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ABSTRACT. In this article, we study initial value problem for the zero-pressure gas dynamics system in non-conservative
form and the associated adhesion approximation. We use adhesion approximation and modified adhesion approximation
in the construction of weak asymptotic solution. First we prove a general existence result for the adhesion model for the
initial velocity component in H* for s > % + 1 and the initial data for the density component being a C'* function. Using this,
we construct weak asymptotic solution for the system with initial velocity in L2 N L>° and the initial density being a bounded
Borel measure. Then we make a detailed analysis of the explicit formula for the weak asymptotic solution and generalized
solution for the plane-wave type initial data.
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1. Introduction

The zero-pressure gas dynamics system is an important system of partial differential equations which
comes in application in cosmology and is closely related to the Zeldovich approximation ([20]). This
system describes the evolution of matter in the expansion of universe as cold dust moving under gravity
alone. The laws are given by a system of partial differential equations

u+ (u-Vu =0,

1.1
pr+ V- (pu) =0 (D

where u denotes the velocity of the particles and p is the density, x € R" denotes the space variable,
t > 0 denotes time and V = (0,,, Os,, -..0, ) . For physical case, the space dimensions n = 1,2, 3 are
important. The Cauchy problem is to find u and p in suitable function space that satisfy the equation in
xr € R™ ¢t > 0 and the initial condition

'UJ(Ilf,O) = UO(:B) ) p($70) = 100(37) y T € R™. (12)

The mathematical problem is to identify the space and to find the solution, prove uniqueness, continu-
ous dependence on data and derive qualitative properties of the solution such as regularity, asymptotic
behavior of solution. All these questions are open except for the one dimensional case n = 1.

It 1s well known that the problem does not have smooth solution even if the initial data is smooth.
The fastest particles overrun the slowest ones and the density becomes infinite in finite time, thus as in
the case of most nonlinear systems, the existence of global smooth solutions for (I.I)) even with smooth
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initial data 1s not possible in general. The mapping from Lagrangian space to the Eulerian space
given by

r =1y + tuy(y)

is bijective only for short time and

u(w,t) = up(y) , pz,t) = po(y) det (gi;)

gives only short time existence of solution. The solution has to be understood in a weak sense and weak
solutions are not unique. The unique physical solution has to be selected by giving additional conditions

on the solutions. One such selection criteria is that it is the limit of a given physical regularization, such
as the adhesion approximation.

The adhesion model corresponding to was introduced by Gurbatov ([7]). The adhesion approxi-
mation describes the motion of the particles by the motion of sticky particles, wherein the velocity obeys
the Burgers equation and the density is governed by the continuity equation

ur + (u- V)u = eAu, (13)
pr+ V- (pu) =0.

One of the most important physical cases is when the velocity u can be represented in terms of a
velocity potential ¢, which was analysed by many authors (see [19, 12}, 11, [8, 2, [1] and the references
there). When the initial data is of the form u(x,0) = V¢y(x), the exact formula for the velocity u can be
written down using the Hopf-Cole transformation ([12, 20]). The equation for p is then a linear equation
with smooth coefficients and can be solved explicitly. As € — 0, the limit u of u is a locally bounded
BV function while the limit p of p® is a Radon measure. An additional difficulty is the non-conservative
nature of the first equation. The products (u.V)u and pu can no more be described in the sense of
distributions. The idea therefore is to use the microscopic behavior of the adhesion approximation to
make sense of the products involved and to formulate an appropriate notion of solution.

In the modified adhesion approximation, viscosity term is added in both equations, namely
up + (u - V)us = eAus,
i ( 6> € € (1 4)
p; + V- (pu) = eAp.

For the one space dimension case, Hopf-Cole transformation was used in [[11] to write explicit solution
of with any bounded measurable initial data and vanishing viscosity solution was analysed. How-
ever for n > 1, even in the case of gradient type initial velocity, Hopf-Cole transformation does not help
to write the explicit solution.

An important class of solutions which is of gradient type is that of the radial ones which take the form
u(z,t) = % ca(r,t), plx,t) = b(r,1)

with 7 = |z| and a : [0,00) — R, b : [0,00) — R. The equation for a and b becomes the 2 x 2 system
with initial condition at ¢ = 0 and and a condition at the origin or a condition on the mass conservation.
In [2]], a formula was constructed for the solution for this case using Lax’s fomula. A solution for the
initial boundary value problem was constructed for the Burgers equation in [[10].
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One basic question is the formulation of the solution for such problems. In this connection, the first
such formulation was given in Lefloch ([15]]) and and a different formulation was given in Joseph ([[L1]])
for the one dimensional 2 x 2 system. The approach of Lefloch was for a slightly general case and uses
Lax formula, whereas that of Joseph was for one dimensional case of (I.1)) for the Riemann problem and
uses modified adhesion model.

The works of Danilov and Shelkovich ([3} 4, 5]) gave a new direction by giving new definitions of weak
formulation of the solution in the framework of weak asymptotic method. There are different notions
of solutions introduced in [1} 13, 4, |5, [17] and they contain interconnections and applications to different
systems. First we explain these different notions.

Definition 1.1: A family of smooth functions (u*, p) ., is called a weak asymptotic solution of the
system (L.I)) with initial conditions u(-,0) = ug(-) , p(-,0) = po(-) provided as ¢ — 0, we have
up + (u” - V)u© = o/ (R")(1),
pi + V- (p'u) = oo (R")(1),
u(x,0) — uo(x) = oo (R")(1),
p*(x,0) — po(x) = o (R")(1).
Here o5/ (R")(1) means a quantity that converges to 0 in the distributional sense in R". The first two
relations are required to hold uniformly in ¢ > 0.

(1.5)

Definition 1.2: A distribution (p,u) is called a generalized solution of the Cauchy problem in the
domain Qp = {(x,t) : « € R, T > ¢ > 0} if it is the limit in distribution of a weakly asymptotic
solution (p¢, u®)~o of the Cauchy problem as € goes to zero.

Our aim is to use adhesion and modified adhesion approximations to construct weak asymptotic so-
lutions for general L*° initial data. For the case when initial data is of plane wave type, we construct
explicit formula for the weak asymptotic solution and as a limit, a generalized solution to the Cauchy
problem for (L.I)).

2. General initial data existence for adhesion model

In this section we prove the existence of solution for the initial value problem for adhesion approxima-
tion. The important physical case is for space dimensions n = 1,2, 3. The case n = 1 is well understood
and even explicit solutions are available, see [[13,115] and the references mentioned there, so we focus on
the case n > 2. Consider the system

ur+ (u-Viu=eAu, (z,t) € R" x (0,00) (2.1)
with initial condition

u(z,0) =up(z), x € R" (2.2)
where u = (uy, ug, . .., Up)-

Theorem 2.1. Let s > n/2 + 1 and T be any positive real number. Then for any given ¢ > 0 and
ug € H*(R"), there exists a weak solution

u® € C([0,T); L*(R")) N L*([0, T]; H*(R™))
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for which is a continuous function in (t,x) and continuously differentiable function in the space

variable. Further for sy + 21 < s, there exists a constant N (T, s, ¢, ||ug|| oo @y, ||to]
satisfying

¢ 2
/ Hal 7t)‘ ‘Hso(]Rn) dt < N<T7 S, €, ||u0||L°°(R")7 ||U0| HS(R"))‘

By a weak solution, we mean that

// [—ujét z,t) —f—Zuza oz, t) Zuﬁ 2¢(x,t) | dedt =0 (2.3)

0 R»

for all ¢ € C§° (R™ x (0,7")) and the initial condition is satisfied in the sense that

t—0
Rn

lim/ (2, t) — ug;j(z)|*dz =0 (2.4)

for each j. The proof of the theorem is based on a fixed point argument. First we observe that the system

(2.1) can be written componentwise with initial velocity ug = (ug1, uo2, - - - , Uon):
n n
(uj)t + Z UiOpuj = € Z awizuj
i=1 i=1 (2.5)
uj(x,0) = ug;(z)
for j = 1,2,...,n. Define the following iteration:
uj = toj>
n
Opul + Zuk Oyl =€ 02 uf, (2.6)
=1

(2,0) = oy 2.

