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ABSTRACT. In this work we establish a general decay rate for a nonlinear viscoelastic wave equation with boundary
dissipation where the relaxation function satisfies ¢’ (t) < —¢(t)g? (t),t > 0,1 < p < 3. This work generalizes and
improves earlier results in the literature.
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1. Introduction

It is well known that viscoelastic materials have memory effects, which is due to the mechanical re-
sponse influenced by the history of the materials themselves. As these materials have a wide application
in the natural sciences, their dynamics are interesting and of great importance. From the mathematical
point of view, their memory effects are modeled by integrodifferential equations. Hence, questions re-
lated to the behavior of the solutions for the PDE system have attracted considerable attention in recent
years.

For example, Cavalcanti et al [6] considered the following problem

utt—Au-l—fOtg(t—s)Au(s)ds—l—a(az)ut-l—|u|7u:(), in 2 x (0, 00)
u(z,t) =0, xed, t>0 (1.1)
'UJ([L',O):’UJ()([L'),’UJt(ﬂf,O)Iut(ﬂf), er?

where € is a bounded domain in R™ (n > 1) with a smooth boundary, v > 0, and a : Q@ — RT is a
function, which may be null on a part of ). The authors established an exponential decay estimate under
the conditions that a () > ag > 0 on w C €, with meas w > 0 and satisfying some geometry conditions
and

—&1g(t) < g’ (t) < —&g(t), t>0. (1.2)

Berrimi and Messaoudi [2] improved the result [6] by introducing a new function. They proved an
exponential decay result under weaker conditions on both @ and g. In fact, they allowed the function a to
vanish on any part of (2, and consequently, the geometry condition imposed on a part of boundary is no
longer needed. Later, the same authors [3] and Messaoudi [12] extended the result to a situation in which
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a source term is competing with the viscoelastic dissipation. In [7] Cavalcanti and Oquendo considered
the following:

U — ko A u (t) —I—fo (t —s)div(a(x)Vu(s))ds+b(x)h(u) + f(u) =0,
u(x,0) =up(x), u (x,0) =u (x), (1.3)
u(z,t) =0,

under some conditions on the relaxation function g, they improved the result of [6]. Indeed, they proved
that the solution of (1.3) decays exponentially to zero when g is decaying exponentially and A is linear
and the solution decays polynomially to zero when ¢ is decaying polynomially and 7 is nonlinear.

On considering the boundary stabilization, Cavalcanti et al. [5] considered the following problem

futt—Au—f—fOtg(t—s)Au(s)ds=0, in Q x (0, 00)
u u
a—fotg(t—s)a(s)ds—kh(ut):O, on Ty x (0, 00) (1.4)
u(x,t) =0, on I’y x (0, 00)
[ u(z,0) = ug, ut(z,0) = u, x € ()

The existence and uniform decay rate results were established under quite restrictive assumptions on
damping term h and the kernel function g. Later, Cavalcanti et al. [8] generalized this result without
imposing a growth condition on & and under a weaker assumption on g. Recently, Messaoudi and
Mustafa [13] exploited some properties of convex functions [1] and the multiplier method to extend
these results. They established an explicit and general decay rate result without imposing any restrictive
growth assumption on the damping term A and greatly weakened the assumption on g. Also, Li et al [10]
have analyzed the global existence and decay estimates for nonlinear viscoelastic wave equation with
boundary dissipation. They established uniform decay rate of the energy under suitable conditions on the
initial data and the relaxation function g. We refer the reader to related works [[7], [9], [11], [15], [18]] .
In the present work, we are concerned with

utt—k‘oAu —|—f0 (t — ) div (a (z) Vu(s)) ds + b (z) uy = [u] >u, inQ x (0,00)

_ fo () Vu(s)) .vds + h (uy) =0, on I’y x (0,00) (1.5)
u—O on [’y x (0, 00)
u(z,0) =ug, u(x,0)=u, x € Q.

