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ABSTRACT. In this work we establish a general decay rate for a nonlinear viscoelastic wave equation with boundary
dissipation where the relaxation function satisfies g′ (t) ≤ −ξ (t) gp (t) , t ≥ 0, 1 ≤ p ≤ 3

2 . This work generalizes and
improves earlier results in the literature.
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1. Introduction

It is well known that viscoelastic materials have memory effects, which is due to the mechanical re-
sponse influenced by the history of the materials themselves. As these materials have a wide application
in the natural sciences, their dynamics are interesting and of great importance. From the mathematical
point of view, their memory effects are modeled by integrodifferential equations. Hence, questions re-
lated to the behavior of the solutions for the PDE system have attracted considerable attention in recent
years.

For example, Cavalcanti et al [6] considered the following problem

utt −�u+
∫ t

0 g (t− s)� u (s) ds+ a (x)ut + |u|γ u = 0, in Ω× (0,∞)

u (x, t) = 0, x ∈ ∂Ω, t ≥ 0

u (x, 0) = u0 (x) , ut (x, 0) = ut (x) , x ∈ Ω,

(1.1)

where Ω is a bounded domain in R
n (n ≥ 1) with a smooth boundary, γ > 0, and a : Ω → R

+ is a
function, which may be null on a part of Ω. The authors established an exponential decay estimate under
the conditions that a (x) ≥ a0 > 0 on ω ⊂ Ω, with meas ω > 0 and satisfying some geometry conditions
and

−ξ1g (t) ≤ g′ (t) ≤ −ξ2g (t) , t ≥ 0. (1.2)

Berrimi and Messaoudi [2] improved the result [6] by introducing a new function. They proved an
exponential decay result under weaker conditions on both a and g. In fact, they allowed the function a to
vanish on any part of Ω, and consequently, the geometry condition imposed on a part of boundary is no
longer needed. Later, the same authors [3] and Messaoudi [12] extended the result to a situation in which
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a source term is competing with the viscoelastic dissipation. In [7] Cavalcanti and Oquendo considered
the following:

utt − k0 � u (t) +
∫ t

0 g (t− s) div (a (x)∇u (s)) ds+ b (x)h (ut) + f (u) = 0,

u (x, 0) = u0 (x) , ut (x, 0) = u1 (x) ,

u (x, t) = 0,

(1.3)

under some conditions on the relaxation function g, they improved the result of [6]. Indeed, they proved
that the solution of (1.3) decays exponentially to zero when g is decaying exponentially and h is linear
and the solution decays polynomially to zero when g is decaying polynomially and h is nonlinear.

On considering the boundary stabilization, Cavalcanti et al. [5] considered the following problem⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

utt −�u+
∫ t

0
g (t− s)� u (s) ds = 0, in Ω× (0,∞)

∂u

∂ν
− ∫ t

0 g (t− s)
∂u

∂ν
(s) ds+ h (ut) = 0, on Γ1 × (0,∞)

u (x, t) = 0, on Γ0 × (0,∞)

u (x, 0) = u0, ut (x, 0) = u1, x ∈ Ω.

(1.4)

The existence and uniform decay rate results were established under quite restrictive assumptions on
damping term h and the kernel function g. Later, Cavalcanti et al. [8] generalized this result without
imposing a growth condition on h and under a weaker assumption on g. Recently, Messaoudi and
Mustafa [13] exploited some properties of convex functions [1] and the multiplier method to extend
these results. They established an explicit and general decay rate result without imposing any restrictive
growth assumption on the damping term h and greatly weakened the assumption on g. Also, Li et al [10]
have analyzed the global existence and decay estimates for nonlinear viscoelastic wave equation with
boundary dissipation. They established uniform decay rate of the energy under suitable conditions on the
initial data and the relaxation function g. We refer the reader to related works [[7], [9], [11], [15], [18]] .
In the present work, we are concerned with

utt − k0 � u (t) +
∫ t

0 g (t− s) div (a (x)∇u (s)) ds+ b (x)ut = |u|γ−2
u, in Ω× (0,∞)

k0
∂u

∂ν
− ∫ t

0 g (t− s) (a (x)∇u (s)) .νds+ h (ut) = 0, on Γ1 × (0,∞)

u = 0, on Γ0 × (0,∞)

u (x, 0) = u0, ut (x, 0) = u1, x ∈ Ω.

(1.5)

Where k0 > 0 and Ω is a bounded domain in R
n (n ≥ 1) with a smooth boundary, Γ = Γ0 ∪Γ1. Here Γ0

and Γ1 are closed and disjoint with meas(Γ0) > 0, and ν is the unit outward normal to Γ. b : Ω → R
+ is

a function, and

2 < γ ≤ 2n

n− 2
, n ≥ 3, (1.6)

γ > 2, if n = 1, 2.