We first prove the following lemma.

Lemma 2.2. Given any T > 0, there exist weak solutions u”* for each k = 1,2,3,... satisfying the
following estimates:

* (@, )] oo xo.00y = 60! ooy 5 2.7)
sup [0l < exp (10l 1) g 28)
2 2
k n?||uol| ..
sup |[u”( t)HHs(Rn) < M(s, €, T, |[uo|| gsmn))- (2.10)

0<t<T
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For so + 21 < s,

2
/Haz k ooy @8 < N (s0,€, [[uollzee, [[uol oot T), (2.11)
Haxiu’f“(-,t)|\m(m < Clteug),i=1,2,...,n (2.12)
where
Ot eu) = —— |1y ol
€, U = € U
; &, U0 \/E Yy 12 0112
(2.13)
—. oo - . . 1(mon) - t.
= ol [yl || fuol sy - exp | T ) VA
Proof. For j =1,2,...,nand k = 1, there exists weak solution

uj € C'0, T; H¥(R™)] N L>(0,T; H'(R™))
to the equation (2.6) and by the maximum principle, we have

sup |uj(z,t)] = sup |ug;(x)|

reR” zeR”

for each 7 = 1,2, ..., n. By induction, there exist weak solution

uf € M0, T; H*(R™)] N L>(0, T; H*~'(R™))

for (2.6). Here we show that the estimates are independent of k = 1,2,.... The L™ estimate for u*

follows from (2.6) by maximum principle.

Next we get L2- Sobolev estimates for u*. For this, we multiply uf on both sides in the second equation
of (2.6) and integrate over R”, getting

1 k=1, k 2 k o
iat/ 2dx +Z/ 8udaz—ez 8 jdz.

n 1= 1R” 1= an

After using integration by parts, we get

Oy /( )da —l-QEZ/ - ] ——22/ hl kaxzuﬁdx

n 1= an 1= an
< 2||u0||LwZ/|u/€axzu§|da:
n
(u)?
<3 [ [l P 4 @b
i=1 g

Simplifying, we get

at/ Ve +EZ/ 0,,uk)?dz <|| 0||°°i/(j)2dx.

n 1= 1R” z:an
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Summation over the index 7 in the above equation gives

- - nlfuol 2. &
O Z/(ufﬁda: +e Z /(&Eiu;?)Qda: < fZ/(uffdx

J=1gn i.j=1gn J=1gmn
It follows that
) i/(u’?)%x < Plluolly /i(u’?)zdaz.
s ’ - g ’
Thus, we get

En: / (uh)?dz < exp (%t) En: / (ug;)*dx,

jlen jlen

which proves (2.8)). Next, we differentiate the second equation in (2.6) w.r.t. z; to get

O (&Elué‘?) + Oy,

n n
k—1 k|l _ 2 k
E u; ariuj] =€ E 05,0 (u7).

Multiplying both sides of the above equation with 8xlu§ and integrating over R", we get

1 - _
5& /(arlu;?)de —1—2/8951 [uf 18:51“?} @;lu?dx

n ilen
=€) / (0nub) 02, (0 ub) da.
i=1Rn

After using integration by parts, this equation becomes

39| [Out e =3 [t 0ua) 32
i=1 g

- —EZ/8xi(axlu§)8m(8xlu§)dx.
i=1gn

This implies that

0, / (02| +2¢ > / (00, 001t)” d

— 2Z/uf_1 (&Euf) (8§lu§) dx
i=1gn

- 2 (al‘“?f 2 k)2
< Z ||uo||Loonaz—|—na/(8xluj) dz,
i=1gn

Rn
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where o > 0 will be suitably chosen below. Summing over the indices [ and 7, we get

) Z/(arluj dz +2&Z/ (01, 0y1it)”

Li gn i)l gn
(5@ (8su)” 2 )
§Z/n||u0|| dx—f—nozZ/ 92,u5)
1,J Rn lj R~
For a = -, we get
Z/ - ] ? dz +2EZ/(8 8xlu]) dz
L,j R~ alen
O, u
< Z/n2||uo||i (Or,1y d:z:—l—eZ/ (2, 5
(2] R l,j R
Oy, ut
< Z/nzHuOHiwudaH—eZ/(a 8xluj)
ij g i3l fin

Employing the same analysis as before, we get the estimates

n2
Z/ 8 u dx<eX < ||UOH )Z/ 8I1u0] dz. (2.15)

7.] Rn 7.7 Rn
From and (2.13), we have (2.9).

Now we get higher order estimates. We prove it by the method of induction on s. We have this estimate
for s = 0 and s = 1. We show that for each j,k =1,2,...

S M(87 €7T7 ||U0|

HS(R")>7

sup Hu t)‘

0<t<T H*(R")

where M (s, €, T, |[uo||gs(mn)) is @ smooth function of € > 0, 7" > 0, s > 0 and |||

Hs (Rn) .
Now assume that such an estimate is true for s — 1. We show that u"f satisfies the estimate (2.10).

Let a be any multi-index in R™. Apply the operator 9 on both sides of the second equation in (2.6) to
get
a aa k + 9«

Z k= 131,1“]] =€ i 92 0% (uk
i=1

Multiplying 80‘u§? to both sides of this equation and integrating over R", we get
1 (67 - (03 [0}
S0 /(a ub)?de +Z/a up Oy uf) Oufda
_EZ/aa k:aZ aak)

1= an
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Using integration by parts, we get, for any multi-index 5 in R™ with |3] = 1,

) L/(aa ; d:z:] +2&Z/ [(0"ub))

:—22/80‘ kl@ u 80‘ kdm

1= an

|5|+122/aa ﬁ k 18 uk )aa (85 k)

1= 1R”

< %z_j / [0°7 (uf‘lé?xiu?)]de+%i / [0 (9°u})]" da
Z/ (07 (w10, )] dx+2€/[85(8a ]2 d.

1= an R

Since |3] = 1, we get

) /(aa’“ dr| < — Z/aaﬁ (uf10,,ub)] " d
1= 1R"
Summing over the indices « for || < s, we obtain

at{z/(aak ] Zuuklau I

|| <sgpn

n —1112 2
<23t o
i=1
n — E—11|2 k|2
<3 [
i=1

from which we get

2 oy o112 2
0 (1[a¥]12) < Z 1= |7

This implies that

t
e G0l < exp (/ . u’“<-m>|§1d7) ol

0

Using the induction hypothesis, we have

0<t<T
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Now higher order estimates follow from (2.16) and . Mixed derivatives with respect to x and ¢ can
be calculated using the second equation in (2.6). For example, we use (2.6) to get

n
H@tuk| |L2 R x[0,7]) < Z ||uk laxlu§| |L2(]R"><[O,TD + GZ “agzu§| |L2(]R"><[O,TD )

1=1 1=1

Using (2.10) and (2.17), we get an estimate of the form

|| Ol (-, < N{(e, |Juo|| =, [|uo| |2, T),

HL2 R"x[0,T])

which is bounded independent of k. In general, for sg + 2] < s, we will get

/Hal k

Estimation of ||0,,u"*!(-,

2

Hso(Rn) dt < N(‘SOv ¢ ||u0||L°°7 ||u0|

Hso+2l , T) .