Where ky > 0 and €2 is a bounded domain in R" (n > 1) with a smooth boundary, I' = 'y UT'y. Here [
and I'y are closed and disjoint with meas(I'g) > 0, and v is the unit outward normal to I". b : Q@ — R is
a function, and

2
2 < y< - >3 (1.6)
n
vy > 2, ifn=1, 2.

Our aim in this work is to obtain a more general and explicit energy decay formula, from which the usual
exponential and polynomial decay rates are only special cases of our result. In fact, our decay formulae
extend and improve some results in the literature.
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2. Preliminaries

In this section we prepare some material needed in the proof of our result. According to (1.6) we have
the imbedding: H{ < L?*7D (). Let B > 0 be the optimal constant of Sobolev imbedding which
satisfies the following inequality:

[ullyri1y < BlIVully, Yu e Hp,, (2.1)
and we use the trace-Sobolev imbedding: Hllo s [k ), 1<k< % In this case, the imbedding
constant is denoted by By, that is

[ullk,r, < Bil[Vul[2. (2.2)

Next, we state the assumptions for problem (1.5) as follows.

(A1) ¢ : RT — R is a nonincreasing differentiable function such that

g(0) >0, k:o—/g(s)ds=l>0. (2.3)
0
(A2) There exists a nonincreasing differentiable function £ : R, — R, with £ (0) > 0, satisfying
3

g )< =E£@)gP(t), VE>0,1<p< 3 (2.4)
(A3) h:R — Ris anondecreasing function with

h(s)s>als|”, VseR, (2.5)

[h(s)] < Bls|, Vs€eR. (2.6)

(A4) a:Q — R isanonnegative functions and a € C* (Q) such that

a(x)
Va ()

> ag >0, 2.7
< aila(2)],

for some positive constant a .
Remark 2.1. An example of functions satisfying (A1) and (A2), respectively, are

eg(s)=e", a>1,

cg(s)=b(1+s) """V p>1b<@=p)/(p—1).

Remark 2.2. Shun and Hsueh [17] considered (1.5) for p = 1.

3
Remark 2.3. Condition p < 3 is the consequence of Lemma 2.6 when we take o = % to ensure that the

term f;oo ¢ (t) g2 (s) ds used in 2.14 must be defined ( 0+OO £(t) g2 (s)ds < oo) :

By using the Galerkin method and procedure similar to that of [10] and [16], we have the following
local existence result for problem (1.5).
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Theorem 2.4. Let hypotheses (Al)-(A4) hold and (1.6) hold and assume that vy € Hy, N H*(Q),
up € H%O. Then there exists a strong solution u of (1.5) satisfying

u € L>([0,T); Hp, NH?())
w € L¥([0,7); Hy,)
uy € L ([07T);L2(Q));

for some T’ > 0.

We introduce the following functionals

t

1 1 1
T = 5 ko-&(ﬂf)/g(s)ds IVull; + (goVu)()—;Hqu
0
1
E(t) = J(u®)+ 5 lluly, forte.T)
t
1) = 1) = |k~ [g(ds | [Val}+ (g0 Va) () ul]. .38)
0
where
t
(g0v) /g (t=8)|[v () = v (s)[2 ds, (2.9)
0
and F (t) is the energy functional.
A direct differentiation, using (1.5), leads to
1 1
E(t) = 5ova®) - [a@e®Vu@Pde~ [b@)u@f <o @0
Q Q

We start with the following crucial lemma which will be used in the proof of our result.

Lemma 2.5. [10]For any u € C! (O,T; H! (Q)) , we have

t

//g(t—s) Vu(s) Vupdsdr = —l/g(t)|Vu(t)|2d:E+%(g’oVu) (t) (2.11)

2
Q 0

2

t

1d

~5% (g oVu)( //g(s)ds|Vu(t)|2da:
Q0

Lemma 2.6. Assume that g satisfies (Al) and (A2) then

/S(t)glg (t)dt < +o00, Vo <2—p.
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Proof. Recalling (A1) and (A2), we easily see that

EW g7t =M g T ) gP(t)<—g (t)g" TP (t).

