p(t) = limy—, 400 p/(t) =

0.
(ii) For all ¢ > 1, there exist constants C; and C5 such that the function p(t) verifies
CrH™% exp(=€(t)) < p(t) < Cit™% exp(—€(1)), (€(1) is given by (1.9)), (3.7)
and
Cy 't exp(—£(t)) < |p/(t)] < Cat® exp(—£(t)). (3.8)
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(iii) We have

. P\ _
A () = 39)

Note that the proof of the properties (i) and (ii) can be found in [3], and the one of (iii) is shown in the
appendix (Section 6).

Along this work, we will denote by C' any positive constant which may depend on the data (p, g, m, N,
R, f, g) but not on € and whose value may change from line to line. However, in some occurrences, we
will make precise the dependence of the constant C' on the parameters of the problem.

The following lemma holds true for the function ) (x, t).

Lemma 3.1 ([26]). Let r > 1. There exists a constant C = C(N, R, p,r) > 0 such that

/ (0(@,1)) dz < Cor O +£() T, iz, (3.10)
|z[<E@)+R
We now introduce the following functionals:
Gi(t) == /u(az,t)w(az,t)d:}s, (3.11)
RN
and
Go(t) :== /ut(x,t)w(:p,t)dx. (3.12)
RN

The next two lemmas give the first lower bounds for G (¢) and Gs(t), respectively. More precisely, we
will prove that "G (t) and G (t) are two coercive functions for ¢ large enough.

We recall that the proof of Lemma 3.2 is known in the literature; see [9]. However, in order to make
the presentation complete, we include here all the details about the proof of this lemma. Nevertheless,
Lemma 3.3 constitutes a novelty in this work and its utilization in the proofs of Theorems 2.2 and 2.3 is
crucial.

Lemma 3.2. Let u be an energy solution of the system (1.1) with initial data satisfying the assumptions
in Theorem 2.2. Then, there exists Ty = Ty(m) > 1 such that

Gi(t) > Cg,et™, forallt > Ty, (3.13)

where Cg, is a positive constant which may depend on f, g, N, R and m.

Proof. Lett € (0,T). Using Definition 2.1, performing an integration by parts in space in the fourth
term in the left-hand side of (2.1) and then substituting ®(z, t) by ¢ (z, t), we obtain

/ut(x,t)zp(x,t)dx—g/g(m)¢(m,0)dm

RN RN
¢ (3.14)

_ j / Lz, s)u(z, 5) + $2™ulz, ) Ad(z, s)} dods = / N(s)ds,

0 RN 0
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where

t) = /{|ut(a:,t)|p + |u(z, )|} Y (z, t)dx. (3.15)

Performing integration by parts for the first and third terms in the second line of (3.14) and utilizing (3.1)
and (3.6), we infer that

/ [wr(z, t)(z, ) — u(w, t)ih(z, t)] /N ds +eCn(f, 9), (3.16)
RN 0

where
Culf.9) = [ Talm) (@) + g()] ), (3.17)

RN
with a(m) := —p'(0); and p'(0) is given by (3.4).

It is clear that the constant C,,( f, ¢) is positive thanks to (3.4) and the non negativity of the initial data
which do not vanish everywhere. Hence, using the definition of Gy, as in (3.11), and (3.1), the equation
(3.16) yields

¢
G(t) + I( /N ds+eCn(f,9), (3.18)
0

P = —22® (3.19)

Multiplying (3.18) by 2 [ and integrating over (0, ), we deduce that

Grlt) = Gr(0)(0) + <CulF0)e"(0) [ (3.20)

Thanks to (3.3) and the fact that G1(0) > 0, the estimate (3.20) yields

t

Grl1) = <CulFK?y (€0) [ s Vi >0 321

t/2 2m—+2

where £(t) is given by (1.9).

From (6.4), we have the existence of 7y = Ty(m) > 1 such that

1
EHK2 L (£(1) > %e‘%“) and £(t) KR (E(1) > —e*W, Vi > Ty /2. (3.22)

2m+2 2m+2 ™

Hence, combining (3.22) in (3.21) and using (1.9), we deduce that
Gl(t) > ECCm(f,g)t_m, Vit > To. (323)
This ends the proof of Lemma 3.2. O

Now we are in a position to prove the following lemma.
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Lemma 3.3. Let u be an energy solution of the system (1.1) with initial data fulfilling the assumptions in
Theorem 2.2. Then, there exists Ty = T1(m) > 0 such that

Go(t) > Cg,e, forallt > T, (3.24)

where Cg, is a positive constant depending possibly on f, g, N and m.