O e ey

Next, we derive the following estimate for fixed 7" > 0 and any ¢ € (0, T'):

Hal’iukJrl('at)HLoo(Rn) < C(t, €, Uo) ,i1=1,2,....n
where
1
C(t,e,up) == ﬁH|y|e L2.||uo||L2
1 e n2. ||uol) o -
+¢Eummw\yeyL,hmHpr< o

We have
ufﬂ — e Auktl — (uk ) v)ukJrl

u(zx,0) = ugp(x)

To derive the above estimate, we use the following representation formula:

1 |z — y|?
Rl 4) — _ _
“ (a:, ) (47rte)5 /exp( 4te uo(y)dy
Rn

t 2=yl
exp | — 177
* // ( = ))(“k'v)ukﬂ(y,S)dde-

[dr(t — 5)e]2

Differentiating the above formula w.r.t. z; for each i, we get

O, u" (2, 1)

z—y|?

0 R~
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1 exp (— (ts)e) )
// ( 2(t — 3) ) . 2(t — s)e. [47(t _43)6]% (u" - V)u" (y, s)dyds.

(2.18)

(2.19)

(2.20)

2.21)

(2.22)
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Thus for fixed 7" > 0, we have the following estimate for each ¢ € (0, 7]

O

(27

||8xluk+1
< [f o179 | ol
t
||uo||Loo. yie V|| [V )|
L
0
1 1 2
< _ —H eVl |
- (27‘[‘ 2 _\/E yl L2 || 0||L2 (2.23)
t
2 Juol[7 T
+ <exp e ) Il ) ol e, [ e
0
N1, teol
2 2
2¢ '
(]

< ||lvle

> yl.e

\/_

1
ol - || yle”

2'||u0||H1(R")'eX (

_|_

S

Proof of Theorem 2.1. We are going to choose a suitable 7}
L% ([0,Ty) x R™). Foreach k € {2,3,4,...}, we have
L e Akt — (f W)t
uf = e. Auf — (uF71 W)k
followed with integration by parts, we get
o, / |uftH — ukfdx + €. / |V (uM ! uk)|2da:
Rn
uM)dx + /(u —uF Y v (T — R da
k
—ul],

Rn
ly + [ = o], [Vt ]
uk—1H2||uk+1

/ Wb - V(L — k)] - (k-
Ry,

Rn
< ol | [V = )| [
< oo | [0 — )| o1 — [ + Ot ) [
[Juol| 7~ 2
ellie (i — )

€ 2
<5 (17 =ty 1]
Oy o = o = ]
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Uy
k_ (yh
Subtracting the second equation from the first one and multiplying the resulting equation with (u*+ —u*)

—ukHz
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for any ¢ € (0, Tp]. This gives

O {Hukﬂ — uk||ig] + €. / IV (P — P [da

Rn
=0, / WP — uFPda | e / IV (T — P Pda
n Rn

2
Ll oot 2,4 2t 6. o — o [~ o]

In particular, we have
0 || = |1,
|| |7 k+1 k|2 ko k-1 k+1 .k
< Ml e b2, 4 200, ). [l — o ]

Integrating over [0,¢] for each ¢ € (0, Tp], we get

| @ = M) )|]7

2
ol |7 Rl k
lvolle oy 1t = )91 | T

€ [07T0]
To

20(s, e, . E k-1 . k+1 K d
0/ (5 c50) sup [ — |- sup [+t — ] s

_|_

2
o7 kL _ ok
< A sup || (WM —w )('73)||L2 i

€ [0,T0]

k1

+a(e, ug, Tp). sup ||uk — uk_lHL2 . Sup ||u uk‘ ‘LQ :

[0,T0)] [0,70]
where

a(e, ug, Tp)

= lyle " utol | s ey To |1+ ||| [ oo T exp
Ve R")

Hence, we get
2
Uo oo
<1 - @%) - Sup ||(UkJrl —u")(,, 5)||L2
€ [0,70]

< O[(G, uOvTO)' Sl;p H(uk - uk71)<'78)‘ ‘LQ .
»40

L( 2¢

We now take T' = T} € (0, 1) small enough so that

Oé(E, Up, TO)

0< —ap
1 — 2= T

<1
2
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(2.27)

(2.28)

(2.29)

(2.30)

(2.31)
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Then we will get a contraction in C([0, Tp] x L*(R™)). Also, we have the following estimates for ¢ > 0
uniformly in k:

Huk<'7t>‘|Loo(Rn) < ||u0||L°°(R")7
n?||uol|? e -t (2.32)

144Dy < 50 (LG ) Tl

The estimates for the solution follows from the corresponding estimates for the approximations u* -
as these are uniform in &.

Existence upto 7. Once we have local existence of the solution, its global existence follows by a
standard argument since the limit function w satisfies all the estimates mentioned in the above lemma.
Indeed, we can continue the solution with the initial data starting from 7{. This process can be continued
as long as the estimates in the lemma hold for the limit function. Thus the maximal time of existence of
solution cannot be less than 7'. ]

Remark : If ug € H'(R"), from the proof of theorem, we have contraction in C([0, Tp], L?(R")) . This
together with estimate (2.7)-(2.9), give a weak solution because we can pass to the limit in (u*~! - V)u*
and the solution is in C([0, 7], L*(R™)) N L>([0,T], H*(R™)) N L>([0,T] x R™). Our interest is in
smooth solutions since we are interested in weak asymptotic solution of (I.I)), this is obtained from the
estimates (2.10)-(2.12) and to get this estimates we need to add the condition ug € H*(R"),s > n/2+1.
Indeed we use this result in the proof of next theorem with the assumption that initial data is in H*(R"),
for all s.

More precisely, we consider the equation with initial condition (1.2). We prove the following
result.

Theorem 2.3. The family of solutions (u€, p)e=o of the equation with initial conditions

u(x,0) = up(z) = (uo *ne)(x) , p(,0) = py(x) = (po * ne)(x)
where uy € L®°NL2, pg is a bounded Borel measure and 1) is the Friedrichs mollifier, is a weak asymptotic
solution satisfying the inviscid equation

u+ (u-Vu=0, pp+V-(pu)=0

with initial conditions

u(x,0) = uo(z) , p(x,0) = po(z).

Proof. Note that uf € H*(R") for all s > 0 and by the previous theorem, u* € H*(R" x [0,T]) for
all s > 0 and hence u€ is a C'™ function and the continuity equation for p° is a linear equation whose
coefficients are infinitely differentiable functions with infinitely differentiable initial data. Hence its
solution p¢ is again a C*° function. Indeed using the method of characteristics, the explicit solution of p°
can be written as

pe(xa t) = p(e)(Xe(Ia t, 0)>J6(I7 t, 0)7
where X“(z,t,-) is the solution to
dX(z,t,s)

ds
Xz, t,t) =z

= u (X2, t,5),5), 0 <s <t (2.33)
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and J(z,t,0) is the Jacobian of X(x,¢,0) w.r.t. z. Since u is a weak solution and p° is a classical
solution, we have

/T / [u + (u - V)us] ¢(x, t)dadt = /T / uEAdddt

0 R» 0 R~

/T/[’)ZJFV'(PW)] oz, t)dzdt =0

0 R»

for any ¢ € C2°(R™ x (0,7")). By maximum principle,
|uf (2, )] < max |uo(y)].
yER™

Therefore, (I.3) follows easily as ¢ tends to zero. n

3. The adhesion approximation - weak asymptotic solution

In this section, we construct weak asymptotic solution of the system (I.I)) with the initial conditions
being of plane-wave type. Let £ € S"7! (i.e., £ € R" with |¢| = 1). Consider (LI) with the initial data
for v and p being functions of y = £ - x, namely

u(z,0) = up(z) =up(€ - x), p(z,0) = po(x) = po(§ - x) (3.1)

where 4y : R — R" and py : R — R are given functions of a real variable. We prove the following
result.