Integration then gives

“+00 “+00 +o0
l1—0o / l—0— 9272770 (t)
EWg7@dt<— [ g@t)g 7P({H)=—-5———| <+oo,
2—p—o0o],
0 0
since 0 < 2 — p. ]

The next lemma and corollary are crucial for the proof of our main result.

Lemma 2.7. [14] Assume that g satisfies (Al) and (A2), and u is the solution of (1.5) then, for0 < o <
1, we have

400 p—1+to
gov<c|| [grwa)EO]  (@evoTT @),
0
By taking o = %, we get
(g0 Vu) (t) < C / gt (s)ds| (g0 V)BT (1) (2.12)
0

Corollary 2.8. Assume that g satisfies (Al) and (A2), and u is the solution of (1.5) then

£(t) (go Vu) () < C[—E ()77 . (2.13)

Proof. Multiply both sides of (2.12) by £ (¢) and recall Lemma 2.6 and (2.10) to get

oV < w0 | [doas| e evyTTE
0

< ¢ / Et) g (s)ds| (€97 o V)T (1)
LO
L =

= ¢ / £(s)gt (s)ds| (g0 V)T (1) < C[-E ()] (2.14)
L O

[

We also recall well-known Jensen’s inequality which will be of essential use in obtaining our result.
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If G is a convex function on [a,b], (—G is convex), f : Q — [a,b] and h are integrable functions on
Q, with h (z) > 0 and [, h () dz = k > 0, then Jensen’s inequality states that

1

E/G[f(a:)]h(a:)dang %/f(a:)h(a:)daz . (2.15)
Q Q

For the special case G (y) = y%, y > 0,p > 1, we have

i)

Q

1
h(z)dx < E/f(a:)h(:p)d:p
Q

Q=

3. Global existence

We state and prove the global existence result.

Lemma 3.1. Suppose that (A1), (A3) and (1.6)hold. Assume further that uy € Hy, , uy € L? (Q) , such

that
B BY 2,.}/ (v—2)/2
5_T<(7_2)ZE(0)> <1, (3.1)

and I (ug) > 0, then I(u(t)) > 0, Vt > 0, where B is the best Poincaré constant, and F (0) =
E (ug,uy) .

Proof. Since I (ug) > 0, then there exists (by continuity) 7;,, < 7" such that

I'(u(t)) >0, Vt€[0,T,],

this gives
10 = 3 (o= [o)ds ) 1Vul+ 3 00 V0 ()= Sl
0
— 7__2 _ / s) ds w 2 o Vu l
B ( 2 ) ((’fo 0/9( )ds | [[Vu@)[|5 + (g0 V) (t) +71(t)
y-2 t 2
(7) ((ko—o/g(S) ds | [[Vu(t)lly + (g0 Vu) (1) (3.2)

By using (A1), (2.8), (3.1) and (3.2) we have

L[ Vull3

VA
>~
(e}
I
o\@F
N
S
QL
)
<
I
=
o o
VA
N
E
N}
~_
N
=

(2_7> E(t) < (2—7> E(0), Vt€[0,T,)], (3.3)
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we then exploit (A1), (2.1), (3.1) and (3.3) to obtain
lully < B [Vu®)l;

B _
< T IVu@I3 Va0l < 8LIVu @),

t

< 8 ko—/g<s>ds IV (8)]2
0
t
< ko—/g(s)ds ||Vu(t)||§, Vi € [0,T,,] . (3.4)
0

Therefore
t

1) = (ko= [g(s)ds | IVall3 + (g0 Va) () = ull} >
0

for all t € [0, T,,]. By repeating this procedure and using the fact that

(v=2)/2

. B 27y )

lim = ( ——_E (0 <B<l.
(w-zﬂ )

t—Tm [
T,, is extended to 7T'. [l
Theorem 3.2. Suppose that (A1), (A2) and (1.6)hold. If (ug,u1) € Hf (Q) x L*(Q) and satisfies
(3.1). Then the solution is global and bounded.