Our aim in this work is to obtain a more general and explicit energy decay formula, from which the usual
exponential and polynomial decay rates are only special cases of our result. In fact, our decay formulae
extend and improve some results in the literature.
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2. Preliminaries

In this section we prepare some material needed in the proof of our result. According to (1.6) we have
the imbedding: H1

Γ0
↪→ L2(γ+1) (Ω) . Let B > 0 be the optimal constant of Sobolev imbedding which

satisfies the following inequality:

‖u‖2(γ+1) ≤ B ‖∇u‖2 , ∀u ∈ H1
Γ0
, (2.1)

and we use the trace-Sobolev imbedding: H1
Γ0

↪→ Lk (Γ1) , 1 ≤ k < 2(n−1)
n−2 . In this case, the imbedding

constant is denoted by B1, that is

‖u‖k,Γ1 ≤ B1‖∇u‖2. (2.2)

Next, we state the assumptions for problem (1.5) as follows.

(A1) g : R+ → R
+ is a nonincreasing differentiable function such that

g (0) > 0, k0 −
∞∫
0

g (s) ds = l > 0. (2.3)

(A2) There exists a nonincreasing differentiable function ξ : R+ → R+, with ξ (0) > 0, satisfying

g′ (t) ≤ −ξ (t) gp (t) , ∀t ≥ 0, 1 ≤ p <
3

2
. (2.4)

(A3) h : R → R is a nondecreasing function with

h (s) s ≥ α |s|2 , ∀s ∈ R, (2.5)

|h (s)| ≤ β |s| , ∀s ∈ R. (2.6)

(A4) a : Ω → R is a nonnegative functions and a ∈ C1
( _
Ω
)

such that

a (x) ≥ a0 > 0, (2.7)

|∇a (x)|2 ≤ a21 |a (x)| ,
for some positive constant a1.

Remark 2.1. An example of functions satisfying (A1) and (A2), respectively, are

• g (s) = e−as, a > 1,

• g (s) = b (1 + s)
−1/(p−1)

, p > 1, b < (2− p) / (p− 1) .

Remark 2.2. Shun and Hsueh [17] considered (1.5) for p = 1.

Remark 2.3. Condition p <
3

2
is the consequence of Lemma 2.6 when we take σ = 1

2 to ensure that the

term
∫ +∞
0 ξ (t) g

1
2 (s) ds used in 2.14 must be defined

(∫ +∞
0 ξ (t) g

1
2 (s) ds < ∞

)
.

By using the Galerkin method and procedure similar to that of [10] and [16], we have the following
local existence result for problem (1.5).
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Theorem 2.4. Let hypotheses (A1)-(A4) hold and (1.6) hold and assume that u0 ∈ H1
Γ0

∩ H2(Ω),
u1 ∈ H1

Γ0
. Then there exists a strong solution u of (1.5) satisfying

u ∈ L∞ ([0, T ) ;H1
Γ0

∩H2 (Ω)
)

ut ∈ L∞ ([0, T ) ;H1
Γ0

)
utt ∈ L∞ ([0, T ) ;L2 (Ω)

)
,

for some T > 0.

We introduce the following functionals

J (t) =
1

2

⎛
⎝k0 − a (x)

t∫
0

g (s) ds

⎞
⎠ ‖∇u‖22 +

1

2
(g ◦ ∇u) (t)− 1

γ
‖u‖γγ

E (t) = J (u (t)) +
1

2
‖ut‖22 , for t ∈ [0, T )

I (t) = I (u (t)) =

⎛
⎝k0 −

t∫
0

g (s) ds

⎞
⎠ ‖∇u‖22 + (g ◦ ∇u) (t)− ‖u‖γγ , (2.8)

where

(g ◦ v) (t) =
t∫

0

g (t− s) ‖v (t)− v (s)‖22 ds, (2.9)

and E (t) is the energy functional.

A direct differentiation, using (1.5), leads to

E′ (t) =
1

2
(g′ ◦ ∇u) (t)− 1

2

∫
Ω

a (x) g (t) |∇u (t)|2 dx−
∫
Ω

b (x) |ut (t)|2 dx ≤ 0. (2.10)

We start with the following crucial lemma which will be used in the proof of our result.

Lemma 2.5. [10]For any u ∈ C1
(
0, T ;H1 (Ω)

)
, we have

∫
Ω

t∫
0

g (t− s)∇u (s)∇utdsdx = −1

2

∫
Ω

g (t) |∇u (t)|2 dx+
1

2
(g′ ◦ ∇u) (t) (2.11)

−1

2

d

dt

⎡
⎣(g ◦ ∇u) (t)−

∫
Ω

t∫
0

g (s) ds |∇u (t)|2 dx
⎤
⎦ .

Lemma 2.6. Assume that g satisfies (A1) and (A2) then

+∞∫
0

ξ (t) g1−σ (t) dt < +∞, ∀σ < 2− p.
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Proof. Recalling (A1) and (A2), we easily see that

ξ (t) g1−σ (t) = ξ (t) g1−σ (t) gp (t) g−p (t) ≤ −g′ (t) g1−σ−p (t) .

Integration then gives

+∞∫
0

ξ (t) g1−σ (t) dt ≤ −
+∞∫
0

g′ (t) g1−σ−p (t) = −g2−p−σ (t)

2− p− σ

]+∞

0

< +∞,

since σ < 2− p.

The next lemma and corollary are crucial for the proof of our main result.