Theorem 3.1. Assume uy € L™ (R;R"™) and py € L>®(R). Let uf = ug * n° and p§ = po * n°, where n°
is the usual Friedrichs mollifier in the space variable y € R. Fory € R, z € Randt > 0, let us define

(y — 2)?

0(y7t7z) = 2t

+ /ﬁ - ug(s)ds. (3.2)
0

Then (u, p) is given by
ffooo u§(2). exp (—%9(& -z, t, z)) dz

“(z,t) = = 3.3
u(,1) J-. exp (—i&(f -, t, z)) dz (33)
z(y,t)
p(x,t) =0, / po(s)ds (3.4)
0 y=¢-x
with 2°(y,t) .= X(y,t,0), where X(y,t,-) is the solution to the ODE
dXxe
t.s) =& -uS(X(y.t 0,t
dS (y7 78) g u ( (y7 78)7 S) b 8 6 [ b ] (3.5)

Xy, t,t) =y

Furthermore, (uf, p%)eso given by (3.3) and (3.4) is a weak asymptotic solution to (L)) with the pre-
scribed initial conditions (3.1).
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Proof. We look for plane wave-type solutions
u(z,t) = u(y,t)
plx,t) = p(y,t)

where y = £ - ¢ and we have suppressed the dependence of u¢ and p° on €. Then the equation
reduces to

(3.6)

U + (& - 1) Uy = €tly,
pr+ ((€-u)p), =0
The initial data (3.1) for @, p become
u(y,0) = ug(y) , p(y,0) = po(y)- (3.8)

Multiply the first equation in with ¢ and denote o = £ - u. Then the above system is reduced to

(3.7)

Ot + 00y = €0yy,

U + Oy = €llyy, (3.9)
Pt + (aﬁ)y = 0.

The initial conditions become
o(y,0) =& -ug(y) , u(y,0) =ug(y) , ply,0) = po(y)- (3.10)

This can be reduced to a linear equation by a generalized Hopf-Cole transformation in the following way:

If ¢ 1s a solution to

2
q: + % = €qyy
y (3.11)
1(y,0) = / £ ()
0

then the function o defined by o := ¢, is a solution to the first equation in (3.9) with initial condition

o(y,0) =& - ug(y). (3.12)
Now set

r=e 2% v=1ie 2. (3.13)
This leads to

_ 6721_6 foy &uf(z)dz,
)

o U Eus(2)ds

Tt = €Tyy r(ya O) (3.14)
v = €vyy , v(y, 0) = ug(y)

To write down the solution, we introduce the function

0(y,t,z) = y ;tz) + /5 - Ug(s)ds.

0

z
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Solving the heat equation, we get
o0

t 1 O(yét,z)d
(y7 ) (47Tt€)1/2 € 27
e 0(y,t,z)
U(y7t> - (47Tt€>1/2 uo(Z)@ 2e z

Using the above transformation, we have u = 7. On substituting the formula for v and r, we get

ﬂ(y t) _ ffo aO( ) eXp( 9(y7t7z>)d
7 ffo exp( H(y,t z))dz

Using Leibnitz formula, it easily follows that @ is a C'*° solution. Now the equation for p is linear with

(3.15)

smooth coefficients. It follows that if K solves

Rt + URy =0
Yy
~ (3.16)
R(y.0) = / 76 (s)dls
0
then
(3.17)

is a solution to the last equation in (3.9), with the initial condition for p as in (3.10). By the method of

characteristics, R(y,t) is constant along the characteristics. So

Z“(y;t)
Rit) = [ ail)s
0
with 2°(y,t) = X(y,t,0), where X(y, t, -) is the solution to the ODE
dXe©
ots) = (Xt 5),5) 5 € 0.1

Xy,t,s=t)=y.
Note that by the formula, ¢ is a C*° function and it is bounded independent of € and (z,¢). Therefore

we have

E/Aué(a:,t)n(:p) dr = e/ue(x,t)An(x) dx = O(1)e

R™ R™
uniformly in ¢ for every n € C§°(R"™), whence it follows that u¢ satisfies the estimate for the weak

asymptotic solution.
, P%)e>0 satisfies the required estimates on the initial conditions can be seen easily from the

That (u
identities
u(2,0) —uo(x) = up(§ - ) — wo(€ - x)
p(x,0) = po(x) = po(& - ) — po(& - 7)),
since as € — 0, u§(§ - ©) — up(€ - x) and p§ (& - ) — po(€ - =) in the sense of distributions. ]
Page |30
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4. Vanishing viscosity limit of adhesion approximation : generalized solution

In this section, we consider (II]) with initial data of plane wave type (3.1). We assume iy € W1°(R)
and py € BV (R). We prove the following result.

Theorem 4.1. For eacht > 0 fixed, let z(y,t) be a minimizer of

2
0(y,t,2> = % +/£UO(S>dS (41)
0

which is monotone increasing in y and is unique except for a countable number of points y. Then at these
points, the limit lim_,o(u(y, t), p°(y,t)) exists and is given by

z(y,t)
(uly ), p(y. 1) = | Go(=(.1)) . 0, / =)z | |- 4.2)
0
Furthermore,
2(y,t)
ul(a, ) = (2, 1) lye » plat) = B, / pol2)dz 4.3)

0
y=¢x

is a generalized solution in the sense of Definition 1.2.

Proof. It is standard from the from the works of Hopf [9] and Lax [14] and can be found in Evans [6]]
that for each ¢ > 0, the minimizer z(y, t) is unique except for a countable number of points y. At these
points, where we have a unique minimizer, we can apply Laplace asymptotic formula as given on page
205 in Evans [6] to get the formula for the limit lim,_,o a(y,t) = uo(2(y, t)).

To prove the limit for the density p, observe that the function X¢(y,t, s) considered in the previous
theorem is a Lipschitz continuous function of s and bounded uniformly in € > 0 on the interval s € [0, T'].
So by the Arzela-Ascoli theorem, this family of curves is compact in uniform norm on [0, 7'] and the limit
point set need not be singleton. In particular, we have a subsequence such that z¢(y, t) converges to z(y, t)
as € goes to zero and hence R(y, t) converges to

2(y,t)

Rly,t) = / ols)ds
0

as € — 0. Since X“(y,t,0) = 2°(y, t) is a monotone function in each of the variables y and ¢, the same
is true for z(y,t). So R(y,t) is a BV function of y. [l

5. Formula for Riemann type initial data

In this section we consider the adhesion model

ul + (U - V)t = %Auﬁ, P+ V- (pus) =0 (5.1)
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with Riemann type initial data, namely
U(T) = UL * X(eeoy T UR " Xiewnoy » PO(T) = PL* Xiecoy T PR X(eamoy- (5.2)
We have the following formula for the vanishing viscosity limit.
Theorem 5.1. Let u® and p° be the solutions given by (5.1)) with initial data of Riemann type (5.2)) and
u(z,t) = 11_1% u(x,t), p(x,t) = 11_{% pS(x, ).