Proof. It suffices to show that

2 2
IV (@)l + llue (1] (3.5)
is bounded independently of ¢. To achieve this, we use (2.8), (2.10) and (3.2) to get

EO) > B() =gl +J ()
> (5
(2

since / (¢) and (g o Vu)
IV ()15 + e (¢

(1Ivu; + <gow><t>)+§||ut<t>||§+§f<t>

—2 2
) UITu @l + 5 s 013, 36)
t) are positive. Therefore

5 < CE(0),

~—

where c is a positive constant, which depends only on v and /. ]

4. Decay of solutions
In this section we state and prove the main result of our work. First, we define some functionals. Let

Ft)=FE({t)+e1P(t) +e2¥ (1), 4.1)
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where

O (t) = [ vy dx, 4.2)
[

U (t) = /a (x) ut/g (t—s)(u(s)—u(t))ds dx, (4.3)
Q 0

and 1, £9 are some positive constants to be specified later.
Lemma 4.1. There exist two positive constants [31 and 5 such that the relation
PLE () < F(t) < fE() (4.4)

holds, for €1, €2 > 0 small enough.

Proof. By Holder’s inequality, Young’s inequality, (2.1) and (2.7), we deduce that
B2

1
@ (1)) < 5 lluells + = | Vull; (4.5)
" 2
1 1
vl < glulls [ | [ot-9@n-u@)ds| @ 4.6
Q 0
1 1 t t
< Sluld s [ards [ [gt=9lu(0) - u)Pds i
0 Q 0
1 ko —1 B?
< gl + =D B g 0 90y o).

Hence, taking (4.1), (4.5) and (4.6) into account, we have

F(t) = E@)+ea®(t)+eV ()
< E@t) + e Juels + e | Vullz + ¢3 (g 0 V) (1), (4.7)
F) = B@) e (lluls+ [Vuls + (g0 Vi) (1) (45)

where C1 = (81 + 82) /2, Cy = €1B2/2, C3 — (/{70 - l) ||CL||OO 3252/2a0, and Cq4 = IMax (Cl, Co, 63) . Thus,
selecting €1, €2 small enough, there exist two positive constants 31 and 3, such that

PLE(t) < F(t) < fE(1). (4.9)
[]
Lemma 4.2. Assume that (A1)-(A4), hold, then the functional

O (t) = /u.ut dz,

Q
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satisfies, along the solution of (1.5),

1 ko — 1 26°B;
(o) < —3Ivald+ luli+ B go vy 0+ 22 [ ar
N1

/b(m) uf da + |ull]. (4.10)

Q

2B bl
L

Proof. We estimate the derivative of ® (¢). From (4.2) and using (1.5), we have

t

(1) = ludll— kol Vuld+ / 0(@) [ 909V (s) dsda
0
—/h(ut) udF—/b(m) wpudzr 4 ||ull] . 4.11)
IR Q

The third, the fourth, and the fifth terms on the right-hand side of (4.11) can be estimated as follows.
From Holder’s inequality, Young’s inequality, and (2.11), for n > 0, we have

t

/Vu /gt—s ) Vu (s) dsdx

0
" 2
< IVl dx—i— g(t—s5)(Vu(s) —Vu(t)+Vu(t))ds | dx
2/ v
< [k b (L) (k= 1) ] IVal} + 5 (1 + %) (ko—1) (go Vu) (t). 4.12)

Employing Holder’s inequality, Young’s inequality, (A1), and (2.1), for d1, d5 > 0, we see that

B

/h(ut)udF < 0,B%|Vul:+ 5 u? dr.
Fl I—‘1
(4.13)
1
/b(a:) wudr < B2||b||oo52||Vu||§+E/b(x) u? d.
Q 22
A substitution of (4.12) - (4.13) into (4.11) yields, we arrive at
/ 2 (ko 1 2 2 2 2
¥ < uli - (- 5 (0 (o= 0= 6B - B[], 62 [ Vul}
1 1 B3?
— 1+ - — t r
+2k0( +77> (ko — 1) (g o Vu) (t) + 451/utd
I'
1 2 gl
+452 /b(a:) up do + [lul; - (4.14)

Q
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Lettingn =1/ (ko — ) > 0, 0, = [/8B2, and 6y = [/83% ||b|| ., in the above inequality, we obtain

1 ko — 1 242 B?
¥ (o) < 3 Ivali+ luli+ B o vy o+ 5 [ ar
It

2B2%||b
+%/b(m) u? dr + ||u||3
Q
Then (4.10) is established.