Lemma 2.7. [14] Assume that g satisfies (A1) and (A2), and u is the solution of (1.5) then, for 0 < σ <

1, we have

(g ◦ ∇u) (t) ≤ C

⎡
⎣
⎛
⎝ +∞∫

0

g1−σ (t) dt

⎞
⎠E (0)

⎤
⎦

p−1
p−1+σ

(gp ◦ ∇u)
σ

p−1+σ (t) .

By taking σ = 1
2 , we get

(g ◦ ∇u) (t) ≤ C

⎡
⎣ t∫

0

g
1
2 (s) ds

⎤
⎦

2p−2
2p−1

(gp ◦ ∇u)
1

2p−1 (t) . (2.12)

Corollary 2.8. Assume that g satisfies (A1) and (A2), and u is the solution of (1.5) then

ξ (t) (g ◦ ∇u) (t) ≤ C [−E′ (t)]
1

2p−1 . (2.13)

Proof. Multiply both sides of (2.12) by ξ (t) and recall Lemma 2.6 and (2.10) to get

ξ (t) (g ◦ ∇u) (t) ≤ Cξ (t)
2p−2
2p−1 (t)

⎡
⎣ t∫

0

g
1
2 (s) ds

⎤
⎦

2p−2
2p−1

ξ
1

2p−1 (t) (gp ◦ ∇u)
1

2p−1 (t)

≤ C

⎡
⎣ t∫

0

ξ (t) g
1
2 (s) ds

⎤
⎦

2p−2
2p−1

(ξgp ◦ ∇u)
1

2p−1 (t)

≤ C

⎡
⎣ +∞∫

0

ξ (s) g
1
2 (s) ds

⎤
⎦

2p−2
2p−1

(−g′ ◦ ∇u)
1

2p−1 (t) ≤ C [−E′ (t)]
1

2p−1 . (2.14)

We also recall well-known Jensen’s inequality which will be of essential use in obtaining our result.
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If G is a convex function on [a, b] , (−G is convex), f : Ω → [a, b] and h are integrable functions on
Ω, with h (x) ≥ 0 and

∫
Ω h (x) dx = k > 0, then Jensen’s inequality states that

1

k

∫
Ω

G [f (x)]h (x) dx ≤ G

⎡
⎣1
k

∫
Ω

f (x)h (x) dx

⎤
⎦ . (2.15)

For the special case G (y) = y
1
q , y ≥ 0, p > 1, we have

1

k

∫
Ω

[f (x)]
1
q h (x) dx ≤

⎡
⎣1
k

∫
Ω

f (x)h (x) dx

⎤
⎦

1
q

.

3. Global existence

We state and prove the global existence result.

Lemma 3.1. Suppose that (A1), (A3) and (1.6)hold. Assume further that u0 ∈ H1
Γ0
, u1 ∈ L2 (Ω) , such

that

β =
Bγ

l

(
2γ

(γ − 2) l
E (0)

)(γ−2)/2

< 1, (3.1)

and I (u0) > 0, then I(u(t)) > 0, ∀t > 0, where B is the best Poincaré constant, and E (0) =

E (u0, u1) .

Proof. Since I (u0) > 0, then there exists (by continuity) Tm < T such that

I (u (t)) ≥ 0, ∀t ∈ [0, Tm] ,

this gives

J (t) =
1

2

⎛
⎝k0 −

t∫
0

g (s) ds

⎞
⎠ ‖∇u‖22 +

1

2
(g ◦ ∇u) (t)− 1

γ
‖u‖γγ

=

(
γ − 2

2γ

)⎛⎝
⎛
⎝k0 −

t∫
0

g (s) ds

⎞
⎠ ‖∇u (t)‖22 + (g ◦ ∇u) (t)

⎞
⎠+

1

γ
I (t)

≥
(
γ − 2

2γ

)⎛⎝
⎛
⎝k0 −

t∫
0

g (s) ds

⎞
⎠ ‖∇u (t)‖22 + (g ◦ ∇u) (t)

⎞
⎠ . (3.2)

By using (A1), (2.8), (3.1) and (3.2) we have

l ‖∇u‖22 ≤
⎛
⎝k0 −

t∫
0

g (s) ds

⎞
⎠ ‖∇u (t)‖22 ≤

(
2γ

γ − 2

)
J (t)

≤
(

2γ

γ − 2

)
E (t) ≤

(
2γ

γ − 2

)
E (0) , ∀t ∈ [0, Tm] , (3.3)
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we then exploit (A1), (2.1), (3.1) and (3.3) to obtain

‖u‖γγ ≤ Bγ ‖∇u (t)‖γ2
≤ Bγ

l
‖∇u (t)‖γ−2

2 l ‖∇u (t)‖22 ≤ βl ‖∇u (t)‖22

≤ β

⎛
⎝k0 −

t∫
0

g (s) ds

⎞
⎠ ‖∇u (t)‖22

<

⎛
⎝k0 −

t∫
0

g (s) ds

⎞
⎠ ‖∇u (t)‖22 , ∀t ∈ [0, Tm] . (3.4)

Therefore

I (t) =

⎛
⎝k0 −

t∫
0

g (s) ds

⎞
⎠ ‖∇u‖22 + (g ◦ ∇u) (t)− ‖u‖γγ > 0,

for all t ∈ [0, Tm]. By repeating this procedure and using the fact that

lim
t→Tm

Bγ

l

(
2γ

(γ − 2) l
E (0)

)(γ−2)/2

≤ β < 1.