Then (u, p) has the following form:

Casel. u;, = up = ugp :
(w0, pr), & (z —ut) <0

(u<$7t)7:0(x7t)) = (5.3)
(uo, pr), &+ (x —upt) >0

Case2. £ -up <&-up:

(

(ur,pr), & (v —urt) <0

(ula, 1), p(, 1) = { (2/4,0), €-ugt < €2 < & - upt (5.4)

| (ur, pR) &+ (¥ —ugt) >0

Case3. & -up <& -up:

(up,prdr) , €@ < st

(ula 1), pla. ) = G(uLﬂR),%(uL—uR><pL+pR>t5¢xzst) Er—st 55)

( (ur, prdz) , &1 > st

ur, + uR>

wheres=§-( 5

Proof. This theorem does not directly follow from the previous theorem, because of the possible discon-
tinuity in the initial data. We first introduce the following notations:

y=&-x, 0 =& uL, op =& up.

Also, we write uj and p© for € > 0 in terms of the standard er fc given by

erfe(y) = /e_Zde
y
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and use its asymptotic expansion as y — +o00. To do this, first note that from the formula (3.13)) ( with €
replaced by § ), we have

or - Az(ya t) + OR - Af]{(ya t)

u(y,t) = , (5.6)
Af(y,t) + AR(y, 1)
where
o0 00
1| @rn)? } _l|:(y_z)2+ }
g(y,t):/e L %(y,t):/e LT (5.7)
0 0
Since
012:‘375 oRY 7 (z—y+cht)2 (UR)Qt oRY & 9
%(y,f)=677/e 7 dy =\ 2ee 2 o / e dz, 5.8)
0 —ytopt

writing in terms of erfc gives us

okt o y — t
ARy, t) = V2te eZ ¢ erfe (%) : (5.9)

Similarly,
oft opy — t
AS (y,t) = V2te et Cerfe (y\/Qitj ) (5.10)

Using the asymptotic expansions of the erfc, namely

1 1 1 2
erfc(y):<@—4—y3+0<§>>e Yoy — o0

T ) (5.11)
erfc(—y) = V7 — <@ T Ip +o0 <§>> eV |y — 0.
in (5.9) and (5.10), we have the following as v — 0:
( tE 2

me_%, _y+0Rt>O

t o2t oRY
<y, 1) ~ 1/%62_}—2 H oyt opt=0 (5.12)

|n:

)|

("R)Qtiw te 42
V2mte e 2¢ e 4+ | —)e 2w, —y+opt <0
X te 2 _y+0-Rt

e y—ort >0

lo|(¢

e
y—ort

€ t 0215 ory
AS (y,t) ~ ,/%e%—é y—opt=0 (5.13)

(0p)?t o te 2
V2rte e _%y—l—y 5 te_%,y—aLt<O
\ — UL
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First we consider the case o, < o and prove (5.4). We have to treat different regions.
Region 1:y < oyt

Suppose y < ort. Since oy, < or, we will have y < opt and so —y + ort > 0 in this region. Using

(5.12) and (5.13)) in (5.6)), we have
ULt—M te _y te 2
or. |V2mtee2e " "¢ 4+ —~—¢e 2 | + OR. e 2

y—ort —Yy+ort
€ ~o

u(y,t) ~ it oLy t y? t y? ’ -1

L7 € — € —

\ 2mte e 2e e + y—aLte 20 — y—aRte e

so that
_(—opt)?
oL V2w + [O'L . O_Lt UR'y—@] e~ 2t

u(y,t) ~ (5.15)

VI + [P - e

y— O’Lt y*O'Rt

When y = ot, we have —y + ot > 0. Using (5.10), (5.12) and rearranging the terms, we get

orpAN2m — o e
u(y, t) ~ — Ry "Rt. (5.16)

Combining all these, we have

oy O’Rt

hmu (y,t) =01, y <ot (5.17)

e—0

Region2: ot <y < opt

In this case, we have —y + ot > 0 and y — ot > 0. Using (3.12) and (5.13)) in (3.6), we get

2 2
te - te y
oL- [yaLte #| T OR: {yﬂmte 25] fé t fff i
u(y,t) ~ e R S (5.18)
y*O'Lte 2te — y*O'Rte 2te y*O'Lt y,o—Rt
Simplifying this, we get
hmu (y,t) =y/t, ort <y < ogt. (5.19)

e—0

Region3:y > ogt

First we suppose y > ogt. In this case, we have —y + ort < 0 and y — ot > 0. Using (5.12) and

(3.13) in (3.6)), we get

2
Vie 7(?4—016#) (y— URt)
or. l—y—aLte % + og. [V21 — Ton t
€
u(y,t) ~ - (5.20)
Vie (y— URt) Gyl _(y—oRt)
y—aLte + 2 Y— URL‘ e

If we have y = ogt, then y — ot > 0. Using (5.9) and (5.13) in (5.6)), we get

+opA 2T
u(y, ) ro = "Lt mYe (5.21)
+ /27

yat
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From (5.20) and (53.21)), we get

hn% u(y,t) =ogr, y > ogt (5.22)
e—

Combining , (5.19) and (5.22)), we get (5.4).

Now we shall take the case o, > og and prove (5.5). Based on the way we use (5.9) and (5.13),
there are three regions to consider here, namely Region 1 ( {Y < 0zT'} ), Region 2 ( {Y > 0,7} ) and
Region 3 ({ogrT <Y < o T} ). The first two regions are treated exactly as Regions 1 and 3 of the
rarefaction case ( o7, < or ). We will have

oL, Y < opt
limu(y,t) = (5.23)
e—0

OR, Y Z O-Lt

So we consider the remaining region {ogT < Y < o, T'}. Using (5.12)) and (5.13)) in the formula (5.6)
and rearranging the terms, we get

u(y, 1)
c c 7(y—0' t)2 (o, —0oR) _orto
o (14 [+ ] ) o () 524

— 2 (o, —0oR) or,+o
Ve Vie ~_ (y—ort) LE R) (4 L2 Ry
L L/—ULL‘ T —ytort | © e ( )

Since at the present case o, — or > 0, it follows that

or, aRt<y<(%).t
limu(y, £) = § agen, = octon g (5.25)
OR, ("L”L#'R) t<y<opt

Combining (3.23) and (3.23)), we get (5.3).

Now we find the limit lim,_,q R“(y, t). For this, we first show that u¢ converges uniformly on compact
sets away from y = st for the case o, > o and away from y = ot and y = oyt for the case o < op.

Suppose K C R? is a compact subset of {(Y,T) : Y — 0. T < 0}. Then we can find A > 0 satisfying
Y|+ |T|<A<oo, (V,T) € K

Fixn € (0, i) We have that
1 1 1
erfe(y) = (@ I +o (E)) exp(—y?) asy — oo
Therefore, we can find M > 0 such that
er fe(y). exp(y?) - (% — 1)

L
e

<n,y>M

Set
y—or.t

we(y,t) = T e

© 2021 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |35

, (y,t) e K, e>0



Fix (y,t) € K and write w, = w(y, t). If

—inf{—(Y —0,.T): (YV,T) € K},

provided € < €; 1= ﬁ. (%)2 Therefore

|w6|2-

1 1
we. | /7. exp(w?) — — | <n+-<z

whenever € < €1, and hence,

~2

provided € < €3 := min {61, Cj } Proceeding similarly, we will get

AS(y,t 1
V2mte exp (— 5 (2t.op.y — 07 .42)) |w6| \/_
< 1 < 2Ae -
w7 C !

2.2
provided € < €3 := min {62, 02—2} Since €3 is independent of our choice of (y, ), it follows that

lim

Ay(0.1) .
=0+ \ /2rte. exp (—5= (2t.0r.y — 0%.12))

uniformly in K. We can similarly justify uniform convergence for the remaining cases.