Proof. Lett € [0,T) and recall the definitions of G; and G5, given respectively by (3.11) and (3.12),
(3.1) and the identity

G (t) — pp g)) Gi(t) = Galt), (3.25)
then the equation (3.18) gives
, t
Gao(t) — Ipo((tt))Gl(t) - /N(s) ds + & Ch(f, ), (3.26)
0

where N (t) is given by (3.15).

Differentiating the equation (3.26) in time, we get

, p't) <P”(t)ﬂ(t) - (/)/(t))2>

Go(t) — G1(t) — G1(t) = N(t). 3.27
Using (3.2) and (3.25), the equation (3.27) yields

Gh(t) — Z ((Z)) Ga(t) — *"G1(t) = N (). (3.28)
Recall the definition of I'(¢), given by (3.19), we infer that

GYy(t) + %@)Gg(t) = N(t) + 31 (¢) + o (t), (3.29)
where

p(t) ( p(t) )

Ya(t) = — Go(t) — Gi(t) ), 3.30

and
__ 42m _ 1 p/(t) ?

Yo(t) =t <1 3 (tmp(t)> ) G1(1). (3.31)
Now, from (3.9), we deduce the existence of T} = Tl(m) > Ty such that

L =yt _5 -

5 < (i) < 7 Vit>T. (3.32)

Consequently, using (3.26), we deduce that
t
/N(S)ds, Vit>Ty. (3.33)

0

sCm(f, g) tm tm
E > e _
1(t) = I + I
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Furthermore, using Lemma 3.2 and (3.32), we have
So(t) >0, Vit>Ti. (3.34)
Combining (3.29), (3.33) and (3.34), we infer that

()

/
Gh(t) + —

Go(t) > (f’ 9" )+ —/N Vi>Th. (3.35)

At this level, we can ignore the nonnegative nonlinear term N (¢).

Now, multiplying (3.35) by fﬁ/;g(t) and integrating over (77, t), we deduce that

t

- PP | eCulfig) s™ -
>G2(T1)p3/2(T1)+ 1 p3/2(t)/p3T(8>ds, Vit >Ty. (3.36)

Go(t)

T
Now, in order to prove that G»(t) is coercive starting from a relatively large time, we will show in the
following that G(¢) > 0 for all ¢ > 0. For that purpose, we use (3.28) and we easily obtain

G?(t) /_ —1 2m
(p(t>> =p H(t) (P"GL(t) + N (1)), Vi>0. (3.37)

Hence, employing the above identity together with (3.20) and using the fact that the initial data are
nonnegative, we infer that

Go(t) >0, Vt>0. (3.38)
Therefore, using (3.38) and the positivity of p(¢), we deduce that
- p32(¢
G LD 5o i (3.39)
pP2(T1)

Employing (3.39), the estimate (3.36) yields, for all ¢ > Tl,
t

Sm
Ga(t) > Cep2(t) / P (3.40)
T
We rewrite (3.22) as follows:
€KL (€w)> () e HO ad (@) TEC_ () > (%) 5O Wi > /2. (34

Hence, using the definitions of the expression of p(t) and £(t), given respectively by (3.3) and (1.9), we
have

t
Ga(t) > 5C’t_§Tme_%5(t)/ssTmé/(s)e%g(s)ds (3.42)

> cCe 2t /5( )625( Vds, ¥ t > 2T;.

t/2

1. In fact, the conservation of the term N (¢) up to this step is only useful for proving Theorem 2.3 later on. So, we could get rid of it
earlier in the proof without any change.
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Finally, using e2¢(t) > 2¢3¢#/2) v/ ¢ > T} := Ty(m) > 27}, we deduce that

Gz(t) > CS, Vit > Tl. (343)

This concludes the proof of Lemma 3.3. ]

Remark 3.1. Note that the same conclusions as in Lemmas 3.2 and 3.3 can be obtained for any positive
nonlinearity of the form F'(u,w;) instead of |u:|? + |u|?. Indeed, in the proofs of these lemmas we only
used the non negativity of the nonlinearities |u;|? and |u|?. Moreover, the results of Lemmas 3.2 and 3.3
naturally hold true for a one nonlinearity |u;|” or |u|? as it is the case for (1.7).

4. Proof of Theorem 2.2

This section is aimed to detail the proof of the first main blow-up result which is related to the solution
of the Cauchy problem (1.1). To this end, we will make use of the lemmas proven in Section 3 together
with a Kato’s lemma type.