Tm is extended to T .

Theorem 3.2. Suppose that (A1) , (A2) and (1.6)hold. If (u0, u1) ∈ H1
Γ0

(Ω) × L2 (Ω) and satisfies
(3.1). Then the solution is global and bounded.

Proof. It suffices to show that

‖∇u (t)‖22 + ‖ut (t)‖22 (3.5)

is bounded independently of t. To achieve this, we use (2.8), (2.10) and (3.2) to get

E (0) ≥ E (t) =
1

2
‖ut‖22 + J (u (t))

≥
(
γ − 2

2γ

)(
l ‖∇u (t)‖22 + (g ◦ ∇u) (t)

)
+

1

2
‖ut (t)‖22 +

1

γ
I (t)

≥
(
γ − 2

2γ

)
l ‖∇u (t)‖22 +

1

2
‖ut (t)‖22 , (3.6)

since I (t) and (g ◦ ∇u) (t) are positive. Therefore

‖∇u (t)‖22 + ‖ut (t)‖22 ≤ CE (0) ,

where c is a positive constant, which depends only on γ and l.

4. Decay of solutions

In this section we state and prove the main result of our work. First, we define some functionals. Let

F (t) = E (t) + ε1Φ (t) + ε2Ψ(t) , (4.1)
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where

Φ (t) =

∫
Ω

u.ut dx, (4.2)

Ψ(t) =

∫
Ω

a (x)ut

t∫
0

g (t− s) (u (s)− u (t)) ds dx, (4.3)

and ε1, ε2 are some positive constants to be specified later.

Lemma 4.1. There exist two positive constants β1 and β2 such that the relation

β1E (t) ≤ F (t) ≤ β2E (t) (4.4)

holds, for ε1, ε2 > 0 small enough.

Proof. By Hölder’s inequality, Young’s inequality, (2.1) and (2.7), we deduce that

|Φ (t)| ≤ 1

2
‖ut‖22 +

B2

2
‖∇u‖22 , (4.5)

|Ψ(t)| ≤ 1

2
‖ut‖22 +

1

2

∫
Ω

⎛
⎝ t∫

0

g (t− s) (u (t)− u (s)) ds

⎞
⎠

2

dx (4.6)

≤ 1

2
‖ut‖22 +

1

2

t∫
0

g (s) ds

∫
Ω

t∫
0

g (t− s) |u (t)− u (s)|2 ds dx

≤ 1

2
‖ut‖22 +

(k0 − l) ‖a‖∞B2

2a0
(g ◦ ∇u) (t) .

Hence, taking (4.1), (4.5) and (4.6) into account, we have

F (t) = E (t) + ε1Φ (t) + ε2Ψ(t)

≤ E (t) + c1 ‖ut‖22 + c2 ‖∇u‖22 + c3 (g ◦ ∇u) (t) , (4.7)

F (t) ≥ E (t)− c4

(
‖ut‖22 + ‖∇u‖22 + (g ◦ ∇u) (t)

)
, (4.8)

where c1 = (ε1 + ε2) /2, c2 = ε1B
2/2, c3 = (k0 − l) ‖a‖∞B2ε2/2a0, and c4 = max (c1, c2, c3) . Thus,

selecting ε1, ε2 small enough, there exist two positive constants β1 and β2 such that

β1E (t) ≤ F (t) ≤ β2E (t) . (4.9)

Lemma 4.2. Assume that (A1)-(A4), hold, then the functional

Φ (t) =

∫
Ω

u.ut dx,
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satisfies, along the solution of (1.5),

Φ′ (t) ≤ −1

4
‖∇u‖22 + ‖ut‖22 +

(k0 − l)

2l
(g ◦ ∇u) (t) +

2β2B2∗
l

∫
Γ1

u2t dΓ

+
2B2 ‖b‖∞

l

∫
Ω

b (x)u2t dx+ ‖u‖γγ . (4.10)

Proof. We estimate the derivative of Φ (t). From (4.2) and using (1.5), we have

Φ′ (t) = ‖ut‖22 − k0 ‖∇u‖22 +
∫
Ω

∇u (t) a (x)

t∫
0

g (t− s)∇u (s) dsdx

−
∫
Γ1

h (ut)udΓ−
∫
Ω

b (x) utudx+ ‖u‖γγ . (4.11)

The third, the fourth, and the fifth terms on the right-hand side of (4.11) can be estimated as follows.
From Hölder’s inequality, Young’s inequality, and (2.11), for η > 0, we have

∫
Ω

∇u (t) a (x)

t∫
0

g (t− s)∇u (s) dsdx

≤ k0
2

∫
Ω

|∇u|2 dx+
1

2k0

∫
Ω

a (x)

⎛
⎝ t∫

0

g (t− s) (∇u (s)−∇u (t) +∇u (t)) ds

⎞
⎠

2

dx

≤
[
k0
2

+
1

2k0
(1 + η) (k0 − l)

2

]
‖∇u‖22 +

1

2k0

(
1 +

1

η

)
(k0 − l) (g ◦ ∇u) (t) . (4.12)

Employing Hölder’s inequality, Young’s inequality, (A1), and (2.1), for δ1, δ2 > 0, we see that∣∣∣∣∣∣
∫
Γ1

h (ut)u dΓ

∣∣∣∣∣∣ ≤ δ1B
2
∗ ‖∇u‖22 +

β2

4δ1

∫
Γ1

u2t dΓ.