Next, we shall find the limit of R as ¢ — 0. First we consider the shock case.
Case o1, > op:

Consider any point (y,t) € R x (0,00) and let us assume that y — s.t < 0. Our aim is to show that
there exists €; > 0 satisfying

(X(y,t,7),7) e {(Y,T):Y —sT <0} ,e€(0,e1), 0<7< 1.
Choose r > 0 with y — s.t < —r. We choose ¢ € (0,7/t) so that
y—opt<y—(s+0)t<y—(s—90)t<—r

(y —st)+r

(Equivalently, we choose 6 € (0,7/t) sothatd < o, —sand § < — ;

).
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Consider the closed trapezium A formed by the fourlines 7' = 0,Y = s.T—r,Y —o;.T = (y—op.t)—r
and T' = ¢ + r’ (where ' > 0 is so chosen that a trapezium can be formed with these four lines). Then
u® uniformly converges to o, in A as ¢ — 0+ and hence, we can find ¢; > 0 such that

(s<)op—d<u(Y,T)<or+d, (YV,T)eA,0<e<ge (5.26)
Fix € € (0, ¢;). Let us suppose that for some point ¢’ € [0,¢), we have

Xy, t,t")y=st' —r
Since X“(y,t,t) = y, we can use the mean-value theorem on the function X(y,¢,-) and get a point
p € (t',t) satisfying

dX<(y,t,-) Y- (st —r)

dr T=p N t—t '

This implies that
Cy—(st'=r) (y—(s=0)t+r)+(s=0).(t—=t') =0t

t—v t—
_ 04 (=0t =t)+0

t—t

u (X(y,t,p),p)

=s—0<s,
which is a contradiction to (5.26)).
Next, let us suppose that
Xy, t,t"y=opt"+(y—opt)—r

for some ¢ € [0,t). As above, we can use the mean-value theorem to get

dX€<y7t7 ) _ Yy — [UL-t// + (y - UL-t) - 7”]
dr T=q - t—t"
for some point ¢ € (¢”,¢). This implies that
op.(t—t)+r r
u (X(y,t.q),q) = — (t_t,,) > oLt > ot > oL+,

which contradicts (3.26)) again.
Let us now consider
t*:=inf{t' € [0,t] : (X(y,t,7),7) €A, t <7<t}

We have that X(y, ¢, ) is a continuous function on [0, t] with X¢(y,¢,t) = y. Therefore, the above infi-
mum exists in Rand 0 < ¢* < t. By definition, there exists a sequence (t,,) inthe set {¢' € [0,%] : (X“(y,t,7),7
such that ¢,, — ¢* . Thus, each ¢,, satisfies

Xy, t,7), 1) N, t, <7<t
Consider any point 7 € (¢, ¢]. Then there exists N € N such that
t<ty<T<t

and hence the point (X“(y,¢,7),7) belongs to A. Since each X“(y,t,t,),t,) belongs to the set A, we
can let n — oo and get (X(y,t,t*),t*) € A. Therefore, we have

Xy, t,7),7) €N, t" <1<t
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Now the point (X¢(y,t,t*),t*) is either an interior point or a boundary point of A. It cannot be an
interior point because then we could use its definition together with the continuity of X(y,t,-) on [0, ¢]
to get a contradiction. Thus (X“(y,t,t*),t") has to lie on one of the four lines 7' =0, Y = o1.7 — 7,
Y —orT = (y — ogt) —rand T = t + r’. Now the point cannot lie on the last line since t* < ¢
and neither on the second and the third lines by the arguments provided above. Therefore, we must have
t* = 0 and hence, it follows that

(X, t,7),7) €A, 0<T7 <1

Next, we consider the case y — s.t > 0. Here, our aim is to show that there exists e5 > 0 satisfying
(X(y,t,7),7) e {(Y,T):Y —sT >0}, e€ (0,e2), 0<7 <t
Choose > 0 with r < y — s.t . We choose d € (0, r/t) such that
r<y—(s+d)t<y—(s—90)t<y—ogt

(y —s.t)—r

(Equivalently, we want § € (0,r/t) to satisfy 6 < s —og and § < ).

Consider the closed trapezium A formed by the four lines T'=0, Y = o T +r, Y — o1 T =
(y—op.t)+rand T = t+r" (where 7" > 0 is so chosen that a trapezium can be formed with the above
four lines). Then « uniformly converges to o in A as ¢ — 0+ and therefore, we can find e > 0 such
that

op—0<u(Y,T)<orp+d, V,T)e A, 0<e<e (5.27)
Fix € € (0, €2) and let us suppose that
Xy, t,t")y=st' +r
for some ¢’ € [0,¢). Since X“(y,t,t) = y, we can use the mean-value theorem on X“(y, ¢, -) and get
dX(y,t,") oy —(st' +7)
dr r=p t—t
for some point p € (¢, ). This implies that
_ Y- (st +7r) (y—(s+0)t—r)+(s+09).(t—t)+0t

t—v t—
- 0+ (s+0).(t—1t)+0
¢

which is a contradiction to (3.27). Next, let us suppose that

u (X(y,t,p),p)

=s+0>0r+0,

Xy, t,t")=opt" + (y —opt) +r
for some ¢ € [0,t). As above, we can use the mean-value theorem to get

dXe(:y? t7 ) Y= [UR't// + (y - UR't) + 7”]
dT T=q a t— t//

for some point ¢ € (¢”,t). This implies that

op.(t—1t")—r r r
ue(X€<y7t7Q)7Q): (t—t//) ZUR_t_t//<O'R—Z<O'R—5,
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which again contradicts . Now we can use similar arguments as in the preceding case and conclude
that

(X, t,7),m) €A, 0<T <1

Consider any point (4o, o) in the region {(Y,T") : Y < sT'}. Then the characteristic curves {(X“(yo, to, 7), T
0 < 7 < to} passing through (yo, o) lie in a compact subset of the same region for sufficiently small
e > (0 and we can pass to the limit in the equation for characteristics

to

X(yo,t0,p) = Yo — /Ue(Xé(yo,toaT),T)dT

p
for any p € [0, to] as € — 0+, getting

to

X (0, t0,p) :yo—/Odeyo—UL(to—P),

P
so that X (yo, to,0) = yo — orto. Thus we have
lim R(yo, to) = pr-(yo — orto)-
e—0
Similarly, if yo > stg, then

lim R(yo,%0) = pr-(yo — orlo)-
e—0

Now we consider the rarefaction case.
Case 01, < op:

Suppose (y,t) € R x (0,00) and let us assume that y — o.t < 0. Our aim is to show that there exists
€1 > 0 such that

(X(y,t,7),7) €e{Y,T):Y —0,. T <0}, e€(0,6),0<7<t
Choose r > 0 with y — 0.t < —r. We choose d > 0 such that
y—ogt<y—(op+0)t<y—(op—9)t<—r

(y—op.t)+r
).
t
Consider the closed trapezium A formed by the four lines T'=0, Y = o T —r, Y — og.T =
(y — ogr.t) —rand T =t + r’' (where 7’ > 0 is so chosen that a trapezium can be formed with the four
lines). Then v uniformly converges to o, in A as ¢ — 0+ and therefore, we can find €; > 0 such that