Following the hypotheses in Theorem 2.2, we recall that supp(u) C {(z,t) € RY x [0,00) : |z| <
£(t) + R}. Fort € [0,T), we set

F(t) := /u(a:,t)dx. 4.1)

RN

Recall here the weak formulation (2.1) in which we set a test function ® such that ® = 1 in {(z,s) €
RY x [0,1] : |z| < &(s) + R}?, and we obtain

t

/ wi(z, t)dz — / we(z, 0)dz = / / {ue(z, s)|P + |u(z, $)|7} dz ds. 4.2)

RN RN 0 RN

Using the definition of F'(t), the equation (4.2) yields

Fi(t) = F'(0) + / / (e, )P + Ju(z, 5)[7) de ds. (4.3)

0 RN

Differentiating the above equation in time, we infer that

F'(0) = [ {lue.OP + lu(e. )7} de @)
RN
Integrating (4.4) twice in time over (0, ¢) and using the positivity of £'(0) and F’(0), we deduce that
t s
F(t) > ///{|ut(:1:,7')|p + |u(z, 7))} do dr ds. 4.5)
0 0 RN

2. This choice is possible thanks to the fact that the energy solution u verifies supp(u) C {(z,t) € RN x [0,00) : |z] < £(¢) + R}.
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Thanks to the Holder’s inequality and the estimates (3.10) and (3.24), we have

—(p—1)
w(z, t)|Pde > Gh(t / ( x,t)p_lda:
/ . 1) | [ (e o
> CpP(t)e PWer(g(t))~ "2, Vi > T

From the expression of £(t), given by (1.9), (3.3) and (3.22), we deduce that

p(t)ef® < Ot Vi > Ty/2. (4.7)
Combining (4.6) and (4.7), we get

/ g, 8) [P > CePt~ 22y > T 4.8)

RN
Plugging the above inequality into (4.5), we obtain

Ft) > e~ Sy >y (4.9)

Otherwise, we have

( / u(x,t)da:)qg / ju(i, )| 1d / daz)q_l, (4.10)

RN |z|<E()+R |z|<E(t)+R

which implies that

Fi(t) < O(1 4 t)Nla-Dim+D) / lu(z, t)|%d. (4.11)
|z|<€(t)+R
Gathering (4.4) and (4.11), we deduce that
Fa(t
F'(t) > C () , V> 0. (4.12)

(1 + t)N(@-1)(m+1)
From (4.3) we have F’(t) > 0. Then, multiplying (4.12) by F”(t) and integrating the obtained inequality,
we get

) Fit)
(F <t)) =Ty

+ ((F'(0))* = CF*(0)) , V¢ > 0. (4.13)

Since we consider here small initial data, we can easily see that the last term in the right-hand side of
(4.13) is positive, and more precisely this holds for € small enough. Therefore (4.13) gives

F) F7 (1)

— L Vit>0, (4.14)
Fl+5(t> (1+t)N(q 1;( +1)

for o > 0 small enough.

Integrating the inequality (4.14) on [t1, t], for all to > t; > T}, and using (4.9), we obtain

t2 m —1)(p—2)—mp\ q—
27( +HIV 12)(P 2) P)(q2_175)

1/ 1 1 15 [ (14 35)
— — > C(eh)z ° > Ty (41
) (F(s(tl) F(S(tz)) - C(E ) 2 / (1 N S) N(q—1;(m+1) dS, VtQ >11 = 11 ( 5)

t1
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Neglecting the second term in the left-hand side of (4.15) and using the definition of A(p, ¢, N, m) (given
by (2.3)) yield

to
1 pla—1) _A®aNm) s(o  (m+D)(N-1)(p—=2)—mp
= 2 Co™ p5/(1 pos) (2 : )ds. (4.16)
t1
Thanks to the hypothesis (2.2), we can choose 6 = Jy small enough such that v := —w —
5o (2 — (m+1)(N_12)(p —2)—mp ) > —1. Then, the estimate (4.16) implies that
1 plg—1)
o) >Cez P ((L+t)"™ = (1+8)MY), Ve >t > T (4.17)

From (4.9), we infer that

p(g—1)

e (L) = (14 0)Y) < Cy(1 4 1y) 2

_ (m+1)(N—1)(p—2)—mp)
2

, Viy >ty >T7. (4.18)
Consequently, we have

p(g—1)