(4.13)∫
Ω

b (x)utudx ≤ B2 ‖b‖∞ δ2 ‖∇u‖22 +
1

4δ2

∫
Ω

b (x)u2t dx.

A substitution of (4.12) - (4.13) into (4.11) yields, we arrive at

Φ′ (t) ≤ ‖ut‖22 −
(
k0
2

− 1

2k0
(1 + η) (k0 − l)2 − δ1B

2
∗ −B2 ‖b‖∞ δ2

)
‖∇u‖22

+
1

2k0

(
1 +

1

η

)
(k0 − l) (g ◦ ∇u) (t) +

β2

4δ1

∫
Γ1

u2t dΓ

+
1

4δ2

∫
Ω

b (x)u2t dx+ ‖u‖γγ . (4.14)
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Letting η = l/ (k0 − l) > 0, δ1 = l/8B2
∗ , and δ2 = l/8β2 ‖b‖∞ in the above inequality, we obtain

Φ′ (t) ≤ −1

4
‖∇u‖22 + ‖ut‖22 +

(k0 − l)

2l
(g ◦ ∇u) (t) +

2β2B2
∗

l

∫
Γ1

u2t dΓ

+
2B2 ‖b‖∞

l

∫
Ω

b (x)u2t dx+ ‖u‖γγ . (4.15)

Then (4.10) is established.

Lemma 4.3. Assume that (A1)-(A4) hold, then the functional

Ψ(t) =

∫
Ω

a (x)ut

t∫
0

g (t− s) (u (s)− u (t)) ds dx,

satisfies for some positive constants c5, c6,

Ψ′ (t) ≤ −
⎛
⎝a0

t∫
0

g (s) ds− δ

⎞
⎠ ‖ut‖22 + δc5 ‖∇u‖22 + c6 (g ◦ ∇u) (t) + δ ‖b‖∞

∫
Ω

b (x)u2tdx

−g (0) ‖a‖2∞B2

4a0δ
(g′ ◦ ∇u) (t) + δβ2

∫
Γ1

u2t dΓ. (4.16)

Proof. Taking the derivative of Ψ(t) , and using (1.5) to obtain

Ψ′ (t) = k0

∫
Ω

a (x)∇u (t)

⎛
⎝ t∫

0

g (t− s) (∇u (t)−∇u (s)) ds

⎞
⎠ dx

+k0

∫
Ω

∇a (x) .∇u (t)

t∫
0

g (t− s) (u (t)− u (s)) dsdx

−
∫
Ω

⎛
⎝ t∫

0

g (t− s) a (x)∇u (s)∇a (x) ds

⎞
⎠
⎛
⎝ t∫

0

g (t− s) (u (t)− u (s)) ds

⎞
⎠ dx

−
∫
Ω

a (x)

⎛
⎝ t∫

0

g (t− s) a (x)∇u (s) ds

⎞
⎠
⎛
⎝ t∫

0

g (t− s) (∇u (t)−∇u (s)) ds

⎞
⎠ dx

+

∫
Ω

a (x) b (x)ut

t∫
0

g (t− s) (u (t)− u (s)) dsdx

+

∫
Γ1

a (x)h (ut)

t∫
0

g (t− s) (u (t)− u (s)) ds dΓ

−
∫
Ω

a (x) |u|p−2
u

t∫
0

g (t− s) (u (t)− u (s)) dsdx

−
∫
Ω

a (x)ut

t∫
0

g′ (t− s) (u (t)− u (s)) ds dx−
⎛
⎝ t∫

0

g (s) ds

⎞
⎠∫

Ω

a (x)u2t dx. (4.17)
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Similarly to (4.11), we estimate the right side of (4.17). Using Young’s inequality, Hölder’s inequality,
(2.11) , (A1), (A2) and (A3) , for δ > 0, we have

•
∣∣∣∣∣∣
∫
Ω

k0∇u (t) a (x)

t∫
0

g (t− s) (∇u (t)−∇u (s)) dsdx

∣∣∣∣∣∣
≤ k20δ ‖∇u‖22 +

1

4δ

∫
Ω

⎛
⎝a (x)

t∫
0

g (t− s) (∇u (t)−∇u (s)) ds

⎞
⎠

2

dx

≤ k20δ ‖∇u‖22 +
‖a‖∞
4δ

t∫
0

g (s) ds

∫
Ω

a (x)

t∫
0

g (t− s) |∇u (t)−∇u (s)|2 ds dx

≤ k20δ ‖∇u‖22 +
k0 − l

4δ
(g ◦ ∇u) (t) , (4.18)