(Equivalently, § € (0,r/t) should satisfy § < op — o and § < —

o —0<u (Y, T)<op+d0(<or), V,T)eAN, 0<e<eg (5.28)
Fix € € (0,€;). Let us suppose that
Xy, t,t")y=opt' —7r
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for some ¢’ € [0,¢). Since X(y,t,t) = y, we can use the mean-value theorem on the function X(y, ¢, )
and get
dX€<y7t7') Y= (UL't/ —7”)
dr  lr=p t—t

for some point p € (¢, t), which implies that
Cy—(opt'=r) (y—(op—=0)t+r)+ (oL —0).(t=t) =0t

t— - t— ¢
<0+(0—L—5).(t—t/)+0_

t—1t

u (X(y,t,p),p)

or, — 0,
which is a contradiction to (5.28)).
Next, let us assume that
Xy, t,t")=opt"+ (y —ogt) —7r

for some t” € [0,t). As above, we can use the mean-value theorem to get

dX€<y7 t7 ) Y= [UR't// + (y - UR't) B 7”]
dr  lr=q t—t

for some point ¢ € (¢”,t). This implies that
O'R.(t—t”)—l—r OR.(t—t//)+0
>
t—t t—t"
which is a contradiction to (5.28]) again. Proceeding as before, we will again be able to conclude that

u (X, t,9).q) = = OR,
(X(y,t,7),7) €A, 0<7<t

Next, we consider the case y — or.t > 0. Here, our aim is to show that there exists e > 0 such that
(X(y,t,7),7) €e{(Y,T):Y —orT >0}, e€(0,e),0<7<t

Choose r > 0 with r < y — op.t. We choose ¢ > 0 satisfying
r<y—(op+d)t<y—(op—90)t<y—ort

—oR.t) —
(Equivalently, 0 > 0 should satisfy 6 < og — o, and § < (y—ort)—r

).

Consider the trapezium A formed by the four lines 7' =0,Y = op T +7r,Y —op. T = (y—op.t) +r
and T = t + r” (where " > 0 is so chosen that a trapezium can be formed with the above four lines).
Then u¢ uniformly converges to o in A as ¢ — 0+ and hence, we can find €5 > 0 such that

op—0<u(Y,T)<orp+d, V,T)eA, 0<e<e (5.29)
Fix € € (0, ¢5) and let us suppose that
Xy, t,t") =opt +r

for some t' € [0,¢). Since X“(y,t,t) = y, we can use the mean-value theorem on X“(y, ¢, -) and get a
point p € (¢, t) satisfying
dX(y,t,))| _ y—(opt' +7)
dr T=p N t—t ’
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which implies that
y— (opt' +71) B (y—(or+0)t—r)+ (or+0).(t —t")+0.t"
t—t N t—t
- 0+ (og+0).(t—t)+0
t—t

u (X(y,t,p),p) =

:UR+57

which is a contradiction to (3.29).

Next, suppose that
Xy, t,t"Y=opt" +(y—opt)+r
for some ¢ € [0,t). As above, we can use the mean-value theorem to get a point ¢ € (t',¢) satisfying

dX(y,t,-)|  _y—[opt"+(y—opt) +7]
dT T=q N t—t"
This implies that

o op.(t—t")—r op.(t—t")—0
Uu (X (y,t;q>7Q) = t—t// < t—t//

giving us a contradiction to (5.29)) again. As before, we can now show that

(X, t,7),m) €A, 0<T <1

Now the argument for passing to the limit for RR¢ is the same as in the previous case in the regions
{Y,)T):Y <orT}and {(Y,T) : Y > orT}. We will get

11_1}5 R (y,t) = pr(y —ort) , y < ot
and
lim R*(y,t) = pr(y — ogt) , y > ogt.
For any point (y, t) in the region {(Y,T) : o, T <Y < ogT}, we will have
lim X“(y,t,0) =0,
e—0
because the characteristic curves do not cross. Thus
lim R(y,t) = 0.
e—0

OJ
6. Modified adhesion model

In the modified adhesion model, both the equations for velocity and density have a viscosity term,
namely

ur+ (u-V)u = EAu,

62 (6.1)
pr+ V- (pu) = §AP-

Here we again take the initial data to be of plane wave type
u(z,0) = uo(y) , p(x,0) = po(y) (6.2)

where y = £ - x. We look for solutions as functions of y = ¢ - z, i.e.,

U(I,t) - ﬂ(y,t) ] p(I,t) = ﬁ(yat)'
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Theorem 6.1. Assume uy € L>*(R) and py € L>*(R). Let ufy = uo * n° and p = po * n°, where n° is the
usual Friedrichs mollifier in the space variable y € R. Fory € R,z € Randt > 0, let

z

_ )2
y—=z .
Yt % /5 - (s)ds. .
0
Then (uf, p°) is given by
ffoo ﬂB(Z) exp (—W) dz

ffooo exp (—w) dz
J75 (Ji o)) exp (—121) a2

ffooo exp (— _o(y,:,z) ) dz
y=¢€.x

Furthermore, (u, p)c~o is a weak asymptotic solution to with the prescribed initial conditions

©.2).

Vanishing viscosity limit : If we assume iy € WH(R) and py € BV (R), we have the following
formula for the vanishing viscosity limit. For each fixed y € R andt > 0, let z(y,t) be a minimizer of
miﬂlg 0(y,t, z), which is monotone increasing in y and is unique except for a countable number of points

ue(a:,t) = ﬂe(y,t)|y:§.z =

, (6.4)

p(x,t) = p°(y,t)|y=¢c.. = O (6.5)

y. Then at these points, the limit lim._,o(u(y,t), p*(y, 1)) exists and is given by

2(y,t)
(0l ). p0:1) = | wo(e(0.0) . 9, | [ po(z)az) | |- (66)
0
Furthermore,
2(y,t)
o) = wo(e(. o s pla) =, | [ i)z 67
0 y=¢x
is a generalized solution in the sense of Definition 1.2.
Proof. We look for solutions of the form
u(z,t) = aly,t), p(z,t) = py,t)
where y = £ - x. The equations become
_ € _
a4 (u?/2), = Uyy , P+ (pu)y = = 5Py
Setting 0 = £ - w and R(y,t fo z, t)dz, the equations become

€
ot + o0y = any,
_ _ € _

Ut + oUuy = 5 Uy

€
Rt + URy == gayy
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and the initial conditions become
y
(9,0) = ooly) = € a5(y) , a.0) = a5(w) . B(w.0) = [ po(:)d
0

Now we make the generalized Hopf-Cole transformation

_4g _ 9
o=¢qy,r=¢€¢ c<,v=ue ¢ ,s=Re «.

Then 7, v, s satisfy the heat equation
he = Shy,y

with initial conditions

)
1
(w.0) =exp |~ [ € aiz)a ).
0

Y
o:0) = aiwesp | —= [ € a2z |
0

Y z
—€ 1 —€
.0 = [ i ew |~ [ & uiirir |z
0 0
Solving for r, v, s, we have
1 0(y,t,2)
T’(ZU, t) — —(27Tt6)1/2 / & € dZ7
1 s 0(y,t,z)
v(y,t) = 2t / ug(z)e” < dz,
1 ¢ 0(y,t,z)
S(y,t) = W ,OO(T)dT e < dz.
—00 0
Now from the transformations, we have u(y,t) = % and R(y,t) = % Substituting the formulas

for v, r, s, we get the explicit formulas (6.4)-(6.3)) for u¢ and p° as stated in the theorem.

To show that (uf, p©).~o satisfies the equation in the weak asymptotic sense, we note that by Leibnitz
rule, these functions are C'*°. Also u¢ is bounded and p¢ is the derivative of R which is bounded
uniformly for any € > 0. So both eAuc and eAp go to zero in the distributional sense in R™ uniformly
it > 0.