Lemma 4.3. Assume that (A1)-(A4) hold, then the functional

U (1) / ut/tgt—s —u(t))ds dr,

satisfies for some positive constants cs, cg,

t
V) < - (ao/g(S) ds—5) luclly + des [Vully + ¢s (g 0 V) (¢) + 6 1Bl
0
2 2
9(O)i|§||5003 (¢ o V) (t) + 652 / u? T,
0

I

Proof. Taking the derivative of W (¢) , and using (1.5) to obtain

U (t) = k:o/a(a:) Vu () (/g(t —s)(Vu(t) — Vu(s))ds) dx

Q 0
t

+ko / Va(z).Vu(t) /g (t—s)(u(t) —u(s))dsdx

Q 0

2

0

{O\

t
a( ut/g t—s) —u(s)) dsdx

_|_
SEN

_|_

D O :’\

0
a( /gt—s u(s))ds dl’
0

a(@) [ulu [ g(t—s)(u(t) —u(s)) dsde

o\N

0 Q
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a(a:)ut/tg/(t—s)(u(t)—u(s))dsda:— (/tg(s)ds) /a(a:)
0

4.15)
0]
~ / b(z)udr
Q
(4.16)

(jgts a(z) Vu(s) Va (x )(jgts u(s))ds)dm
) (/iw o )(/W -

u? dz. (4.17)
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Similarly to (4.11), we estimate the right side of (4.17). Using Young’s inequality, Holder’s inequality,
(2.11), (A1), (A2) and (A3), for 6 > 0, we have

/kOVu /tgt—s(Vu() Vau (s)) dsdx

Q
; 2
1
< k05||Vu||2 45/< x)/g(ts)(Vu(t)Vu(s))ds) dx
Q 0
t t
< l{:gd||Vu||§+%/g / /g t—s)|Vu(t) — Vu(s)|* ds dz
0 0
—
< KOVl + =5 (90 V) (), (4.18)

IA

=~

[en)

s

—_

<

<
o ~

N O

s

@

IS

V2)
N——
N[

—
[es)

s

~

I

NG

=

=

I

<

@

U

V2
N———

IS

K

ko — 1
< k2ais||Vu ||2 %(goVu) (1) . (4.19)

Again, exploiting (2.3) , ), Young’s inequality and Holder’s inequality, we obtain

(
(O/gt—s () Vu (s) Va (x )(O/gt—s —u(s))ds)dw

IA
S
— o
>,
Q
[\]
O
—
Q
=
I
N
<
IS
a
»
v
S

Q 0
. 2
+4—15/a($) (/g(t—s) (u (1) —u(s))ds) dx
Q 0
< 2028 (ko — 1)* | Vul3 + (2a§5(k0 — D+ %) (go Vu) (1), (4.20)

t

0/(1(3:) (/g(t—s)a(x)Vu(s)ds) (/g(t—s)(Vu(t)—Vu(s))ds) dx
QO 0

0

< 200k =07 IVull+ (264 35) o= D) (g0 T} 1), @21
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t

) /a(m)b(m)ut/g(t—s)(u(t)—u(s))dsdm
Q 0
ko — 1) llall B
45@0

< 5||b||oo/b(x)ufda:+<
Q

(goVu)(t). (4.22)

Using Young’s inequality, Holder’s inequality, (2.1), (2.5), and (2.6) , the sixth term on the right hand
side of (4.17) can be estimated as

o /a(m)h(ut)/g(t—s)(u(t)—u(s))deF

_ 2
< 5ﬂ2/ut2 ar + Fo = Dllalle B Gy ). (4.23)
4@05

As for the seventh and the eighth terms on the right-hand side of (4.17), using Holder’s inequality,
Young’s inequality,(2.1), (2.3), and (3.4), we obtain