•
∫
Ω

k0∇u (t) .∇a (x)

t∫
0

g (t− s) (u (t)− u (s)) dsdx

≤ k0a1

∫
Ω

|∇u (t)|
√

a (x)

⎛
⎝ t∫

0

g (s) ds

⎞
⎠

1
2
⎛
⎝ t∫

0

g (t− s) (u (t)− u (s)) ds

⎞
⎠

1
2

dx

≤ k20a
2
1δ ‖∇u‖22 +

(k0 − l)B2

4δa0
(g ◦ ∇u) (t) . (4.19)

Again, exploiting (2.3) , (2.7), Young’s inequality and Hölder’s inequality, we obtain

•
∣∣∣∣∣∣
∫
Ω

⎛
⎝ t∫

0

g (t− s) a (x)∇u (s)∇a (x) ds

⎞
⎠
⎛
⎝ t∫

0

g (t− s) (u (t)− u (s)) ds

⎞
⎠ dx

∣∣∣∣∣∣
≤ a21δ

∫
Ω

a2 (x)

⎛
⎝ t∫

0

g (t− s) |∇u (s)| ds
⎞
⎠

2

dx

+
1

4δ

∫
Ω

a (x)

⎛
⎝ t∫

0

g (t− s) (u (t)− u (s)) ds

⎞
⎠

2

dx

≤ 2a21δ (k0 − l)
2 ‖∇u‖22 +

(
2a21δ (k0 − l) +

(k0 − l)B2

4δa0

)
(g ◦ ∇u) (t) , (4.20)

•
∫
Ω

a (x)

⎛
⎝ t∫

0

g (t− s) a (x)∇u (s) ds

⎞
⎠
⎛
⎝ t∫

0

g (t− s) (∇u (t)−∇u (s)) ds

⎞
⎠ dx

≤ 2δ (k0 − l)2 ‖∇u‖22 +
(
2δ +

1

4δ

)
(k0 − l) (g ◦ ∇u) (t) , (4.21)
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•
∣∣∣∣∣∣
∫
Ω

a (x) b (x)ut

t∫
0

g (t− s) (u (t)− u (s)) dsdx

∣∣∣∣∣∣
≤ δ ‖b‖∞

∫
Ω

b (x)u2tdx+
(k0 − l) ‖a‖∞B2

4δa0
(g ◦ ∇u) (t) . (4.22)

Using Young’s inequality, Hölder’s inequality, (2.1) , (2.5) , and (2.6) , the sixth term on the right hand
side of (4.17) can be estimated as

•
∣∣∣∣∣∣
∫
Γ1

a (x) h (ut)

t∫
0

g (t− s) (u (t)− u (s)) ds dΓ

∣∣∣∣∣∣
≤ δβ2

∫
Γ1

u2t dΓ +
(k0 − l) ‖a‖∞B2

4a0δ
(g ◦ ∇u) (t) . (4.23)

As for the seventh and the eighth terms on the right-hand side of (4.17), using Hölder’s inequality,
Young’s inequality,(2.1), (2.3), and (3.4), we obtain∣∣∣∣∣∣

∫
Ω

a (x)u |u|γ−2

t∫
0

g (t− s) (u (t)− u (s)) dsdx

∣∣∣∣∣∣
≤ δ ‖u‖2(γ−1)

2(γ−1) +
(k0 − l) ‖a‖∞B2

4a0δ
(g ◦ ∇u) (t)

≤ δB2(γ−1)

(
2γE (0)

l (γ − 2)

)γ−2

‖∇u‖22 +
(k0 − l) ‖a‖∞B2

4δa0
(g ◦ ∇u) (t) , (4.24)

∣∣∣∣∣∣
∫
Ω

a (x)ut

t∫
0

g (t− s) (u (t)− u (s)) dsdx

∣∣∣∣∣∣
≤ δ ‖ut‖22 −

g (0) ‖a‖2∞B2
∗

4δa0
(g′ ◦ ∇u) (t) . (4.25)

Combining these estimates (4.18)-(4.25) , (4.17) becomes

Ψ′ (t) ≤ −
⎛
⎝a0

t∫
0

g (s) ds− δ

⎞
⎠ ‖ut‖22 + δc5 ‖∇u‖22 + c6 (g ◦ ∇u) (t)

−g (0) ‖a‖2∞B2

4δa0
(g′ ◦ ∇u) (t) + δ ‖b‖∞

∫
Ω

b (x)u2tdx+ δβ2

∫
Γ1

u2t dΓ,

(4.26)

where

c5 = k20
(
a21 + 1

)
+ 2

(
a21 + 1

)
(k0 − l)2 +B2(γ−1)

(
2γE (0)

l (γ − 2)

)γ−2

> 0,
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c6 = (k0 − l)

(
B2

2δa0
+ 2δa21 +

(
2δ +

1

2δ

)
+ ‖a‖∞

B2
∗ + 3B2

4δa0

)
> 0,

then (4.16) is established.

We are ready to state and prove our main result.