T (L4 )t < Cy(1 4 ty) () (4.19)
+€p(q;1) (1 + t1>7+1, Vity >ty >1T7.
Since —w + 1 > 0, then for all € > 0, we choose Tg such that
B S p(g—
Ty = ¢, TP iR (4.20)
Finally, we set ¢; = max(77, TQ) and we plug (4.20) in (4.19) to obtain that
p(g—1)
ty < 27T (1 4+ 1) < Ce™ TGN, 4.21)
The proof of Theorem 2.2 is now complete. O

5. Proof of Theorem 2.3.

The purpose of this section is to give the details on the proof of Theorem 2.3 which is related to the
solution of (1.7). For that aim, we use the computations already obtained in Section 3 . First, we note
that Lemmas 3.2 and 3.3 remain true for the solution of (1.7) instead of (1.1) (see Remark 3.1) since we
only used the non negativity of the nonlinear terms and not their types.

In fact, the result in this section is somehow an application (and does not constitute in any case the main
objective of this work) of the result obtained for problem (1.1) with mixed nonlinearities in Theorem 2.2.
Indeed, we note here that the blow-up result for the system (1.7) is also obtained in [18]; the result there
1s the same as in Theorem 2.3. However, our approach here is totally different. Moreover, we believe
that our method can be used to study the blow-up of the system with generalized Tricomi term. This will
be the subject of a forthcoming work.
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In order to prove the blow-up result for (1.7) we will use the estimate (3.35) (initially proved for (1.1))

with omitting the nonlinear term |u(x, ¢)|9. Hence, the analogous of the estimate (3.35) reads as follows:
3I(¢ eCn(f,g)tm
e ey e e

RN

Gy(t) + Go(t) =

4

t
—i—tz//|Ut($73)|p¢($,8)dxd8, V> Ty

0 RN

(5.1)

Now, we introduce the following functional:

t
H() = ¢ / / e, 5) P, s)ds + S,

Ty RN

where Cy = min(C,,(f, g)/4,8Cq,) (Cq, is defined in Lemma 3.3) and T3 > T} is chosen such that

% — %(;) > (O forall t > Tg (this is possible thanks to (3.19) and (3.9)).

Let
F(t) := Go(t) — H(1),

which verifies

Fo+ 200 = (-5 / [ ke s) ot syasds

Ty RN

5.2)
7 3T(t (
+ = / \u(z, t) [P (x, t)de + Cy [ ™ — A0 £
8 32
> 0, Vt>Ts.
Multiplying (5.2) by p3+2(t) and integrating over (T3, ), we obtain
P -
Ft) 2 F(l) ==, Vi>Ts (5.3)
p32(T3)

where p(t) is defined by (3.3).

- C
Hence, we have F(T3) = Gy(T3) — ?46 > Go(T3) — C,e > 0 thanks to Lemma 3.3 and the fact that

Cy = min(Cp(f, 9)/4,8Cc,) < 8Cq,.
Therefore we deduce that
Ga(t) > H(t), Vit > Ts. (5.4)

On the other hand, using Holder’s inequality and the estimates (3.10) and (3.24), we infer that

—(p-1)

/|ut(x,t)|p¢(x,t)dx > Gy(t) / P(x,t)d (5.5)
RN

2| <€(t)

N=D(p=1)
2 .

> CGh(t)p —(p— 1)(15)6*(17*1)5()(5(15))*
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Thanks to (4.7), we obtain

/ lug(, )P, t)de > CGR(H 2= v > Ty, (5.6)
RN

Using the above estimate and (5.4), we deduce that
H'() > CHP () = v > T (5.7)

Recall that H(T3) = % > (, we easily obtain the upper bound of the lifespan estimate as in Theorem

2.3 which concludes the proof.

6. Appendix

The appendix is aimed to give some light on the property (iii) in Section 3, namely (3.9), of the function
p(t), the solution of (3.2), by showing some elementary results on the behavior of p(t) for ¢ large enough.
Hence, we first rewrite the expression of p(t) as follows:

ant? K o (E(), Yi>0,
t) = ImT2 6.1
p(t) {1, att = 0, (1)
where

K,(z) = /exp(—z cosh ¢) cosh(v()d¢, v € R.
0

Using the fact that
d v
EKV(Z) = —KV+1<Z) + ;KV(Z), (62)

/ Koms (E(2
p) _1_ FaglE®) ))tm, Vit >0, 6.3)

From [3], we have the following property of the function K ,(t):

K, (t) = /%et(l FOE™Y), ast — oco. (6.4)
Combining (6.3) and (6.4), we deduce the property (3.9).

Finally, we refer the reader to [2, 3] for more details about the properties of the function K, ().
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