/a (z) ulu|"™? /g (t—s) (u(t) —u(s))dsdz
0

Q
2y-1) | (ko = 1)]lall, B
o [ 2vE(0)\ 772 2 (ko —1)|lall . B?
B2(-1) 00 t 4.24

< S huilly - =g, == (g 0 V) (). (4.25)

Combining these estimates (4.18)-(4.25) , (4.17) becomes

t
vt) < - ao/g(S)ds—5 luclly + des [ Vully + ¢s (g 0 V) (1)
0
90 Jlall5, B’
45&0

(¢' o Vu) (t) + 0 ||b]| o / b(z)uids + 552/ut2 dr,
Q Iy
(4.26)

where

mE (0)\ "2
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= (ko—1) B* + 20 20 + — ! + ||al| a
% = %o 20ay ai + 25 oo ™15 aq

then (4.16) is established.

We are ready to state and prove our main result.

B2+3B2>
2= 107 ) s,

Theorem 4.4. Let (ug,u1) € (Hf, x L? (Q)) be given . Assume that (A1)-(A4) are satisfied. Then, for
any ty > 0, there exist two positive constants K, and \ such that the solution of (1.5) satisfies, for all

t> t07
E(t) < Ke MotOt ey,

1

2p—2
Et) <K , p> 1.
() 1+ ftz £2r=1(s) ds]

Moreover, if

+o0 1

1 = 3
—_——— dt < l<p< =
/ [t&?ﬁl 0+ 1] IR )
0
then
1
1 v
E(t) <K ; : p> 1.
L+ [, &P (s)ds

Simple calculations show that (4.28) and (4.29) yield

“+00

/E(t)dt<+oo.

to
Proof. By using (2.10), (4.1), (4.10), and (4.16), we obtain

F'(t) = E'{t)+e® (t) +e¥ ()

g1l
F0) £ G laogo—3) 20 o — (2 - cascs ) 170l
— 2e,B?
- (5206 + ko —Der 2ll) 51) (goVu) (t) — <1 ol le”
2 2
— (a{_@_625/@2>/|ut|2 dF

I

2l ) [b(0)

Q

1 2 B2
- <—529(0>“°O )(—g'OVu) (8) + &1 Jull? dz, Vit > t,

2 4&05

we have used the fact that for any ¢y > 0,
t

to
/g d3>/ (s)ds = go, Vt>to,

0
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(4.28)

(4.29)

(4.30)

) utda

(4.31)

(4.32)
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because g is positive and continuous with g (0) > 0. At this point, we choose ¢ small enough so that

40
%<%<aogo—5.

Whence 0 is fixed, the choice of any two positive constants €; and 2 satisfying

458205 anqgo

7527

will make
l
ki = 2 — 82505 > 0,
4
and

]{?2 = &9 ((Zogo —5) —e1 > 0.

Then, we choose 6, €1 and 5 small that (4.9) and (4.33) remain valid, further

2¢1 B2 ||b
ks = 1—%“”—625”[)”00 > 0,
2B2 2
k4=a—%16—52552>0,
1 g(0) |lal%, B2
ks = — — e 0.
g 2 ©2 4(105 ”

Hence, for all ¢, > 0, we arrive at
F () < =k ||Vully = ko lludll; + c7 (9 0 Vu) (£) + ¢s (9 0 V) (1)

_k;3/b(x)utzda:—k4/|ut|2df+51||u||z,
Q I

which yields (if needed, one can choose ¢; sufficiently small)
F'(t) < —mE(t)+C(goVu)(t),
where ¢;,7 = 7,8, m, C' are some positive constants.
Multiplying(4.41) by &(t) gives
E)F () < —m&@)E (t) + CE(E) (g o Vu) (t), YVt > to.
It follows from (4.41) , (2.3) , and (2.4) that
Case of p = 1. Recalling (2.4) and (2.10), we obtain, from (4.42), for all ¢ > ¢,

E)F (1) —m&(t)E (t) + C (g0 Vu) (t) < —mg(t)E (t) — C (¢ 0 Vu) ()