Theorem 4.4. Let (u0, u1) ∈
(
H1

Γ0
× L2 (Ω)

)
be given . Assume that (A1)-(A4) are satisfied. Then, for

any t0 > 0, there exist two positive constants K, and λ such that the solution of (1.5) satisfies, for all
t ≥ t0,

E (t) ≤ Ke
−λ

∫ t
t0

ξ(s)ds
, if p = 1. (4.27)

E (t) ≤ K

[
1

1 +
∫ t

t0
ξ2p−1 (s) ds

] 1
2p−2

, p > 1. (4.28)

Moreover, if
+∞∫
0

[
1

tξ2p−1 (t) + 1

] 1
2p−2

dt < +∞, 1 < p <
3

2
, (4.29)

then

E (t) ≤ K

[
1

1 +
∫ t

t0
ξp (s) ds

] 1
p−1

, p > 1. (4.30)

Simple calculations show that (4.28) and (4.29) yield

+∞∫
t0

E (t) dt < +∞.

Proof. By using (2.10), (4.1), (4.10), and (4.16), we obtain

F ′ (t) = E′ (t) + ε1Φ
′ (t) + ε2Ψ

′ (t)

F ′ (t) ≤ − (ε2 (a0g0 − δ)− ε1) ‖ut‖22 −
(
ε1l

4
− ε2δc5

)
‖∇u‖22

+

(
ε2c6 +

(k0 − l) ε1
2l

)
(g ◦ ∇u) (t)−

(
1− 2ε1B

2 ‖b‖∞
l

− ε2δ ‖b‖∞
)∫

Ω

b (x)u2tdx

−
(
α− 2B2

∗ε1β
2

l
− ε2δβ

2

)∫
Γ1

|ut|2 dΓ

−
(
1

2
− ε2

g (0) ‖a‖2∞B2

4a0δ

)
(−g′ ◦ ∇u) (t) + ε1 ‖u‖γγ dx, ∀t ≥ t0, (4.31)

we have used the fact that for any t0 > 0,

t∫
0

g (s) ds ≥
t0∫
0

g (s) ds = g0, ∀t ≥ t0, (4.32)
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because g is positive and continuous with g (0) > 0. At this point, we choose δ small enough so that

4δc5
l

<
a0g0
2

< a0g0 − δ. (4.33)

Whence δ is fixed, the choice of any two positive constants ε1 and ε2 satisfying

4δε2c5
l

< ε1 <
a0g0
2

ε2, (4.34)

will make

k1 =
ε1l

4
− ε2δc5 > 0, (4.35)

and

k2 = ε2 (a0g0 − δ)− ε1 > 0. (4.36)

Then, we choose δ, ε1 and ε2 small that (4.9) and (4.33) remain valid, further

k3 = 1− 2ε1B
2 ‖b‖∞
l

− ε2δ ‖b‖∞ > 0, (4.37)

k4 = α− 2B2
∗ε1β

2

l
− ε2δβ

2 > 0, (4.38)

k5 =
1

2
− ε2

g (0) ‖a‖2∞B2

4a0δ
> 0. (4.39)

Hence, for all t0 > 0, we arrive at

F ′ (t) ≤ −k1 ‖∇u‖22 − k2 ‖ut‖22 + c7 (g ◦ ∇u) (t) + c8 (g
′ ◦ ∇u) (t)

−k3

∫
Ω

b (x)u2tdx− k4

∫
Γ1

|ut|2 dΓ + ε1 ‖u‖γγ , (4.40)

which yields (if needed, one can choose ε1 sufficiently small)

F ′ (t) ≤ −mE (t) + C (g ◦ ∇u) (t) , (4.41)

where ci, i = 7, 8, m, C are some positive constants.

Multiplying(4.41) by ξ(t) gives

ξ(t)F ′ (t) ≤ −mξ(t)E (t) + Cξ(t) (g ◦ ∇u) (t) , ∀t ≥ t0. (4.42)

It follows from (4.41) , (2.3) , and (2.4) that

Case of p = 1. Recalling (2.4) and (2.10), we obtain, from (4.42), for all t ≥ t0

ξ(t)F ′ (t) ≤ −mξ(t)E (t) + C (ξg ◦ ∇u) (t) ≤ −mξ(t)E (t)− C (g′ ◦ ∇u) (t)

≤ −mξ(t)E (t)− CE′ (t) ,

which leads to

(ξF+CE)′ (t) ≤ −mξ(t)E (t) , ∀t ≥ t0. (4.43)
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Let L (t) := ξ (t)F (t)+CE (t) , then clearly L ∼ E and we have, for some m1 > 0,

L′ (t) ≤ −m1ξ(t)L (t) , ∀t ≥ t0.

By a simple integration, we arrive at

L (t) ≤ Ce
−m1

∫ t
t0

ξ(s)ds
, ∀t ≥ t0.

Hence (4.27) by virtue of L ∼ E.

Case of p > 1. To establish (4.28), we again consider (4.42) and use Corollary 2.8 to get

ξ(t)F ′ (t) ≤ −mξ(t)E (t) + C [−E′ (t)]
1

2p−1 , ∀t ≥ t0.

Multiplication of the last inequality by ξαEα (t) , where α = 2p− 2, gives

ξα+1 (t)Eα (t)F ′ (t) ≤ −mξα+1 (t)Eα+1 (t) + C (ξE)α (t) [−E′ (t)]
1

α+1 , ∀t ≥ t0.