Now we compute the vanishing viscosity limit for special initial data @iy € W1°°(R) and py € BV (R).
Let (u€, p°) be the formula given by (6.3)), (6.4) and (6.5)) with (), pf) replaced by (ug, po). As mentioned
before in Theorem for each fixed t > 0, except for a countable number of points of y, we have a

unique solution to the minimization problem mi}r%l O(y,t,z). This is standard from the works of Hopf
ze
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[9] and Lax [14] and can be found in Evans [6]. At these points, we can apply the Laplace asymptotic
formula as given on page 205 in Evans [6] to get the formula (6.6)) for the limit

2(y,t

)
MWWﬂHmm=me»/m@w-
0

e—0

Now R€ is bounded independent of € and converges pointwise almost everywhere to foz(y’t) po(s)ds as €
goes to 0. Since p° is the derivative of R, we have

2(y,t)

i (0 6) =0, | [ mls)ds
0

in the distributional sense. (]

Remarks : The vanishing viscosity limit in Theorem coincides with the limit obtained using
adhesion approximation in Theorem[.1] In the concluding remarks we will show that vanishing viscosity
limits u, p satisfy the equation in the region of smoothness and the Rankine-Hugoniot conditions on the
surface of discontinuity.

Riemann type Initial Data:

When the initial conditions are of Riemann type

U(I,O){UL7 E-x <0

. 0
uR7§ xr > (68)

p($70) -

PL; £I<0
pR?é'x>O

the explicit solution for u€ is given by Theorem and the limit as € goes to 0 does not follow directly
from this theorem. Here we compute the limit as was the case of adhesion approximation. We need to
consider the density component p only.

First we note that the expression for R can be simplified as

2

IOLAZ + PR-A% PL-O'L-AE + pR.UR.A% te,e_%

Re(y,t) =
v ) Ay + Ag, Ay + Ag, A5 + A%,

(y,1). (6.9)

Once we have this, we can follow the proof of Theorem[5.1/to get the following limit for R*:

Case 1. u;, = urp = uyp:

—oot), y < oot
lim Be(y, 1) = 4 PP 90ty <o (6.10)
0 pr(Yy —oot), y > oot
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Case 2. 0, < OR:

pr(y —ort), y<ort
lim R(y,t) =< 0, ot <y < ogt (6.11)

e—0

pr(y —ort), y>ogt

Case 3. o1, > oR:

—out),  y<st
lim Be(y, 1) = 4 PP o)y (6.12)
0 pr(y —ort), y>st
where s = ZLE9E,

7. Concluding remarks

Suppose (u, p) is a generalized solution which is smooth except along a discontinuity surface I'; =
{z : S(x,t) = 0} and has the form

uw(z,t) = uyp(z, t)H(S(x,t) > 0) +u_(z,t)H(S(x,t) <0),
pla,t) = ps(x, t)H(S(x,t) > 0) + p-(z, 1) H(S(z,t) < 0) + €(t)ds(a,0)—0

where (uy,p,) and (u_, p_) are smooth functions defined on the domains Q) := {z : S(x,t) > 0}
and Q; := {x : S(z,t) < 0} respectively with traces on I'; from either sides of Q, namely (u., p ).
Here we assume that I'; is smooth so that at each point of this surface, a normal exists. Albeverio and
Shelkovich [l1] proved short time existence of such a generalized solution starting with initial data of the
same form as the weak asymptotic solution of (LI). Further they proved that it satisfies the equation
in the classical sense in the region of smoothness and along the surface of discontinuity, the following
Rankine-Hugoinot condition is satisfied.

(S, + u5.V4S} |p, = 0

- (7.1)
5—(2 + divy, (€us) = ([pu] — [plus) - VaS|r,

where yy = iU

2 I,
continuity, the equation is satisfied in the classical sense and along the surface of discontinuity, the

Rankine-Hugoniot condition is satisfied.

jé _ de S e . . . . .
and 5 = & S0y In this section, we show that in the region of approximate

First recall that y = £ - =, u(x,t) = u(y,t), p(x,t) = p(y,t) and o(y,t) = & - u(x,t). The function ¢
defined by

z

b(y,1) = min / £ - o(y)dy +

—00<2z<0
0

(y —2)°

5 (7.2)

is a Lipschitz continuous function of y and satisfies the Hamilton-Jacobi equation

2
¢t+%=0.

Taking derivative of this w.r.t y and using the relation o = ¢,, we get

2
O't-f' <%> = 0.
Y
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We need to show that u = V¢ satisfies
w+ (u-Ve)u=0, pr+ V. (pu) =0

in the region of smoothness. By Chain Rule, we have % = i'g_f; for each 7, so that

2
(¢t + |v;¢| ) (z,t) = 0.

Taking gradient w.r.t. x, we verify the first equation for u. For verifying the second equation for p, we
use the analysis of the previous sections and have

y—2y,1)
t Y
where z(y,t) minimizes (Z.2). Then z(y, t) is given by

o(y,t) =

2(y,t) =y —t-o(y,t)
and hence,

Zt(yvt) =—t- Ut(yvt) - U(y7t)7
zy(y,t) =1 —t-0y(y,1)

This implies that
2+ ozy=—t- (0 +0.0y) =0.

So if (y,t) is a point of approximate continuity and R(y',t') = foz(y/’t/) po(s)ds, we have

(Ru+ 0 Ry) (5, 1) = pol=(0, D)zt + 02,)(0,£) = 0.
Taking derivative w.r.t y, we get
pu+ (59)y = pol2(, )[4 + 0] = 0.
Now y = £ - = and thus (pu;),, = &(po), for each ¢, so that V,.(pu) = (po),. This gives

pi+ Vi (pu) =0
Next, we verify the Rankine-Hugoniot Condition. Consider a solution (7 (y, t), p(y,t)) of the system
52
G, + (7> =0, pi+ (p), =0
y

with a discontinuity on the surface S(y,t) = 0, with S(y,t) = y — s(¢). In a neighborhood of this
surface, we assume that (o, p) has the form

U(yv t) = 5<y7 t) ) P(y, t) = ﬁ(yv t) + é(t)dy:s(t)

where 7, p are smooth except on the surface y = s(t), and é(¢) is a differentiable function of ¢. The
Rankine-Hugoniot condition for (o, p) takes the form
ds(t) oy +o_ deé _ds

T 5 ; %:[ﬁa]—[P]%-

(7.3)
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We show that the distributions u, p satisfy the Rankine-Hugoniot conditions given by (Z.I). Since
S(z,t) = S(y,t) =y — s(t), withy = £ - =, we have
ds
Sp=——,V,S=¢.

t dt ) 5
The first equation of becomes

ds Ugp + u— ds o4y+o0_
w T Tw S T T TEtt T
where we have used the first equation of (Z.3)). To verify the second equation in (Z.I)), we compute each
term separately. We know from [[1] that

(St + us - V,.9)| =0,

Vr,.(éus) = —2KGé,

where K is the mean curvature of the surface of discontinuity and G' = —g—;. In our case K = 0 and thus
we get

th.(éu(g) = 0.

Also an easy calculation shows that g—j = % and

(lou] = [plus))-VaS|r, = ([pu] — [plus) - € = [po] — [plos.
Using all these, we get

de . de _ _.ds

G+ e = (o - D) 9.5l = 5 = (ool = 195 ) =0
where in the last equality we have used the second equation of (Z.3).

For the Riemann type plane wave solution, the calculations are more simple. In this case, we have
S(y7t>:y_8t7 y:£$7
[y ={z:5(z1t) =0},

Us = S,

. 1
é(y,t) = §<OL —og).(pr + pr).t on I

On I';, we calculate

([PUD = pPL.OL — PR-OR,
[P]'UJZ(PL—pR)'S
and hence,
1

([ou] = [plus) - VS(y,t) = Q(UL —or).(pL + pPR)-

Since ¢ is independent of y, we have

divy, (éus) = 0

and hence,
oe . R oe 1
5 + divy, (€us) = 5= 5(0,; —or).(pL + pRr)-
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We also calculate
St(@/,t) = -5,
us - VS(y,t) =s-1=s.

Therefore, we have

{S; +us - VS} |, =0.
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