—mg(t)E (t) - CE'(t),

VARRVA

which leads to

(EF+CE) (t) < —m&()E (), Yt > t.
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(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)
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Let L (t) :==£(t) F (t) +CE (t), then clearly L ~ E and we have, for some m; > 0,
L' (t) < —m &)L (t), Vt > 1.
By a simple integration, we arrive at
L(t) < Ce™If@%  yy sy
Hence (4.27) by virtue of L ~ F.
Case of p > 1. To establish (4.28), we again consider (4.42) and use Corollary 2.8 to get

1
EBF (t) < —mEOE () + C[-E ()], Yt =t
Multiplication of the last inequality by £*E® (t) , where av = 2p — 2, gives

1

(1) B () F' (1) < —m&™* (1) BT () + C (EB)° (1) [-E' (D)7, Vit > to.

Use of Young’s inequality, with ¢ = o« + 1 and ¢* = a—“, yields

EFL@)EY () F' (1) < —m&TH(t) B (1)
+C [e£*T (¢) E“TH () — C.E' (1)]

= —(m—e0)& (1) BT (t) — CE'(t), Ve >0, VYt > t.

We then choose € < g and recall that ¢’ < 0 and £’ < 0, to get

(LB F) (1) < €tL(t) B (1) F' (1)

<
< —q&TL ) BT () — CE (b)), Vit > t,

which implies

(M ECF + CE) (1) < —He (1) B (1) .
Let W = P EYF + CE ~ E. Then

W (t) < —CeTH ()Wl (t) = —CeP W21 (1), Vit > ty.
Integrating over (¢, t) and using the fact that W ~ E we obtain

_1
2p—2

vVt > tp.

E()<C !
ft§2P1 Yds + 1

To establish (4.30) we consider (4.42) and recall Remark 4.4. So, we have

EOF (1) < —mE()E (1) + C&(t) (g0 Vu) (1)

t

— _me)E +c’7§/ P (19 (t) — Vu(t = )3

where
/||Vu<t>—wt—s)n%dss0/||Vu<t>||§+||Vu<t—s>||§ds
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(4.44)

(4.45)

(4.46)
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IN

c/ +Et—s)]ds<20/ (t — s)ds

:20/ d8<2C/ s)ds < +00.

Applying Jensens’s inequality (2.15) for the second term on the right hand side of (4.46), with G(y) =
1
yr,y >0, f(s) =€ (s)g" (s) and h(s) = |[Vu () = Vu(t = s)[5, to get

S =

EOF (1) < —mE(E (1) + Cn (1) !/ﬁp 9 IVu () - Vult— s)Bds| |

where we assume that 7(¢) > 0, otherwise we get || Vu(t) — Vu(t — s) ||= 0 and hence from (4.41) we
have

E(t) < Ce ™.

Therefore, we obtain

t P

EOF (1) < —mEWE®) +Cn'T (1) | (0)/5(8)9p(8)||VU(t)—VU(t—S)IlgdS

(t) < —mEW)E (1) + C (~E' (1))7 .

Multiplying by £ (¢) E“(t), for « = p — 1, and repeating the same computations as in above, we arrive
at

S

< —mE(HE(t) +C (=g o Vu)

1

1 P
1+ftz &p (s) ds] 7

This completes the proof of our main result.

E(t)<K Vit > 1.

The following examples illustrate our result given by Theorem 4.4. ]

Example 1. Let g () = T ¥ > 2, where a > 0 is a constant so that f0+oo g (t)dt < 1. We have
“ 1 3
i av a v v+
t)=———==-b| — =—bg"(t), p= <=, b>0.
00) =~ = () =) =<

Therefore (4.29) , with £ (t) = b, yields f0+oo (=) ™7 dt < oo and hence by (4.30) we get
C C

B < (1+4r1 1+

which is the optimal decay obtained in [7].
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Example 2. Let g (t) = ae-(1")" 0 < v < 1 where 0 < a < 1 is chosen so that fOJrOOg (t)dt < 1.
Then

g () =—av(1+1)" eI = —£(1) g (1)

where € (¢) = v (1 + )"~ which is a decreasing function and £ (0) > 0. Therefore we can use (4.27) to
deduce

E () < Ce M7,
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