Use of Young’s inequality, with q = α + 1 and q∗ = α+1
α

, yields

ξα+1 (t)Eα (t)F ′ (t) ≤ −mξα+1 (t)Eα+1 (t)

+C
[
εξα+1 (t)Eα+1 (t)− CεE

′ (t)
]

= − (m− εC) ξα+1 (t)Eα+1 (t)− CE′ (t) , ∀ε > 0, ∀t ≥ t0.

We then choose ε <
m

C
and recall that ξ′ ≤ 0 and E′ ≤ 0, to get

(
ξα+1EαF)′ (t) ≤ ξα+1 (t)Eα (t)F ′ (t)

≤ −c1ξ
α+1 (t)Eα+1 (t)− CE′ (t) , ∀t ≥ t0,

which implies(
ξα+1EαF + CE

)′
(t) ≤ −cα+1

1 ξ (t)Eδ+1 (t) .

Let W = ξα+1EαF + CE ∼ E. Then

W ′ (t) ≤ −Cξα+1 (t)W α+1 (t) = −Cξ2p−1W 2p−1 (t) , ∀t ≥ t0. (4.44)

Integrating over (t0, t) and using the fact that W ∼ E, we obtain

E (t) ≤ C

[
1∫ t

t0
ξ2p−1 (s) ds+ 1

] 1
2p−2

, ∀t ≥ t0. (4.45)

To establish (4.30) we consider (4.42) and recall Remark 4.4. So, we have

ξ(t)F ′ (t) ≤ −mξ(t)E (t) + Cξ(t) (g ◦ ∇u) (t)

= −mξ(t)E (t) + C
η (t)

η (t)

t∫
0

[ξp (s) gp (s)]
1
p ‖∇u (t)−∇u (t− s)‖22 , (4.46)

where

η (t) =

t∫
0

‖∇u (t)−∇u (t− s)‖22 ds ≤ C

t∫
0

‖∇u (t)‖22 + ‖∇u (t− s)‖22 ds
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≤ C

t∫
0

[E (t) + E (t− s)] ds ≤ 2C

t∫
0

E (t− s) ds

= 2C

t∫
0

E (s) ds < 2C

+∞∫
0

E (s) ds < +∞.

Applying Jensens’s inequality (2.15) for the second term on the right hand side of (4.46), with G(y) =

y
1
p , y > 0, f (s) = ξp (s) gp (s) and h (s) = ‖∇u (t)−∇u (t− s)‖22 , to get

ξ(t)F ′ (t) ≤ −mξ(t)E (t) + Cη (t)

⎡
⎣ 1

η (t)

t∫
0

ξp (s) gp (s) ‖∇u (t)−∇u (t− s)‖22 ds
⎤
⎦

1
p

,

where we assume that η(t) > 0, otherwise we get ‖ ∇u(t)−∇u(t− s) ‖= 0 and hence from (4.41) we
have

E (t) ≤ Ce−mt.

Therefore, we obtain

ξ(t)F ′ (t) ≤ −mξ(t)E (t) + Cη
p−1
p (t)

⎡
⎣ξp−1 (0)

t∫
0

ξ (s) gp (s) ‖∇u (t)−∇u (t− s)‖22 ds
⎤
⎦

1
p

≤ −mξ(t)E (t) + C (−g′ ◦ ∇u)
1
p (t) ≤ −mξ(t)E (t) + C (−E′ (t))

1
p .

Multiplying by ξα (t)Eα(t), for α = ρ− 1, and repeating the same computations as in above, we arrive
at

E (t) ≤ K

[
1

1 +
∫ t

t0
ξp (s) ds

] 1
p−1

, ∀t ≥ t0.

This completes the proof of our main result.

The following examples illustrate our result given by Theorem 4.4.

Example 1. Let g (t) = a
(1+t)ν

, ν > 2, where a > 0 is a constant so that
∫ +∞
0

g (t) dt < 1. We have

g′ (t) = − aν

(1 + t)ν+1 = −b

(
a

(1 + t)
ν

) ν+1
ν

= −bgp (t) , p =
ν + 1

ν
<

3

2
, b > 0.

Therefore (4.29) , with ξ (t) = b, yields
∫ +∞
0

(
1

b2p−1t+1

) 1
2p−2 dt < ∞ and hence by (4.30) we get

E (t) ≤ C

(1 + t)
1

p−1

=
C

(1 + t)ν
,

which is the optimal decay obtained in [7].

© 2021 ISTE OpenScience – Published by ISTE Ltd. London, UK – openscience.fr Page | 35



Example 2. Let g (t) = ae−(1+t)ν , 0 < ν ≤ 1 where 0 < a < 1 is chosen so that
∫ +∞
0

g (t) dt < 1.

Then

g′ (t) = −aν (1 + t)
ν−1

e−(1+t)ν = −ξ (t) g (t)

where ξ (t) = ν (1 + t)ν−1 which is a decreasing function and ξ (0) > 0. Therefore we can use (4.27) to
deduce

E (t) ≤ Ce−λ(1+t)ν .
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